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Abstract. We investigate quantum dynamics for an ion confined within an os-
cillating quadrupole field, starting from two well known and elegant approaches. It is
established that the Hamilton equations of motion, in both Schrödinger and Heisenberg
representations, are equivalent to the Hill equation. One searches for a linear independent
solution associated to a harmonic oscillator (HO). An adiabatic invariant, which is also
a constant of motion, is introduced based on the Heisenberg representation. Thus, the
state of the non-autonomous system can be determined at any subsequent moment of
time. The quantum states for trapped ions are demonstrated to be Fock (number) states,
while the exact solutions of the Schrödinger equation for a trapped ion are exactly the
quasienergy states. Semiclassical dynamics is also investigated for many-body systems
of trapped ions, where the wavefunction associated to the Schrödinger equation is pre-
pared as a Gauss package multiplied by a Hermite polynomial. We also discuss time
evolution for the system under investigation and supply the propagator.
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1. INTRODUCTION

Particle dynamics within a rapidly oscillating field has been firstly investigated
by Kapitsa [1] based on a classical mechanics picture. More in-depth approaches
have been used by Gaponov [2] or Landau and Lifshitz [3]. A large amount of
effort has been invested in investigating Hamilton functions with time dependent
coefficients, where one of the most typical cases is the harmonic oscillator (HO) with
time-dependent frequency and/or mass. Furthermore, the HO with time dependent
frequency stands out as the first perfectly computed problem, by employing the
Lewis-Riesenfeld (LR) invariant operator method [4, 5]. It relies on building an
invariant operator and then expressing the Schrödinger’s wave function in terms of
invariant operator eigenstates with time dependent phase factor. Furthermore, it was
demonstrated that the dynamics of a particle confined within a high-frequency (RF)
time-dependent potential is governed by a Schrödinger equation characterized by a
time-independent effective potential [6], while the stability regions of classical and
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quantum-mechanical motion are identical. It was also emphasized that the prevailing
effect of the time-dependent potential is to multiply the wave function of the static
pseudopotential by a time-dependent phase factor. Then, Combescure investigated
the evolution in time for Schrödinger operators with time-periodic potentials when
the classical equations of motion possess periodic orbit, while also demonstrating
that various types of time-dependent Schrödinger hamiltonians can be reduced to the
quantum dynamics of the HO [7]. Quantum dynamics of single or many-body trapped
ion systems is investigated extensively in [8–11].

The LR approach has also been employed to characterize an ion confined in a
Paul trap, treated as a quantum HO (QHO) [12, 13], where state vectors have been
defined based on a Fock state basis. An invariant operator can be associated with this
system, which is exactly the quantum Hamiltonian. The basis states form a complete
and orthogonal set of eigenvectors, which allows one to determine the spectrum of the
quasienergy operator. Quantum motion of a particle in a nonlinear Paul trap has been
investigated in [14], where the Hamilton equations of motion are inferred by applying
the Time Dependent Variational Principle (TDVP) [15, 16]. It is demonstrated that
the expected value of the Hamiltonian results as a function of the eigenvalues of
the creation and annihilation operators. After using the TDVP and expressing the
Hamilton equations of motion for a charged particle confined within a nonlinear Paul
trap, the quantum equation of motion in the Husimi (Q) representation for the boson
results that is fully consistent with the classical equation of motion of the perturbed
oscillator [14].

The TDVP method was also applied on coherent state orbits, which yields
Hamilton type equations of motion on Kähler sub-manifolds such as classical phase
spaces. Such formalism was employed to characterize Hamilton functions that are
nonlinear in the infinitesimal generators of a dynamical symmetry group, such as
nonlinear 3D ion traps [16, 17]. If the anharmonic part is a polynomial function, the
Hamilton function describes an algebraic model that is linear in case of quadrupole ion
traps (QIT). In agreement with the TDVP applied on coherent states, if an anharmonic
analytical electric potential is added, then the classical equations of motion turn into
coupled nonlinear Hill differential equations. Moreover, the quasienergy spectrum
results from the solutions of the Schrödinger equations, expressed as the product
between a geometrical (Berry) phase factor and the corresponding symplectic axial or
radial coherent states [16].

Most of the references mentioned above use the semiclassical approach, where
the RF trapping field is not quantized but it is treated as a classical electromagnetic
field. Reference [18] investigates quantum dynamics of an ion confined within a
Paul trap, characterized by a time-dependent mass that increases exponentially and
a trap frequency that falls exponentially in time. By making use of the LR invariant
theory and Fock states, the time-dependent Schrödinger equation for this problem is
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solved, whilst its solutions are employed to construct coherent states for the quantized
particle in the Paul trap. Both Fock and coherent states are used to compute quantum
observables, such as expectation values of the position and momentum operators, their
variances and the uncertainty principle.

The paper brings new contributions towards investigating quantum dynamics of
charged particles confined within an oscillating quadrupole field, such as the case of
ions levitated in electrodynamic (Paul) traps [11, 19]. Applications span emerging
quantum technologies (QT) and based on ultracold ions, including quantum sensors
and new physics beyond the Standard Model (BSM) [20, 21].

The structure of the paper is discussed in the following. Section 1 is the
introductive part, which discusses the history and some of the achievements with
respect to particle dynamics in rapidly oscillating fields. Section 2 starts from the
approaches used in Refs. [23, 24] to discuss quantum dynamics of ions confined
within an oscillating quadrupole field, such as the case of electrodynamic (Paul) traps.
The section discusses techniques related to both the Schrödinger and Heisenberg
representations for a particle located within an oscillating field. Different solutions
for the system under investigation are presented at the end of this section. Section 3
reviews some of the results obtained in [22], with respect to the time evolution of many-
body systems of trapped ions confined in a 3D quadrupole ion trap (QIT) that exhibits
axial (cylindrical) symmetry. Section 4 brings original results and demonstrates that
the wavefunction associated to the Schrödinger equation that describes a system
of trapped ions with n degrees of freedom can be engineered as a Gauss package
multiplied by a Hermite polynomial. The propagator associated to this system is also
derived.

2. CONSTANTS OF THE MOTION. GLAUBER PICTURE

Starting from the elegant approaches used in [23, 24], we investigate the quan-
tum dynamics of a charged particle (ion) confined in an oscillating quadrupole field
[25, 26], where the time-dependent wave functions are considered to exhibit a simple
one-to-one correspondence with the wave functions associated with an ordinary static-
field HO. The oscillating potential of a Paul trap is quadratic along both axial and
radial components of the motion, which renders the dynamics separable. Moreover,
the Kapitsa approximation [1] is valid both in the classical and quantum approach
cases. When using the quantum approach, one assumes the time-dependent potential
characteristic to an electrodynamic (Paul) trap is quadratic in all Cartesian coordi-
nates of the center of mass (CM) of the confined ion. The Hamilton function that
characterizes the trapped ion is [23, 24]

H0 (q,p, t) =
p2

2m
+
m

2
W (t)q2 , (1)
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where q and p stand for the coordinate and momentum of the trapped ion, while

W (t) =
Ω2

4
(a+ 2q cosΩt) (2)

depicts the time dependence of the applied external oscillating field of radiofrequency
denoted by Ω.

The Hamilton equations of motion are [6, 23, 24, 27]{
q̇ = p

m ,

ṗ=−mW (t)q .
(3)

One can use the Heisenberg picture to write the equations of motion as follows
[24] {

ˆ̇q = 1
i~ [x̂, Ĥ0] = p̂

m ,

ˆ̇p= 1
i~ [p̂, Ĥ0] =−mW (t) q̂ ,

(4)

where both Eqs. (3) and (4) can be expressed as

q̈+W (t)q = 0 . (5)

Equation (5) can be considered as a Hill equation [28–30] by replacing q with
the complex c-number function u(t). As explained in [22], a c-number is a classical
number and it is related to any number or quantity which is not a quantum operator,
but acts upon elements of the Hilbert space of states of a quantum system. Hence, c-
numbers represent ordinary complex-valued quantities whose algebra is commutative.
Therefore, one can consider the operator formalism as a generalized version of
the probability theory, in which real-valued random variables are represented by
self-adjoint operators on a Hilbert space [31]. In addition, complex-valued random
variables are represented by normal operators. We also consider q1 (t) and q2 (t) as two
differentiable functions that are solutions of Eq. (5). If a linear independent solution
q = c1q1 + c2q2 of the system exists, the Wronskian square matrix (determinant)
should be nonsingular, case when

q1q̇2− q̇1q2 = const , (6)

which yields a constant of motion for the system. If the Wronskian is zero, the solu-
tions q1 and q2 are linearly dependent. Glauber [23] demonstrates that an alternative
approach is to regard q1 as an ordinary c-number solution [22] of Eq. (6), and con-
sider q2 to be the general operator solution q (t) to Eqs. (3), regarded as Heisenberg
equations of motion. Hence, one introduces the complex function u(t) defined as
[23, 24]

ü+W (t) = 0, with initial conditions u(0) = 1, u̇(0) = iω , (7)

where ω ∈ R is a real parameter.
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What is more, the solution u(t) also satisfies the Wronskian identity [24]

W =

∣∣∣∣u∗ u
u̇∗ u̇

∣∣∣∣=

∣∣∣∣ 1 1
−iω iω

∣∣∣∣= 2iω . (8)

One chooses a general solution expressed as

ugen =Au+Bu∗ , (9)

where u∗ denotes the complex conjugate of u. If

ugen = u∗gen⇒A∗ =B . (10)

Further on we choose W > 0,W = const and ω =
√
W . If one denotes

u= eiωt⇒ u̇= iωu , (11)

and
ugen =Aeiωt+A∗eiωt , (12)

which describes the equation associated with a harmonic oscillator (HO).
One can also write

ugen =M cosωt+N sinωt , (13)

with {
M =A+A∗ = 2<eA ,

N = i(A−A∗) =−2=mA .
(14)

Hence,
ugen =

√
M2 +N2 cos(ωt+ϕ) , (15)

with {
M =

√
M2 +N2 cosϕ ,

N =−
√
M2 +N2 sinϕ .

(16)

We revert to Eq. (8) and require the Wronskian determinant to be constant in
time. One introduces the function [23]

C (t) =
1√

2m~ω
[u(t)p(t)−mu̇(t)q (t)] , (17)

which is an adiabatic invariant [32] and an operator constant of the motion [33].
By further deriving eq. (17) one infers

Ċ (t) =
1√

2m~ω
[u̇p+ ṗu−müq−mu̇ṗ] . (18)

We use the Hamilton equations (3) and obtain

Ċ (t) =
1√

2m~ω
[u̇p−mW (t)qu−müq− ṗu] = 0 . (19)
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As an adiabatic invariant can only be quantified in the Heisenberg representation
[33, 34], C (t) = C (0) = const and [23, 24]:

C (0) =
1√

2m~ω
(p− imωq) , (20)

stands for the classical constant of motion.
Furthermore, in the quantum approach

a=
1√

2m~ω
(p̂− imωq̂) , (21)

represents the non-Hermitian annihilation operator [23, 35] with respect to excitations
of a static-field oscillator of frequency ω.

Thus, by introducing the vacuum state vector |φ0〉 and the ground state vector
|0〉, one can write {

a|φ0〉= 0 ,

a|0〉= 0 .
(22)

By using the Heisenberg representation [23, 24], the constant of motion is
expressed as

Ĉ =
i√

2m~ω
(up̂−mu̇q̂) , Ĉ|0〉>= 0 . (23)

Thus, one can determine the state of the non-autonomous system at any subse-
quent moment of time. The operator C (t) in eq. (18) is defined within the Heisenberg
picture as a linear combination of the operators q (t) and p(t). In addition, the unitary
transformation from the Schrödinger to the Heisenberg picture is defined as

q̂ = U−1 (t)qU (t) , U (0) = 1 , (24)

where U denotes a time-dependent unitary operator of initial value U (0), whilst q̂
denotes the Heisenberg representation and q denotes the Schrödinger representation.

One also writes
q = q̂ (0) . (25)

It is not necessary to find U (t). We just observe that Ĉ (t) is related to its Schrödinger-
picture counterpart CSch (t) by the relation

Ĉ = U−1CSchU , (26)

where

CSch (t) =
i√

2m~ω
[u(t)p−mu̇(t)q] . (27)

Besides, one also writes

CSch (t)U (t) |0〉= 0 , (28)
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with
U (t) |0〉= |0, t〉 , and U (t) |n〉= |n,t〉 , (29)

where |n〉 stands for the oscillator states (also denoted as number or Fock states).
As demonstrated in [24], there is a close correspondence between confinement

of ions within a Paul trap or within a static potential. Therefore, it is useful to express
the states of motion for trapped ion systems based on the oscillator number operator.
Using the Heisenberg picture [33, 34] one can write

N̂ = Ĉ† (t) Ĉ (t) = â†â . (30)

As ĉ(t) is time independent (see Eq. 19), it is evident that the N̂ operator is
time-independent and its eigenstates are exactly the Fock or number states [12, 35]
with the corresponding ladder algebra

â|n〉=
√
n(n−1) ,

â†|n〉=
√
n+ 1(n+ 1) ,

N̂ |n〉= n|n〉 ,
(31)

where a† is the creation non-Hermitian operator while a stands for the annihilation
operator.

By turning to the Schrödinger picture and using Eq. (29) one derives

Û † (t)N̂Û (t) = Û † (t) Ĉ† (t)U (t) Û † (t) Ĉ (t)U (t) = Ĉ†Sch (t) ĈSch (t) . (32)

The eigenstates and eigenvalues of these operators are [24]

ĈSch (t) |n,t >=
√
n|n−1, t > ,

Ĉ†Sch (t) |n,t >=
√
n+ 1|n+ 1, t > ,

(33)

which results in
N̂Sch (t) |n,t >= n|n,t > . (34)

Hence, it is demonstrated that the Schrödinger-picture eigenstates can be em-
ployed in complete analogy to the static potential HO, whilst all algebraic properties
of the static potential ladder operators carry over to ĈSch (t) and Ĉ†Sch (t). Owing to
the micromotion which periodically alters the ion kinetic energy, it stands to reason
to link the quantum number n with the energy of the ion averaged over a period of
the RF drive frequency. This is exactly the case of the pseudopotential approximation
[36, 37], when the electric forces that are time-averaged over an RF period generate a
harmonic potential [38, 39]):

CSch (t) |0, t〉= 0 , (35)

where
φn (q, t) = 〈q|n,t〉 , (36)
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with [
−i~u ∂

∂q
−mu̇q

]
φ0 (q, t) = 0 . (37)

The normalized solution of Eq. (37) is expressed as [23]

φ0 (q, t) =
(mω
π~

)1/4 1

u(t)1/2
exp

(
im

2~
u̇(t)

u(t)
q2
)
, (38)

which describes a squeezed coherent state, while it also stands as the wavefunction
associated to an ion confined in a Paul (RF) trap. This is also a Gaussian wave function
quite similar to the ground state wave function for the static-field oscillator.

The excited states are described by

φn (q, t) =
1√
n!

(
u∗

2u

)n/2
Hn

[(
mω

π~|u(t) |2

)1/2

q

]
·φ0 (q, t) . (39)

The functions above are also called quasienergy functions, while Hn stands
for the Hermite polynomial of order n. Thus, the exact solutions of the Schrödinger
equation for a charged particle in a Paul trap are exactly the quasienergy states
[17, 22, 40]. The expectation values of q2 (t) and p2 (t) are discussed in [23].

The classical micromotion appears in the wavefunction as a pulsation at the
period of the driving field [24]. When W = ω2

p, ωp > 0, where ωp is the frequency
associated to the pseudopotential [38, 39, 41], one writes

φpn (q, t) =
(iωp)

n/2

√
n! ·2n

Hn

[√
mωp
~
· q
]
·φp0 (q, t) , (40)

and

φp0 (q, t) =

(
mΩ

~π

)1/4 1

u(t)
· exp

(
−mΩ

2~
q2
)
. (41)

Equation (41) describes a HO (trapped ion) of pulsation (frequency) ωp, whilst the
mid term 1/u(t) is unitary.

We also denote [12]
fn = 〈φpn|φn〉 . (42)

For a static potential HO, the evolution of the energy eigenstates multiplies the
wave function by a phase factor (which is why they are called stationary states) [16,
24, 40]. In case of a time-dependent potential (non-autonomous Hamilton function),
e.g. for an ion confined in a Paul trap, the statement above is valid, but only for integer
multiples of the RF period T = 2π/Ω. Thus, the corresponding states given by Eq.
(40) are not energy eigenstates (because of the periodic energy transfer from the RF
field, in analogy to the classical micromotion), but they can be considered as the
closest approximation to stationary states within a time-dependent potential. Owing
to this, they are called quasistationary states.

(c) RJP69(Nos. 9-10), ID 205-1 (2024) v.2.4r20231030 *2024.10.30#unknown2
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The full quantum treatment is available in [24]. In addition, recent quantum
engineering techniques enable one to implement controllable spin-spin interactions
between ions, making trapped ions an almost ideal quantum simulator platform [42–
44].

3. EVOLUTION OPERATORS FOR SYSTEMS OF TRAPPED IONS

In the following we will remind some of the results in Ref. [22], with respect to
the time evolution of a system consisting of N identical ions of mass m, confined in
a 3D quadrupole ion trap (QIT) that exhibits axial (cylindrical) symmetry [16]. The
trap is characterized by a constant axial magnetic field and a time varying quadrupole
electric potential, which is the standard case of a combined (Paul and Penning) trap,
where the residual interaction can be treated as a perturbation.

Both axial (n=N) and radial (n= 2N) dynamics for a system of trapped
ions which exhibit n degrees of freedom, is characterized by the quantum Hamilton
function

H =
n∑
k=1

(
− ~2

2m

∂2

∂x2k
+λ

m

2
x2k

)
+V (~x) + c(~x ·~p +~p ·~x) . (43)

One denotes~x = (x1,x2, . . . ,xn) and~p = (p1,p2, . . . ,pn), where pk =−i~∂/∂xk
represents the quantum momentum operator. Furthermore, it is assumed the control
parameters λ and c are periodic in time, whilst V stands for a homogeneous potential,
invariant with respect to translations of order −2 . The issue of the physical interpre-
tation of these control parameters for Paul, Penning and combined traps is explicitly
treated in Refs. [16, 45].

Consequently, one writes the solution of the time dependent Schrödinger equa-
tion as [7]

Φ(t) = U (t, t0)Φ(t0) , (44)
where U (t, t0) denotes the unitary evolution operator that can be explicitly built as

U (t, t0) = S (t)exp[−i(τ − τ0)H0]S
−1 (t0) , (45)

with

S (t) = exp
(
iα~z 2/2

)
exp

[
−iβ

(
~z · ~∇+ ~∇ ·~z

)]
, (46a)

H0 =−1

2
~∇2

+m~−2V
(√

~/m~z
)

+
1

2
~z2 , (46b)

~z =
√
m/~ e−α ~x , ~∇ = (∂/∂z1, . . . ,∂/∂zn) . (46c)

The time dependent functions α, β and τ result out of the Hill equation [28–30]

ζ̈+
(
λ−2ċ−4c2

)
ζ = 0 , (47)
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with ζ = exp(α+ iτ) , 2β = α̇−4c. The case of a 3D QIT (c= 0 , V = 0) is investi-
gated in [7]. The stability regions characteristic to this equation determine the control
parameters for stable classic motion.

Quantum stability in a 3D ideal QIT is characterized by a discrete quasienergy
spectrum [17, 40, 45]

εj = µ(2j+E0) , j = 0,1, . . . ,

where µE0 is the fundamental state quasienergy, and µ stands for the Floquet exponent
that corresponds to the classical stability regions [28–30, 46]. As demonstrated in
[16, 17, 40], the quantum quasienergy states are symplectic coherent states (CS). One
employs the analytical model introduced in [11], which uses the relative coordinates
yαj along with a set of collective variables s:

yαj = xαj−
1

N

N∑
α=1

xαj, , s=
d∑
j=1

N∑
α=1

y2αj , (48)

with xαj = xα+j(N−1), 1≤ α≤N, 1≤ j ≤ d.
We choose an electric potential such as

W =
bs

2
+ 2a

∑
µ,ν

CµνVµν , Vµν = s−µ
∑
α 6=β

 d∑
j=1

(xαj−xβj)2
ν−1

. (49)

As demonstrated in [22], integrable Hamilton functions characterized by a
discrete quasienergy spectrum can be obtained if Cµν = 0 for µ= ν. The Coulomb
interaction is defined by µ = 0 and ν = 1/2. The classical Hamilton function is
then determined by the expectation values of the quantum Hamilton function H on
coherent oscillator and symplectic states [16, 40]. The equilibrium points are derived
as solutions of a system of n=Nd equations:

byαj−a
∑
µ,ν

µs−1yαjCµνVµν

+ 2a
∑
µ,ν

(ν−1)s−µCµν
∑
α 6=β

(xαj−xβj)

(
d∑

k=1

(xβk−xαk)2
)ν−2

= 0 . (50)

Ion crystals emerge in regions characterized by configurations of minimum
[11, 17, 45]. In case of a one dimensional (1D) integrable dynamical system consisting
of N particles that corresponds to the Calogero potential [47]:

V = g
∑
α 6=β

(ξα− ξβ)2 , ξα = (b/ag)−4xα1, g >
−~2

4m
, (51)

the coordinates of the equilibrium configuration ξα are exactly the zeros of the Hermite
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polynomial of order N . These solutions completely determine the minimum points of
the potential function, and consequently the ordered structures of ion crystals (strongly
coupled Coulomb non-neutral plasmas) [21, 48, 49].

4. TRAPPED ION DYNAMICS. SEMICLASSICAL APPROACH.

The Schrödinger equation that describes a system of trapped ions with n degrees
of freedom can be cast as

i~
dψ

dt
=− ~2

2m
4ψ+V (t,x) ψ , 4=

n∑
i=1

∂2

∂x2i
, (52)

where x = (x1, . . . ,xn).
If the potential V is a polynomial of rank no higher than 2 in the coordinates (e.g.,

in case of the n-dimensional parametric HO), then the solution of the Schrödinger
equation (52) can be expressed by means of the wavefunction Φk engineered as a
Gauss package multiplied by a Hermite polynomial:

Φk (A,B,q,p,x) =
2−|k|/2 (π~)−n/4√

k!detA
Hk

(
A;~−1/2 |A|−1 (x− q)

)
× exp

{
− 1

2~
〈
(x−q) ,BA−1 (x−q)

〉
+
i

~
〈p, (x−q)〉

}
. (53)

One denotes

〈x,y〉 ≡ x†y , 〈xAy〉= x†Ay , (54)

where x,y ∈ Cn are column vectors, x† stands for the Hermitian conjugate of the
vector x, whilst A and B are n×n dimension invertible, complex matrices, that
satisfy

BA−1 =
(
BA−1

)t
, A†B+B†A= 2In ,

where t stands for the transpose of a matrix and In denotes the n×n dimension
unitary matrix.

By employing the polar decomposition [50], one finds A = U |A|, where U
represents a unitary operator, while |A| =

√
A†A is a positively defined Hermitian

(symmetric) matrix, in such a way that all its eigenvalues are positive.
We introduce the Hermite polynomials with multiple variables

H̃0 (x) = 1 , H̃1 (v1;x) = 2〈v1,x〉 . (55)
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We now define recursively the Hermite polynomial of rank m, denoted as Hm

H̃m (v1, . . . ,vm;x) = 2〈vm,x〉H̃m−1 (v1, . . . ,vm−1;x)

−2
m−1∑
i=1

〈vm,vi〉× H̃m−2 (v1, . . . ,vi−1,vi+1, . . . ,vm−1; x) , (56)

Hk (A;x) = H̃|k|
(
v1, . . . ,v|k| ;x

)
, |k|= k1 + . . .+kn , (57)

vs =A
(
A†A

)−1/2
us , usi = δij , kj−1 < s≤ kj , (58)

where δij stands for the Kronecker delta function.
Then, we introduce the classical trajectories for an ion of mass m confined

within a force field −∇V (t,q) (Paul trap):

q̇ (t) =
1

m
p(t) , ṗ(t) =−∇V (t,q (t)) , q (0) = q0 , (59)

with initial conditions q (0) = q0 and p(0) = p0.
The classical action [3, 16] is

S (t) =

t∫
0

[
1

2m
p2 (s)−V (s,q (s))

]
ds . (60)

Further on, one introduces the complex matrices A(t) and B (t) as solutions of
the classical equations of motion which satisfy

Ȧ(t) =
i

m
B (t) , A(0) =A0 , (61)

Ḃ (t) = iVH (t,q (t))A(t) , B (0) =B0 , (62)
where VH denotes the Hessian matrix of V [11].

The propagator U associated to the Schrödinger Eq. (52) is characterized by

U (t, t0)ψ (t0) = ψ (t) , t0 ≤ t , (63)

U
(
t, t′
)
U
(
t′, t”

)
= U (t, t”) , 0≤ t≤ t′ ≤ t”≤ T . (64)

Under these circumstances, for any r ∈ Z, there is a uniform constant in t and ~
denoted as C, in such a way that for 0≤ t≤ T

‖U (t,0)ψ (0)− exp(−iS (t)/~)ψ (t)‖ ≤ Ct~1/2 , (65)

which enables one to determine the evolution of the system in time.
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5. DISCUSSION

Quantum dynamics of ions confined within an oscillating quadrupole potential
(electrodynamic trap) is investigated, starting from the refined models presented in
[23, 24]. The Hamilton equations of motion, in both Schrödinger and Heisenberg
representations, can be regarded as a Hill equation, by introducing a complex c-number
function. As shown in [22], a c-number is a classical number which is related to any
number or quantity which is not a quantum operator, but acts upon elements of the
Hilbert space of states of a quantum system. Therefore, c-numbers are complex-valued
quantities whose algebra is commutative.

We search for linear independent solutions of the system, which requires the
Wronskian matrix to be non-singular. It is demonstrated that the general solution is
similar to the solution for the HO. Then, we introduce an adiabatic invariant which is
also a constant of the motion, that we quantify in the Heisenberg representation. We
show this operator can be used to determine the state of the system at any subsequent
moment of time. The quantum states associated to the system are Fock (number) states
or oscillator states, which proves the existing correspondence between confinement
of ions within a Paul trap or within a static potential. Furthermore, the Schrödinger
picture eigenstates can be employed in complete analogy to the static potential HO.
Because the micromotion periodically alters the ion kinetic energy due to the energy
transfer from the driving field, it stands to reason to link the quantum number n
with the energy of the ion averaged over a period of the RF drive frequency. This
is exactly the case of the pseudopotential approximation [36, 45], when the electric
forces that are time-averaged over an RF period generate a harmonic potential [39].
The normalized solution describes a squeezed coherent state. Therefore, the exact
solutions of the Schrödinger equation for a charged particle in a Paul trap are exactly
the quasienergy states.

We finally investigate the Schrödinger equation that describes a system of
trapped ions with n degrees of freedom. If the potential V is a polynomial of rank
no higher than 2 in the coordinates (e.g., in case of the n-dimensional parametric
HO), we demonstrate the solution of the Schrödinger equation can be expressed
as a wavefunction that is engineered as a Gauss package multiplied by a Hermite
polynomial. We also derive the propagator associated to the system.
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