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Abstract. In this paper, we propose for the first time to the best of our 

knowledge, extend the application of a stochastic Eulerian numerical approach based on 

the Extended Kalman Filter (EKFE.N.M.) to address the limitations of the Eulerian air 

pollution model CHIMERE. This approach integrates a comprehensive set of processes, 

including advection, turbulence, chemical reactions, emissions, and deposition, to model 

the dynamics of pollutant mass concentration. The EKF technique is employed to 

transform nonlinear dynamic problems into a succession of locally linearized ones, 

which are then used to estimate system states and adjust pollutant concentrations based 

on measured data. This stochastic approach is tested through two scenarios: one without 

external forces or control terms, and another that incorporates external factors like 

temperature, wind speed, and nitrogen dioxide as ozone precursors. A comparison of the 

obtained results with those from the standard CHIMERE model and studies from the 

literature demonstrates the accuracy and effectiveness of the proposed method. 
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1. INTRODUCTION 

Air pollution modeling is crucial in civil and industrial engineering and is a 

significant focus for many researchers today [1–4]. Mathematical models are 

essential for predicting air pollution, making robust software necessary for 

simulating the dispersion of atmospheric pollutants [5–7]. This need has driven the 

development of numerical methods that can address the challenges associated with 

various formulations.  

Currently, one of the most effective approaches for modeling air pollution 

from Eulerian numerical model (E.N.M.) is the use of models such as CHIMERE. 

These models translate the processes identified in the conceptual model into 

mathematical equations, such as the atmospheric diffusion equation or the mass 

conservation equation, to represent the evolution of pollutant concentrations over 

space and time. In the vast majority of cases, there is no analytical solution to these 

mathematical equations, necessitating the development of numerical (approximate) 
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solutions [8, 9]. CHIMERE utilizes three-dimensional (3D) grid-based models to 

simulate pollutant dispersion and transformations. However, there are inherent 

uncertainties associated with deterministic models [10, 11]. The conceptual model 

may be incomplete or partially incorrect, and the mathematical equations do not always 

precisely capture the physical and atmospheric processes. Numerical algorithms 

can introduce errors, and input data, such as meteorological conditions and 

emission sources, are often uncertain [12]. Additionally, boundary conditions and 

initial conditions are not perfectly known, and the spatial and temporal resolutions 

of the model may not capture all phenomena, with values averaged over model grid 

cells and time intervals [13–15]. Despite these limitations, CHIMERE provides 

valuable insights into air quality by employing fluid mechanics principles and 

advanced numerical techniques to model complex atmospheric processes. However, 

it requires continual adjustments and corrections to account for uncertainties and 

inaccuracies, ensuring that the model remains as accurate and reliable as possible. 

Recently, several methods have been developed for the numerical solution of 

atmospheric pollution equations. For instance, the Eulerian approach used in 

CHIMERE is complemented by advanced numerical techniques to handle complex 

processes such as pollutant dispersion and atmospheric reactions [16, 17]. Researchers 

have explored various methodologies to improve the accuracy and efficiency of 

these models. For example, the use of numerical method such as, finite element 

methods coupled with has been investigated to enhance resolution in areas of high 

pollutant concentration [18, 19]. Additionally, the implementation of ensemble 

forecasting techniques helps address uncertainties in meteorological data and 

emission sources, providing a range of possible outcomes for better risk assessment 

[20]. In recent studies, the integration of machine learning algorithms with Eulerian 

numerical models has shown promise in refining predictions and optimizing model 

performance [21, 22]. These developments illustrate the ongoing efforts to advance 

atmospheric pollution modeling, addressing both the challenges of accuracy and 

the need for reliable predictions in atmospheric pollution management. 

In this work, we adapt the CHIMERE model, a Eulerian numerical model, to 

predict mass concentration. By integrating CHIMERE with the Weather Research 

and Forecasting (WRF) model and using EmiSurf emissions data, we enhance our 

ability to simulate air pollution dynamics. WRF provides meteorological data, such 

as energy transfer, surface processes, and atmospheric conditions, while EmiSurf 

handles detailed emissions modeling. This combined data is then input into 

CHIMERE to generate accurate predictions of mass concentration. To address 

uncertainties and improve model accuracy, we incorporate a stochastic approach 

using the Extended Kalman Filter (EKF) for adjustment. This adjustment process is 

tested under two scenarios: one without external forces or control terms, and one 

including external forces that account for temperature, wind speed, and nitrogen 

dioxide as a precursor to ozone mass concentration. The coupling of the Eulerian 
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numerical model with EKF helps overcome the limitations of traditional Eulerian 

models, offering a more robust and precise representation of atmospheric pollution 

dynamics. Based on the results of this study and others, the proposed models 

effectively address the shortcomings of conventional models and methods. 

The structure of this paper is as follows: Section 2 introduces the mathematical 

and physical modeling for the Eulerian numerical model and the stochastic model, 

along with the relevant equations, schemes, and models. Section 3 provides a 

detailed explanation of the numerical applications and discusses the results from 

the Eulerian model, including the adjustments made by the stochastic model. Two 

scenarios are analyzed to validate the approach. Finally, Section 4 presents the 

conclusion, summarizing the main findings. 

2. MATHEMATICAL AND PHYSICAL MODELING 

2.1. EULERIAN NUMERICAL MODEL 

The temporal evolution of pollutant mass concentration (𝛾𝑠)  is described by 

a system of partial differential equations (PDEs) (Equation 1) that explicitly integrate 

various physical and chemical processes. Key contributions include advection, 

modeling transport through fluid motion; turbulence, introducing additional mixing 

and diffusion through a turbulent diffusion term; and chemistry, adjusting mass 

concentration based on specific chemical reactions. Emissions are included as 

sources, while deposition accounts for losses due to processes like dry deposition. 

This detailed formulation, implemented in the CHIMERE model as a Eulerian 

numerical model (E.N.M.), allows for a comprehensive understanding of the 

dynamics influencing pollutant mass concentration over time 
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(1) 

 

Table 1 shows the physical processes and modeling approaches used in the 

CHIMERE model. The numerical solver uses the TwoStep solver, which enhances 

the accuracy and stability of numerical solutions. Deep Convection Fluxes are 

modeled using the Tiedtke scheme, which simulates heat and moisture exchanges 

in deep convection. Advection is managed by the Upwind scheme, optimizing 

variable transport and minimizing numerical errors. Photolytic rates are calculated 

with the radiative transfer model, ensuring precise photolysis rate estimation. 

Boundary-Layer Turbulence is modeled by the Troen and Mahrt scheme, which 



Article no. 808 Amine Ajdour et al. 4 

describes turbulent processes in the boundary layer. Soil Moisture is handled by the 

Fecan scheme, providing detailed soil moisture simulations. Lastly, the Dry 

threshold friction velocity is determined by the Shao and Lu scheme, which 

evaluates the friction velocity needed to initiate dry soil friction. These options 

enable detailed and realistic modeling of atmospheric processes. It is important to 

note that CHIMERE relies on input data from WRF for meteorological conditions 

and Emi-Surf for emissions to model pollutant dispersion accurately. 

Table 1 

Physical Processes and Modeling Schemes Used in the CHIMERE Model 

Physical Process Modeling Approach Reference 

Numerical solver TwoStep solver [23] 

Deep convection fluxes Tiedtke scheme [24] 

Advection Upwind scheme [25] 

Photolytic rates Radiative transfer model [26] 

Boundary-layer turbulence Troen and Mahrt scheme [27] 

Soil moisture Fecan  scheme [28] 

Dry threshold friction velocity Shao and Lu  scheme  

 

Table 2 shows the physical processes and modeling approaches used in the 

WRF (Weather Research and Forecasting) to model energy, transfer and surface 

processes. Radiative transfer is managed by the rapid radiative transfer model, 

known for its precision in atmospheric radiative calculations. Microphysics are 

handled by the single-moment 3 class scheme, which simulates the formation and 

evolution of hydrometeors like rain and ice crystals. Surface processes are modeled 

using the Noah model, which simulates energy and moisture exchanges between the 

surface and atmosphere. The MM5 similarity scheme ensures accurate modeling of 

heat and momentum fluxes in the surface layer. The Kain-Fritsch scheme is used for 

cumulus parameterization, effectively simulating atmospheric convection. The Yonsei 

University model captures turbulent processes in the planetary boundary layer. The 

diffusion process is simplified with a basic diffusion model, and turbulent diffusion is 

handled using the first-order Smagorinski coefficient for horizontal scales, a common 

method for addressing subgrid turbulence. In emissions modeling with Emi-Surf, each 

parameter is carefully defined to capture various types and sources of atmospheric 

emissions. Parameters include anthropogenic emissions, chemical mechanisms, and 

natural emissions like mineral dust and marine aerosols [29]. Specific approaches are 

used for each emission type, such as the MEGAN model for biogenic emissions [30] 

and Menut's guidelines for temporal distribution [31]. Edge conditions, whether 

related to dust or gases, are managed using methods like global GOCART and 

LMDz-INCA [32, 33]. This detailed integration of parameters and methods produces 

a comprehensive simulation of atmospheric emissions. 
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Table 2 

Physical Processes and Modeling Schemes Used in the CHIMERE Model 

Physical Process Modeling Approach Reference 

Microphysics WRF Single-Moment 3 class scheme [34] 

Long Wave Radiation Rapid Radiation Transfer Model  [26] 

Shortwave Radiation Dudhia scheme [35] 

Cloud fraction option Xu-Randall method   

Surface layer MM5 similarity [36] 

Land surface Noah Land Surface Model [37] 

Boundary layer Yonsei University scheme [38] 

Cumulus option  Kain-Fritsch scheme [39] 

Diffusion   Simple diffusion  [40] 

Eddy coefficient   Horizontal Smagorinski 1st order  [41] 

2.2. STOCHASTIC MODEL 

The Extended Kalman Filter (EKF) is a powerful technique for estimating the 
states of a dynamic system with non-linear evolution and observation models. 
While these models are not linear functions of the state, they can be differentiable 
functions. In EKF, the equations describing the evolution of the state and the 
observations, as given in Eqs. 2 and 3, are represented by non-linear functions. 
Equation 2 describes how the state 𝒙𝑘 of the system evolves from the previous 

state 𝒙𝑘−1, based on the inputs 𝒖𝑘 and process noise 𝒘𝑘. Equation 3 relates the 

system state 𝒙𝑘 to the observations 𝒛𝑘, including measurement noise 𝒗k. Note that 

for the second scenario with external forces,  𝑩𝒌 is the control matrix that models 
how each external force (such as temperature, wind, and NO2 mass concentration) 
affects the system's dynamics. 𝒖𝑘 is the vector of external forces, including 

temperature, wind speed, and NO2 mass concentration. 
 

𝒙𝑘 = 𝑓(𝒙𝑘−1, 𝑩𝒌𝒖𝑘, 𝒘𝑘) (2) 

 

𝒛𝑘 = ℎ(𝒙𝑘 , 𝒗k) (3) 

 
Since the functions f and h can be non-linear, they cannot be used directly to 

calculate the state covariance. To address this, the Extended Kalman Filter (EKF) uses 
local approximations with partial derivative matrices known as Jacobians, as described 
in Eqs. 4 and 5. Equation 4 represents the matrix of partial derivatives of the evolution 
function with respect to the state, evaluated at the current estimate. The Jacobian of 
evolution in Eq. 4 is the matrix of partial derivatives of the evolution function with 
respect to the state, evaluated at the current estimate. The Jacobian of the observation in 
Eq. 5 is a matrix that shows how changes in the state affect the observations. 
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𝑭𝑘 =
𝜕𝑓

𝜕𝒙
|
𝒙̂𝑘−1|𝑘−1,𝒖𝑘

 (4) 

 

𝑯𝑘 =
𝜕ℎ

𝜕𝒙
|

𝒙̂𝑘|𝑘

 (5) 

 
The Extended Kalman Filter (EKF) operates in two main processes: prediction 

and update. Equations 6 and 7 describe the prediction process. Equation 6 calculates 
the predictive state  𝒙̂𝑘|𝑘−1 at time k using the non-linear evolution function f, the 

estimated state at the previous time 𝑥𝑘−1|𝑘−1, and the inputs. The term 0 represents the 

process noise, which is assumed to be zero for simplicity. Equation 7 calculates the 
predicted covariance 𝑷𝑘|𝑘−1 of the state at time k. This is done using the Jacobian 𝑭𝑘 

of the evolution function f, which linearizes the function around the current estimate. 
The previous covariance 𝑷𝑘−1|𝑘−1 is updated to reflect the evolution of state 

uncertainty, and the term 𝑸𝑘 represents the covariance of the process noise.  
 

𝒙̂𝑘|𝑘−1 = 𝑓(𝒙̂𝑘−1|𝑘−1, 𝑩𝒌𝒖𝑘, 0) (6) 

 

𝑷𝑘|𝑘−1 = 𝑭𝑘𝑷𝑘−1|𝑘−1𝑭𝑘
𝑇 + 𝑸𝑘 (7) 

 
The objective of the update process is to correct state estimates by 

incorporating new observations and adjusting predictions based on observation 
errors. This is achieved through several steps: Equation 8 calculates the innovation 
𝒚̃𝑘 which is the difference between the actual measurement 𝒛𝑘 and the predicted 
observation ℎ(𝒙̂𝑘|𝑘−1, 0). Equation 9 computes the innovation covariance matrix 

𝑺𝑘, representing the uncertainty in the prediction of the observation. Equation 10 
determines the innovation gain 𝑲𝑘, indicating how much the state estimate needs 
to be adjusted for innovation.  Equation 11 updates the state estimate 𝒙̂𝑘|𝑘, and  

Eq. 12 revises the state covariance 𝑷𝑘|𝑘  

 

𝒚̃𝑘 = 𝒛𝑘 − ℎ(𝒙̂𝑘|𝑘−1, 0) (8) 

  

𝑺𝑘 = 𝑯𝑘𝑷𝑘|𝑘−1𝑯𝑘
𝑇 + 𝑹𝑘 (9) 

𝑲𝑘 = 𝑷𝑘|𝑘−1𝑯𝑘
𝑇 + 𝑺𝑘

−1 (10) 

  

𝒙̂𝑘|𝑘 = 𝒙̂𝑘|𝑘−1 + 𝑲𝑘𝒚̃𝑘 (11) 

  

𝑷𝑘|𝑘 = (𝑰 − 𝑲𝑘𝑯𝑘)𝑷𝑘|𝑘−1 (12) 
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2.3. EXPERIMENTATION AND EVALUATION CRITERIA 

The O342M is a continuous ozone analyzer designed for low mass 

concentrations. It detects ozone using ultraviolet light absorption and benefits from 

advanced electronic and optical technologies, ensuring minimal maintenance. The 

sample is drawn through a 6 mm external diameter Teflon tube connected to the back 

of the instrument and is pulled in by an internal pump. Results are displayed on a 

graphic screen on the front panel. The measurements were taken at the Mediouna 

station in Casablanca, Morocco, located at –7.51° longitude and 33.45° latitude, from 

February 1st to March 27th, 2021. This data was then used to determine the ozone 

concentration based on the principle of ultraviolet (UV) light absorption, typically at 

a wavelength of 254 nm. Ozone absorbs the UV light, reducing its intensity in 

proportion to the ozone concentration. This relationship follows the Beer-Lambert 

law, which links the change in light intensity to the ozone concentration (Equation 

13). The analyzer measures the light intensities before and after absorption and uses 

the Beer-Lambert law to calculate the ozone concentration by volume, which is then 

converted to mass concentration by multiplying by ozone's molar mass (Equation 

14). Note that 𝐼 is the intensity of UV light after passing through the air sample, 

while 𝐼0  is the initial intensity of UV light (without ozone). 𝛼 is the specific 

absorption coefficient of ozone at the wavelength used, 𝐶 is the ozone concentration 

by volume, and L is the optical path length through the sample. γ is the ozone mass 

concentration, and 𝑀𝑂3 is the molar mass of ozone (48 g/mol) 

 

𝐼 = 𝐼0𝑒−𝛼𝐶𝐿 (13) 

  

𝛾 = 𝐶 × 𝑀𝑂3 (14) 

 

Three evaluation criteria were used to compare our models with experimental 

measurements and results from other studies: correlation (Equation 15), RMSE 

(Equation 16), and the logarithmic norm of the residual (Equation 17). Correlation 

ensures that the model accurately reflects data trends, while RMSE measures the 

average error between predictions 𝛾 and measurements 𝛾, assessing accuracy and 

stability. The logarithmic norm of the residual offers a detailed view of model 

convergence, capturing small variations, especially during the final optimization 

stages. Together, these criteria help verify the model's overall performance, stability 

(low error variability), and convergence toward an optimal solution. Comparing our 

results with other studies using these indicators helps confirm the robustness and 

reliability of our models against established benchmarks. Note that n is sample size. 

Cov(𝛾, 𝛾)  and 𝜎𝛾𝜎𝛾̂  denote the covariance and standard deviations of the 

predictions 𝛾 and measurements 𝛾, respectively. 
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Correlation =
Cov(𝛾, 𝛾)

𝜎𝛾𝜎𝛾̂
 (15) 

 

RMSE = √
∑ (𝛾𝑘 − 𝛾𝑘)𝟐𝒏

𝒌=𝟏

𝑛
    

(16) 

  

Logarithmic residual norm = Log10(𝛾𝑘 − 𝛾𝑘). (17) 

3. NUMERICAL APPLICATIONS AND DISCUSSIONS 

3.1. EULERIAN NUMERICAL MODEL 

Figure 1a, b and c compares statistical results for temperature (T), wind speed 

(WS), and mass concentration (γ) measured and modeled by the Eulerian numerical 

model (E.N.M.). The temperature data show a correlation coefficient of 86%, a mean 

bias of 0.9°C, indicating a slight overestimation, and an RMSE of 2.0°C. The model 

tends to overestimate wind speed and shows a moderate correlation of 61% with 

actual measurements, along with significant prediction errors of 3.1 m/s. The 

Eulerian numerical model has difficulty accurately representing measured mass 

concentrations. It shows a significant bias (overestimation of 26.8 µg/m³), a moderate 

correlation indicating an imperfect match between measured and E.N.M. data, and a 

high RMSE, suggesting notable errors in the model's predictions. These statistical 

results are consistent with the conclusions of other studies that have also used 

Eulerian models such as CMAQ and WRF-Chem [42–50]. Although the E.N.M. 

results are acceptable, we still need to understand the origin of their weaknesses, 

especially regarding wind speed and concentration. 

Figure 1d shows the maximum and minimum values for each variable, both 

measured and modeled. The Eulerian model (E.N.M.) accurately captured the 

maximum temperature, but had a 2.6°C bias in the minimum temperature. Overall, 

the model effectively represented the temperature. The maximum measured wind 

speed is 3.3 m/s, while the model predicts 6.6 m/s, indicating that the model 

overestimates the wind speed. The flow components show a meridional flow of  

–6.2 m/s and a zonal flow of –2.6 m/s, as shown in Fig. 2b, suggesting the model 

predicts significant north-to-south and east-to-west winds, with a dominant 

meridional component. In contrast, the minimum measured wind speed is 0 m/s, 

while the model predicts 1 m/s. The flux components, with a meridional flux of 

0.93 m/s and a zonal flux of 0.45 m/s, shown in Fig. 2a, indicate weak south-to-

north and west-to-east winds, with values closer to equilibrium. The minimum 

mass concentration of 32.8 µg/m³, compared to an actual 0 µg/m³, is highly 
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a) b) 

c) d) 

exaggerated, highlighting a significant weakness. However, the model accurately 

captured the maximum mass concentration. The overestimations in minimum 

temperature, minimum mass concentration, and maximum wind speed likely 

account for the high mean and RMSE of the Eulerian model for mass concentration 

and wind speed shown in Fig. 1a and b. However, analyzing the dispersion maps in 

cases that are not well captured is essential to fully understand the behavior of the 

Eulerian model.  
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Fig. 1 – Comparison of Statistical Results for: temperature (T), wind speed (WS), and ozone  

concentration (γ) measured and modeled: a) variable mean; b) correlation; c) RMSE; (d) max-min. 

 

Figure 3 presents the dispersion maps for minimum temperature, minimum 

mass concentration, and the meridional flow of maximum and minimum wind 

speed. On February 22nd at 6 am, the measured minimum temperature was 6.1°C, 

while the model showed 8.7°C, as depicted in Fig. 1d. The dispersion map 

highlights the model's effectiveness in representing the region's thermal dynamics. 

The ocean, with its high heat capacity, absorbs and releases heat more slowly 
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b) 
a) 

c) d) 

than land, stabilizing coastal temperatures. At night, land cools faster than the sea, 

leading to cooler air over land (6°C) and warmer air over the sea (13°C). The model 

combines these temperature differences to calculate a moderate coastal temperature. 

This approach, accounting for the attenuation of temperature variations, results in 

a modeled mean temperature of 8.3°C. This can be explained by the principle of 

conservation of thermal energy, represented by Eq. 18, which considers mass (m) 

and specific heat capacity (c). This equation summarizes the energy balance 

between land and ocean and explains the observed temperature variations. 
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Fig. 2 – Zonal and meridional flow for minimum wind speed (a) and maximum wind speed (b),  

with pressure measured and modeled; (c) minimum wind speed and (d) maximum wind speed. 

 

The maximum wind speed shown in Fig. 1d is recorded on February 13 at 

16:00. From Fig. 2b, we can deduce that the general wind direction is from 

northeast to southwest, with a dominant meridional component, as supported by the 

dispersion map of the maximum Meridional Flow. The minimum wind speed from 
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Fig. 1d is recorded on February 15 at 20:00. From Fig. 2a, we can determine that 

the general wind direction is from southwest to northeast, with a dominant 

meridional component, consistent with the dispersion map of the minimum 

meridional flow. Equation 19, a simplified version of the Navier-Stokes equations 

known as the atmospheric primitive equation, may help explain the discrepancies 

between the numerical Eulerian model and measurements. Note that (−
1

𝜌
∇𝑃) is a 

pressure term, (𝒇𝑪𝒐𝒓𝒊𝒐𝒍𝒊𝒔) is a Coriolis force, ((𝑽 · ∇) · 𝑽) is an advective term, and 

(𝑭𝑭𝒓𝒊𝒄𝒕𝒊𝒐𝒏) is a friction force. Misrepresentation of the pressure term could result in 

either overestimation or underestimation of wind speed. From Figure 2c and d, the 

discrepancies between measured and modeled pressures suggest that the model 

may be overestimating the pressure gradient. It can be noted that the 

overestimation of pressure in the maximum wind speed is significant compared to 

the minimum wind speed. This overestimation could explain the higher wind 

speeds predicted by the model, as an exaggerated pressure gradient results in a 

greater pressure force, which artificially accelerates the wind in the simulations. 

From Fig. 3, we see that vertical dispersion (south-north) is more 

significant than horizontal dispersion (west-east) for minimum mass 

concentration. Based on the local form of the continuity equation (Equation 20), 

which describes mass conservation, and Fig. 1d, which shows that the model 

effectively captures maximum mass concentration, we will examine the spatial 

correlation effects of temperature, zonal flow, and meridional flow in both cases 

of maximum and minimum mass concentration, as presented by Fig. 4. This 

figure shows two configurations: in the first, the cell is fixed along the y-axis 

(north-south) and varied along the x-axis (west-east), noted as Configuration 

1(𝛾𝑚𝑖𝑛(𝑖𝑛, 𝑗 = 15) and  𝛾𝑚𝑎𝑥(𝑖𝑛, 𝑗 = 15)). In the second configuration, the x-axis is 

fixed while the y-axis is varied, noted as Configuration 2 (𝛾𝑚𝑖𝑛(𝑖 = 15, 𝑗𝑛) and 

𝛾𝑚𝑎𝑥(𝑖 = 15, 𝑗𝑛)). In each case, the effects of T, U, and V on 𝛾𝑚𝑖𝑛  and 𝛾𝑚𝑎𝑥  are 

compared. Note that n varies from 14 to 16. In configuration 1, the E.N.M. model 

uses the same mechanisms to estimate both minimum and maximum mass 

concentrations. This consistency may lead to an overestimation of  𝛾𝑚𝑖𝑛, as the 

same forces that drive high mass concentrations (strong advection with U and V) 

are also applied to 𝛾𝑚𝑖𝑛, which is not appropriate. Physically, this suggests that 

the model does not sufficiently distinguish between the processes that should 

limit minimum mass concentration and those that increase maximum mass 

concentration. In configuration 2, the model correctly distinguishes between the 

mechanisms for 𝛾𝑚𝑖𝑛 and 𝛾𝑚𝑎𝑥. It applies a dispersing effect from V (and 

partially from U) on 𝛾𝑚𝑖𝑛 while capturing the concentration effect of V and T on 

𝛾𝑚𝑎𝑥. This distinction allows the model to estimate 𝛾𝑚𝑎𝑥 accurately while more 

realistically overestimating 𝛾𝑚𝑖𝑛. Given the limitations of Eulerian numerical 

modeling, especially in predicting minimum mass concentration, we considered 
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improving it with a stochastic model based on a linear-quadratic state estimator 

(LQE), which estimates the states of a dynamic system from incomplete or noisy 

measurements. 

 

Minimum temperature Minimum mass concentration 
 

 

Maximum meridional flow Minimum meridional flow 

  
Fig. 3 – Dispersion maps for minimum temperature, minimum mass concentration,  

and meridional flow of maximum and minimum wind speed. 
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Fig. 4 – Spatial correlation effects of temperature, zonal flow, and meridional flow for maximum 
and minimum mass concentration. 

 

𝑚𝑜𝑐𝑒𝑎𝑛𝐶𝑜𝑐𝑒𝑎𝑛

d𝑇

d𝑡
+ 𝑚𝑙𝑎𝑛𝑑𝐶𝑙𝑎𝑛𝑑

d𝑇

d𝑡
= 0 (18) 

𝜕𝑽

𝜕𝑡
+ (𝑽 · ∇) · 𝑽 = −

1

𝜌
∇𝑃 + 𝒇𝑪𝒐𝒓𝒊𝒐𝒍𝒊𝒔 + 𝑭𝑭𝒓𝒊𝒄𝒕𝒊𝒐𝒏 (19) 

  

(
𝜕𝛾𝑠

𝜕𝑡
)

𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛
= −𝑈 ·

𝜕𝛾𝑠

𝜕𝑥
− 𝑉 ·

𝜕𝛾𝑠

𝜕𝑦
 (20) 

  

(
𝜕𝛾𝑠

𝜕𝑡
)

𝐶ℎ𝑒𝑚𝑖𝑠𝑡𝑟𝑦
=  𝑃𝑠 − 𝐿𝑠. 𝛾𝑠 (21) 

  

𝛾𝑁𝑂2 → 𝛾𝑁𝑂 + 𝛾𝑂3. (22) 

3.2. STOCHASTIC MODEL ADJUSTMENT 

To adjust the Eulerian numerical modeling, a stochastic algorithm which is the 
Extended Kalman Filter (EKF) is used, as detailed in Eqs. 2 to 12. To achieve a more 
efficient solution and a more stable model, the stochastic model was applied under 
extreme conditions on a day during the study period when the Eulerian numerical 
model severely overestimated the minimum, maximum, and average mass 

concentrations, as shown in Fig. 7b (Min𝛾𝑂3= 53.9 µg/m3; Mean𝛾𝑂3= 65.1 µg/m3; 

Max𝛾𝑂3= 71.4 µg/m3). In the adjustment process, we tested two scenarios: one 
without external forces or control term, and one with the external forces considering 
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the effects of temperature, wind speed, and nitrogen dioxide as an ozone mass 
concentration precursor. Uncertainty levels are shown with these abbreviations: VLU 
(Very Low Uncertainty) = 0.05, LU (Low Uncertainty) = 0.1, MU (Moderate 
Uncertainty) = 0.5, and HU (High Uncertainty) = 1.0. To evaluate the convergence 
and stability of the numerical method, the logarithmic residual norm (Equation 17) 
measures convergence by tracking the error reduction between adjustment and 
measurement, while the correlation coefficient (Eq. 15) ensures stability by 
confirming that the methods accurately reflect the trends in the measured data. 

Figure 5a shows the logarithmic residual norm for various levels of process 

noise (Q) and measurement noise (R). Combining HU for Q (0.340) with VLU for R 

(0.077) achieves a balance where the process model is fairly accurate but with some 
uncertainty, and the observational data is very reliable. This setup maximizes the 

EKF filter’s ability to provide precise estimates by leveraging high-quality 
measurements and managing model uncertainty effectively. In practice, this leads to 

more accurate adjustments to mass concentration dynamics while maintaining filter 
stability. Figure 5b shows that the very high correlation values indicate the model fits 

the measurements well, even with varying levels of uncertainty. Figure 6a illustrates 
how different state functions influence the accuracy of the E.N.M. model. Physically, 

the choice of a non-linear function directly impacts the EKF-adjusted E.N.M.'s 
ability to capture the complexity of atmospheric dynamics, as expressed by Eq. 1. 

The cubic function is the most effective at modeling the complex interactions and 
nonlinear phenomena necessary for a realistic representation of mass concentration, 

represented by Eq. 21. 𝑃𝑖 is a vector and 𝐿𝑖 is a diagonal matrix representing 

respectively, production and loss terms. The components 𝑃𝑖(𝑡, 𝛾) and 𝐿𝑖(𝑡, 𝛾) · 𝛾𝑖 are 

nonnegative. These results demonstrate that to achieve accurate and reliable 

outcomes, it's crucial to use high-quality measured data along with a process model 
that can effectively manage its inherent uncertainty. Additionally, employing suitable 

state functions, like non-linear ones, is key to modeling complex phenomena and 
enhancing the performance of the Extended Kalman Filter (EKF), which, in this case, 

operates without external forces or control terms.  
To increase the complexity of our stochastic model, we have included an 

external forces term to account for the effects of temperature, wind speed, and NO2 
mass concentration on the system. This addition makes the model more realistic in 

representing state evolution. Figure 6b shows the logarithmic residual norms for 
various functions representing external forces, with a cubic state function used for 

consistency, as justified by Fig. 6a. Given its better overall performance and most 
negative residual values, the linear model is the most suitable for hourly data in this 

case. It offers a more accurate adjustment of the effects of temperature, wind speed, 
and NO2 mass concentration on ozone mass concentration. Real physical phenomena 

like pollutant production and dispersion usually follow relatively simple dynamics 
under normal conditions. Ozone mass concentration is primarily influenced by 

reaction and meteorological processes, which can often be approximated by linear 

relationships within a typical range, as expressed by Eq. 22. While significant 
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b) a) 

a) b) 

non-linear effects might occur at extreme thresholds or special conditions, a linear 
model generally captures most variations under typical conditions. 
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Fig. 5 – a) Logarithmic residual norm for various levels of process noise (Q) and measurement  
noise (R); b) correlation for different levels of process noise (Q) and measurement noise (R). 
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Fig. 6 – Hourly logarithmic residual norms for: a) state functions; b) external forces functions. 

 
To fully understand the impact of adding external forces to the stochastic 

model, we compared the mass concentration measured by the Eulerian numerical 
modeling with and without external forces, as shown in Fig. 7a. When external forces 
are not considered, models tend to overestimate ozone mass concentration. This is 
because dynamic factors like wind dispersion and thermal degradation of ozone are 
not accounted for. The model assumes a scenario where ozone formation processes 
dominate without adequate dissipation mechanisms, leading to an overestimation. 
Integrating temperature, wind speed, and NO2 into the stochastic model significantly 
improves forecast accuracy. This highlights the crucial role these factors play in 
ozone formation, degradation, and dispersion processes. Figure 7b presents summary 
statistics (minimum, mean, and maximum) for measured ozone mass concentrations, 
as well as for the adjusted E.N.M. with and without external forces. The E.N.M. 
model adjusted without external forces significantly overestimates the minimum 
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a) 

b) 

ozone mass concentration. This overestimation may occur due to the absence of 
ozone dissipation mechanisms, like the reaction with nitrogen monoxide (NO2). In 
contrast, the model with external forces predicts a minimum concentration much 
closer to the measured value, indicating that factors like temperature and wind are 
crucial for accurately modeling low ozone concentrations. The model's mean with 
external forces, which is almost identical to the measured mean, indicates that these 
forces correct for modeling errors and lead to a more accurate estimate. For the 
maximum mass concentration, the adjustment has little effect, as the E.N.M. without 
adjustment already captures the maximum concentration well, as shown in Fig. 1d.  
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The results demonstrate the success of combining a numerical Eulerian 

model with a stochastic model, specifically an Extended Kalman Filter, addressing 

the limitations of using the Eulerian model alone for predicting pollutant mass 

concentration. This improved model effectively corrected the overestimation of the 

minimum mass concentration by the E.N.M. The findings also highlight that 

accurate modeling requires including external forces to capture the complexity of 

atmospheric processes affecting mass concentration. A correlation coefficient very 

close to 1, along with a steadily decreasing logarithmic residual norm, suggests 

good convergence. Stability in the model is indicated by a consistently high 

correlation across different uncertainty levels and a low, stable residual norm. Our 

proposed EKFE.N.M. model, when applied with external forces over a one-month 

period (about 672 hours), outperformed other studies – Shams et al., Xiong et al., 

Zhou et al., and Ajdour et al. [10, 45, 51, 52] achieving the lowest RMSE of  

3.34 µg/m³ and the highest correlation of 99%, as shown in Fig. 8a and b. This 

demonstrates that our model is not only highly accurate in its predictions but also 

effectively captures underlying trends over an extended period. 
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Fig. 8 – Comparison of: a) RMSE; b) correlation between the EKFE.N.M. approach and other studies. 

4. CONCLUSION 

For the first time to the best of our knowledge, a stochastic Eulerian numerical 

approach based on EKFE.N.M. is used to address the limitations of the Eulerian air 

pollution model CHIMERE. This approach integrates advection, turbulence, chemical 

reactions, emissions, and deposition for a comprehensive model of pollutant mass 

concentration dynamics. The Extended Kalman Filter (EKF) employs nonlinear 

dynamic and measurement equations to model the system, linearizing them 
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locally to estimate system states and adjust mass concentrations based on available 

measurements. The approach's accuracy is demonstrated through two scenarios: one 

without external forces or control terms and another considering external forces such 

as temperature, wind speed, and nitrogen dioxide. Results are compared with those 

from the CHIMERE (E.N.M.) model and the work of Shams et al., Xiong et al., 

Zhou et al., and Ajdour et al., showing that this approach is competitive in accuracy 

and adaptable to other nonlinear problems. Ongoing work includes applying this 

method to other areas, such as modeling pollutant flow from high-speed stacks and 

studying atmospheric oscillations' effects on pollutant dispersion. 
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