
v.2.4r20231030 *2024.11.3#8b64c09c

LOSS FUNCTION IN A THREE LAYER SILICENE STRUCTURE AT ZERO
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Abstract. We compute theoretically the loss function in a three layer silicene struc-
ture within random phase approximation (RPA) at zero temperature in the homogeneous
and inhomogeneous cases. We get analytical expressions for the loss function restricted
to the acoustic and optical plasmon branches in the long wavelength approximation.
Numerical computations show that as we increase the interlayer distance between the
silicene layers the broadened peaks in the loss function associated with the damped
plasmons start to merge. Another important effect that we observe numerically is that
the plasmonic spectral weight of the loss function associated with undamped plasmonic
branches is dominated by the acoustic plasmons.
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1. INTRODUCTION

Silicene is the silicon counterpart of graphene. It has two-dimensional A and B
honeycomb sublattices like graphene but with an out of plane buckling. The A and B
sublattices are arranged in two vertical planes separated by a distance d ≈ 0.46 Å [1, 2].
Unlike graphene, silicene exhibits a strong spin-orbit interaction which in conjunction
with its buckled geometry induces a nonzero band gap, 2∆SO, in the energy spectrum.
When an out-of-plane electric field Ez is applied the asymmetry between the two
sublattices induces an onsite potential difference. This property makes the band gap of
silicene tunable allowing one to distinguish between the different phases, topological
insulator, valley-spin polarized metal and band insulator. Due to the fact that the
bandgap is tunable, in comparison to graphene, it makes out of silicene a strong
candidate for designing a field effect transistor that works at room temperature [3, 4].

It is well known that collective excitations are important properties of many-
body systems. The physics of plasmonic oscillations in single and multilayer materials
can have potential applications in plasmonics, photonics and optoelectronics [5–12].
Theoretical investigations on plasmons in monolayer silicene (MLS) [13–16], double
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layer silicene (DLS) [17] and multilayer silicene systems [19] have been conducted at
zero and finite temperature.

Up until now, to the best of our knowledge, the loss function in a three layer
silicene (TLS) structure has not been investigated. We will define the loss function as
−Im Tr[Π̂R(q,ω)] (the negative imaginary part of the trace of the retarded polarization
matrix) [24, 25].

This paper is organized as follows. In Sec. 2 we describe the theoretical
formalism. In Sec. 3 we present the numerical and analytical results of the calculations
and discuss them in detail. Sec. 4 contains the main conclusions of the paper.

2. THEORY

We investigate a structure made of monolayer silicene deposited on dielectric
substrates as shown in Fig. 1.

Fig. 1 – A three layer silicene (TLS) structure.

The Dyson equation of the retarded polarization matrix in the RPA approxima-
tion [26] for ω > 0 is

Π̂R(q,ω) = Π̂0,R(q,ω)+Π̂0,R(q,ω)V̂ (q)Π̂R(q,ω) (1)

where the zero-th order retarded polarization matrix is

Π̂0,R(q,ω) =

Π0
1(q,ω) 0 0
0 Π0

2(q,ω) 0
0 0 Π0

3(q,ω)

 (2)

(c) RJP69(Nos. 9-10), ID 616-1 (2024) v.2.4r20231030 *2024.11.3#8b64c09c



3 Loss function in a three layer silicene structure at zero temperature Article no. 616

and the Coulomb tensor

V̂ (q) =

v11(q) v12(q) v13(q)
v21(q) v22(q) v23(q)
v31(q) v32(q) v33(q)

 (3)

Hence Eq. (1) becomes

Π̂R(q,ω) =
1

ϵ(q,ω)

Π̂R
11(q,ω) Π̂R

12(q,ω) Π̂R
13(q,ω)

Π̂R
21(q,ω) Π̂R

22(q,ω) Π̂R
23(q,ω)

Π̂R
31(q,ω) Π̂R

32(q,ω) Π̂R
33(q,ω)

 (4)

The matrix elements are given by

Π̂R
11(q,ω) = Π0

1(q,ω)ϵ23(q,ω) (5a)

Π̂R
12(q,ω) = Π0

2(q,ω)[v12(q)Π
0
1(q,ω)+(v13(q)v32(q)−v12(q)v33(q))Π0

1(q,ω)Π
0
3(q,ω)]

(5b)

Π̂R
13(q,ω) = Π0

3(q,ω)[v13(q)Π
0
1(q,ω)+(v12(q)v23(q)−v13(q)v22(q))Π0

1(q,ω)Π
0
2(q,ω)]

(5c)

Π̂R
21(q,ω) = Π0

1(q,ω)[v21(q)Π
0
2(q,ω)+(v23(q)v31(q)−v21(q)v33(q))Π0

2(q,ω)Π
0
3(q,ω)]

(5d)

Π̂R
22(q,ω) = Π0

2(q,ω)ϵ13(q,ω) (5e)

Π̂R
23(q,ω) = Π0

3(q,ω)[v23(q)Π
0
2(q,ω)+(v13(q)v21(q)−v11(q)v23(q))Π0

1(q,ω)Π
0
2(q,ω)]

(5f)

Π̂R
31(q,ω) = Π0

1(q,ω)[v31(q)Π
0
3(q,ω)+(v21(q)v32(q)−v22(q)v31(q))Π0

2(q,ω)Π
0
3(q,ω)]

(5g)

Π̂R
32(q,ω) = Π0

2(q,ω)[v32(q)Π
0
3(q,ω)+(v12(q)v31(q)−v11(q)v32(q))Π0

1(q,ω)Π
0
3(q,ω)]

(5h)

Π̂R
33(q,ω) = Π0

3(q,ω)ϵ12(q,ω) (5i)

Here vii(q) and vij(q) are the intra- and inter-layer Coulomb matrix elements
[21]

vij(q) =
2πe2

q
fij(q) (6)
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with

f11(q) =
1

4πϵ0

2
[
(κ2+κ3)(κ3−κ4)+2κ3(κ2−κ3)e

2qd+(κ2+κ3)(κ3+κ4)e
4qd)

]
M(qd)

(7a)

f22(q) =
1

4πϵ0

8e2qd [κ1 cosh(qd)+κ2 sinh(qd)] [κ3 cosh(qd)+κ4 sinh(qd)]

M(qd)
(7b)

f33(q) =
1

4πϵ0

2
[
(κ2+κ3)(κ2−κ1)+2κ2(κ3−κ2)e

2qd+(κ1+κ2)(κ2+κ3)e
4qd)

]
M(qd)

(7c)

f12(q) = f21(q) =
1

4πϵ0

8κ2e
2qd [κ3 cosh(qd)+κ4 sinh(qd)]

M(qd)
(7d)

f13(q) = f31(q) =
1

4πϵ0

8κ2κ3e
2qd

M(qd)
(7e)

f32(q) = f23(q) =
1

4πϵ0

8κ3e
2qd [κ2 cosh(qd)+κ1 sinh(qd)]

M(qd)
(7f)

M(qd) = (κ1−κ2)(κ2+κ3)(κ3−κ4)+2e2qd(κ2−κ3)(κ1κ3−κ2κ4)

+e4qd(κ1+κ2)(κ2+κ3)(κ3+κ4) (7g)

where q = |q| and d is the interlayer distance. The dynamical dielectric function of
the TLS system is [26]

ϵ(q,ω) = det
∣∣∣1̂− V̂ (q)Π̂0,R(q,ω)

∣∣∣ (8)

The dynamical dielectric function of the coupled i-th and j-th layer is given by

ϵij(q,ω) = ϵi(q,ω)ϵj(q,ω)−vij(q)vji(q)Π0
i (q,ω)Π

0
j (q,ω), (9)

where the dynamical dielectric function of the i-th layer is

ϵi(q,ω) = 1−vii(q)Π
0
i (q,ω) (10)

The silicene polarization function is [14, 17]

Π0
s(q,ω) =−1

2
lim
δ→0

∑
σ,ξ,

λ,λ
′
=±1

∫
R2

dkxdky
4π2

[
1+λλ

′ ℏ2v2Fk(k+q)+∆2
σξ

Eλ
σξ(k)E

λ′
σξ(k+q)

]

nF (E
λ
σξ(k))−nF (E

λ′
σξ(k+q))

ℏω+Eλ′
σξ(k+q)−Eλ

σξ(k)+ iδ
, (11)
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where ξ =±1 distinguishes between inequivalent valleys K (K
′
) and σ is the spin

of the electron. Also ∆σξ = |σξ∆SO −∆z| where ∆SO is the spin-orbit coupling
and ∆z is the on-site potential difference caused by the asymmetry between A and
B sublattices when an out of plane electric field is applied. The energy spectrum is
Eλ

σξ(k) = λ
√
ℏ2v2F |k|2+∆2

σξ where λ=±1. From now on we assume that ∆SO=
3.9 meV and ∆z = 0.75∆SO. The silicene Fermi energy is EF and the silicene Fermi
velocity is vF . In the regime ℏvF q ≪ ℏω ≪ EF , Eq. (11) reduces [17] to

Π0
s(q,ω)≈

∑
ξ,σ=±1

EF

4πℏ2
q2

ω2

[
1−

(
∆ξ,σ

EF

)2
]
Θ(EF −∆ξ,σ) (12)

The carrier density ne in silicene is linked to EF through the following formula [18]

EF =

√
πℏ2v2Fne+

1

2
(∆2

>+∆2
<), (13)

where ∆> = |∆SO+∆z| and ∆< = |∆SO−∆z|.
In this paper we are interested in studying the plasmonic spectral weight. The

first step is to determine the plasmonic branches from the zeroes of dynamical dielec-
tric function of the TLS system with the help of Eq. (8)

ϵ(q,ωpl− iγpl) = 0 (14)

The plasmon branch is given by ωpl ≡ ωpl(q) and the decay rate is given by γpl ≡
γpl(q). We work under the assumption of weak damping (γpl ≪ωpl) which throughout
the paper it will mean γpl/ωpl ≤ 0.1≪ 1. Therefore the plasmon branches and decay
rate will be determined with the help of the following equations [26]

Re ϵ(q,ωpl) = 0 (15)

and

γpl = Im ϵ(q,ωpl)

[
∂Re ϵ(q,ω)

∂ω

∣∣∣∣
ω=ωpl

]−1

(16)

The second step is to study the behavior of the loss function because it pro-
vides the total spectral weight associated with the plasmonic branches [24, 25]. Its
expression is

− Im Tr[Π̂R(q,ω)] =

− Im
[
Π0

1(q,ω)ϵ23(q,ω)+Π0
2(q,ω)ϵ13(q,ω)+Π0

3(q,ω)ϵ12(q,ω)

ϵ(q,ω)

]
. (17)

When the loss function is restricted to the undamped part of a plasmon branch it
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reduces to

− 1

π
Im Tr[Π̂R(q,ω)]

∣∣∣∣
pl

= Re
[
Π0

1(q,ω)ϵ23(q,ω)+Π0
2(q,ω)ϵ13(q,ω)+

Π0
3(q,ω)ϵ12(q,ω)

][
∂Re ϵ(q,ω)

∂ω

∣∣∣∣
ω=ωpl

]−1

δ(ω−ωpl). (18)

From now on we set Π0
i (q,ω) ≡ Π0

s(q,ω) for i ∈ {1,2,3} and we will use the
following adimensional variables q̄ ≡ ℏvF q/EF , ω̄ ≡ ℏω/EF , ∆̄σξ = ∆σξ/EF ,
d̄≡ (EF /ℏvF )d , γ̄pl ≡ ℏγpl/EF and α= e2/4πϵ0ℏvF ≈ 4.4.

3. RESULTS AND DISCUSSION

In the following subsections we will provide the numerical and analytical results
for the frequency of plasmon oscillations and for the plasmonic spectral weight given
by the loss function. We arrive at this results by determining the roots of Eq. (15).
The lower frequency and higher frequency solutions relate to the out of phase and
in phase oscillations of the carrier densities of the silicene layers. They are named
acoustic (AC) plasmons ω̄ac(q̄) and optical (OP) plasmons ω̄op(q̄) .

3.1. HOMOGENEOUS CASE

In the homogeneous case we let κ1 = κ2 = κ3 = κ4 . We let κ1 = κSiO2 = 3.8.
We plug Eq. (12) into Eq. (15) and for the resulting equation we find its roots. To
leading order in q̄ → 0 the plasmon branches are

ω̄ac,1(q̄ → 0)≈


d̄α

∑
ξ,σ=±1

(
1− ∆̄2

ξ,σ

)
Θ(1− ∆̄ξ,σ)

3κ1


1
2

q̄ (19a)

ω̄ac,2(q̄ → 0)≈


d̄α

∑
ξ,σ=±1

(
1− ∆̄2

ξ,σ

)
Θ(1− ∆̄ξ,σ)

κ1


1
2

q̄ (19b)

ω̄op(q̄ → 0)≈


3q̄α

∑
ξ,σ=±1

(
1− ∆̄2

ξ,σ

)
Θ(1− ∆̄ξ,σ)

2κ1


1
2

(19c)
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7 Loss function in a three layer silicene structure at zero temperature Article no. 616

We see that ω̄ac,1(q̄→ 0), ω̄ac,2(q̄→ 0)∼ q̄ and ω̄op(q̄→ 0)∼ q̄
1
2 therefore displaying

a similar q̄-dependence as in the case of double layer systems [22, 23] and a three layer
graphene (TLG) structure [20]. The differences between the TLS and the mentioned
systems is given by the dependence of the TLS system on the band gap ∆σξ.

The analytical formulas for the the loss function restricted to the undamped
plasmons, to leading order in q̄ → 0, are obtained by plugging Eq. (12), Eq. (19a) for
the first acoustic branch, Eq. (19b) for the second acoustic branch and Eq. (19c) for
the optical branch into Eq. (18)

−Im Tr[Π̂R(q̄, ω̄)]

∣∣∣∣
ω̄=ω̄ac,1(q̄→0)

≈ 3πκ1
4d̄

ω̄ac,1(q̄ → 0) (20a)

−Im Tr[Π̂R(q̄, ω̄)]

∣∣∣∣
ω̄=ω̄ac,2(q̄→0)

≈ πκ1
4d̄

ω̄ac,2(q̄ → 0) (20b)

−Im Tr[Π̂R(q̄, ω̄)]

∣∣∣∣
ω̄=ω̄op(q̄→0)

≈ πκ1
6

ω̄op(q̄ → 0)q̄ (20c)

These formulas are the same as the formulas from the TLG structure with the caveat
that the plasmon frequencies display the dependence on the band gap ∆σξ in the TLS
system.

Fig. 2 – Frequency of AC 1, AC 2 and OP plasmons in the homogeneous TLS system for fixed carrier
density ne = 1011 cm−2 and varying inter-layer distances (a) d = 25 nm, (b) d = 50 nm. The insets
from Figs. 2(a) - (b) display the ratio γ̄pl/ω̄pl that quantifies the weak damping assumption for a fixed
cut-off value. The solid black curve bounds the region where Im ϵ(q̄, ω̄) = 0.

As in the case of the TLG system, the loss function in the long wavelength limit
restricted to the two undamped AC plasmon branches behaves as −Im Tr[Π̂R(q̄, ω̄ac(q̄→
0))] ∼ q̄ while its restriction to the undamped OP plasmon displays a behavior
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Fig. 3 – -Im Tr[Π̂R(q̄, ω̄pl)] of undamped AC 1, AC 2 and OP plasmons in the homogeneous TLS
system for fixed carrier density ne = 1011 cm−2, varying inter-layer distances (a) d = 25 nm, (b) d =
50 nm. The insets from Figs. 3(a) - (b) display the numerical evaluation of Eq. (18) in the q̄ → 0 limit
versus the analytical formulas from Eqs. (20a)− (20c).

−Im Tr[Π̂R(q̄, ω̄op(q̄ → 0))] ∼ q̄
3
2 . Evaluating numerically Eqs. (20a)-(20c) we

can see that the two undamped AC plasmon branches carry more spectral weight than
the undamped OP plasmon branch in the limit q̄ → 0 .

Figures 2(a)-(b) show the AC and OP plasmon curves in the homogeneous case
for different interlayer distances d. We use the assumption of weak damping, that is
to say that we define a cut-off value such that γ̄pl/ω̄pl ≤ 0.1. For γ̄pl/ω̄pl ≤ 0.1 we
obtain the physical frequencies of the plasmon branch while for γ̄pl/ω̄pl > 0.1 we get
the nonphysical frequencies of the plasmon branch. We observe that the condition
γ̄pl/ω̄pl ≤ 0.1 is fulfilled for all the computed plasmon frequencies while in TLG
system this does not happen. We can see that at the point qc, where the plasmon curves
pass the upper boundary (solid black curve) of the region where Im ϵ(q̄, ω̄) = 0, the
branches come very close as we increase the interlayer distance. A similar behavior is
observed also in double layer graphene (DLG) system [22] and in the TLG system
[20].

Figures 3(a)-(b) illustrate the behavior of the loss function restricted to the three
branches of the undamped plasmons. We observe a similar qualitative behavior as
in the case of the TLG system. We first observe that the spectral weight associated
with the two acoustic plasmon branches dominates over that of the optical plasmon
branch. This generalizes the results from the limit q̄ → 0. We can see that there is that
a domination in reverse order, meaning that the spectral weight associated with the
first acoustic branch dominates over that of the second acoustic branch which in turn
dominates over the spectral weight of the optical branch. We observe that the spectral
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9 Loss function in a three layer silicene structure at zero temperature Article no. 616

weights tend to close on each other as interlayer distance is varied from d = 25 to d =
50 nm.

Fig. 4 – -Im Tr[Π̂R(q̄, ω̄)] in the (q̄, ω̄) plane for the homogeneous TLS system with fixed carrier density
ne = 1011 cm−2 and varying inter-layer distances (a) d = 25 nm, (b) d = 50 nm. The solid black curve
bounds the region where Im ϵ(q̄, ω̄) = 0.

Figures 4(a)-(b) illustrate the damped plasmons which are related to a broadened
peak in the loss function. For large broadening the plasmon becomes overdamped and
there is no associated peak in the loss function. We can observe that for the case when
the interlayer distance is d = 25 nm the broadened peaks from the three branches can
be distinguished while for the case when the interlayer distance is d = 50 nm those
contributions cannot be distinguished. This means that the spectral weights of the
three plasmon branches start to merge as we increase the interlayer distance. A similar
behavior happens in the TLG system as well.

3.2. INHOMOGENEOUS CASE

In the inhomogeneous case we set κ1 = κSiO2 = 3.8, κ2 = κSiO2 = 3.8, κ3 =
κAl2O3 = 9.1 and κ4 = κAir = 1.

Figures 5(a)-(b) show the plasmon frequencies in the inhomogeneous case. We
can observe that they display a similar behavior with those in the homogeneous case.

Figures 6(a)-(b) display the behavior of the loss function restricted to the three
branches of the undamped plasmons. We observe similar behaviors to the ones in
the homogeneous case. We can can see that the spectral weights of the two acoustic
plasmon branches dominate over the spectral weight of the optical plasmon. We also
observe that the spectral weights tend to approach one another as we increase the
interlayer distance.
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Article no. 616 C. Caraiani, L. Ion 10

Fig. 5 – Frequency of AC 1, AC 2 and OP plasmons in the inhomogeneous TLS system for a fixed
carrier density ne = 1011 cm−2, varying inter-layer distances (a) d= 25 nm, (b) d= 50 nm. The insets
from Figs. 5(a) - (b) display the ratio γ̄pl/ω̄pl that quantifies the weak damping assumption for a fixed
cut-off value. The solid black curve bounds the region where Im ϵ(q̄, ω̄) = 0

Fig. 6 – −Im Tr[Π̂R(q̄, ω̄pl)] of undamped AC 1, AC 2 and OP plasmons in the inhomogeneous
TLS system fixed carrier density ne = 1011 cm−2, varying inter-layer distances (a) d = 25 nm, (b)
d= 50 nm.

Figures 7(a)-(b) illustrate the damped plasmons in the inhomogeneous case.
Contrary to the homogeneous case we can observe that for d = 25 nm and d = 50
nm the spectral weights of the three branches can be distinguished. The effect of the
inhomogeneity appears at d= 50 nm because we can still distinguish the contributions
from the three branches which in the homogeneous case does not happen. A similar
behavior we can observe also in the TLG system.
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11 Loss function in a three layer silicene structure at zero temperature Article no. 616

Fig. 7 – −Im Tr[Π̂R(q̄, ω̄)] in (q̄, ω̄) in the inhomogeneous TLS system fixed carrier density ne =
1011 cm−2, varying inter-layer distances (a) d= 25 nm, (b) d= 50 nm. The solid black curve bounds
the region where Im ϵ(q̄, ω̄) = 0.

4. CONCLUSIONS

Summing up, we compute for the homogeneous and inhomogeneous cases
the frequencies of the plasmon oscillations and the loss function in a TLS system
at zero temperature using the RPA approximation. In the homogeneous case, in
the q̄ → 0 limit, when the loss function is restricted to the acoustic and optical
plasmons, we observe a behavior of the type −Im Tr[Π̂R(q̄, ω̄ac,1(q̄ → 0))] ∼ q̄,
−Im Tr[Π̂R(q̄, ω̄ac,2(q̄ → 0))] ∼ q̄ and −Im Tr[Π̂R(q̄, ω̄op(q̄ → 0))] ∼ q̄

3
2 . This is

similar to the TLG system. The spectral weight of loss function associated with the
undamped plasmon branches is dominated by the acoustic plasmons. The spectral
weights of the undamped plasmons start to approach one another as the interlayer
distance is increased. Also we observe that in the (q̄, ω̄) plane as we start from well
defined separated broadened peaks of the damped plasmon, as we increase the inter-
layer distance, these peaks start to merge. Similar behaviors are observed also in the
TLG system.

The only notable effect that the inhomogeneity produces is that it prevents the
merging of the branches at the qc point for d=50 nm as it happens in the homogeneous
case. Thus in the inhomogeneous case we are able to distinguish the contributions of
the broadened peaks of the damped plasmons which in the homogeneous case is not
possible.
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