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Abstract. This study examines the stability of cosmological models through per-
turbation theory, focusing on different formulations of the deceleration parameter (DP).
By analysing the eigenvalues of perturbations, we identify key insights into the mod-
els’ long-term dynamics and stability. The results reveal the presence of stable and
marginally stable modes, indicating how perturbations evolve and dissipate over cosmic
time. These findings provide a deeper understanding of cosmic evolution, the forma-
tion of large-scale structures, and the behaviour of perturbations, offering significant
contributions to cosmological research and theoretical modelling of the Universe.
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1. INTRODUCTION

The study of cosmological models has long been a cornerstone in understand-
ing the large-scale structure and evolution of the Universe [1]. These models aim
to describe the Universe from its earliest moments to its current state and predict
its future evolution. To achieve this, cosmologists employ a variety of theoretical
frameworks, each offering unique perspectives and solutions to fundamental ques-
tions [2-6]. Among these frameworks, modified theories of gravity have garnered
significant attention for their potential to explain phenomena that remain unresolved
by General Relativity (GR). These frameworks propose alterations or extensions to
GR to address its limitations and better align with observational data [7-10]. One
of the most compelling pieces of evidence for the need to explore beyond GR is the
discovery of the accelerated expansion of the Universe. Observations of distant Type
Ia supernovae in the late 1990s [11-13] and evidence from the cosmic microwave
background (CMB) radiation [14—17] challenge the conventional framework of GR,
prompting the development of modified theories of gravity that can incorporate these
phenomena without resorting to dark energy (DE).

One such framework is the f(R,T') theory of gravity, which extends the Einstein-
Hilbert action by incorporating a function dependent on both the Ricci scalar (R) and
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the trace of the stress-energy tensor (7"). Recent research suggests that the f(R,T)
theory is a promising candidate for addressing key cosmological insights, such as
the late-time acceleration of the Universe and the nature of DE. This theory intro-
duces modifications that can alter the gravitational interaction at cosmological scales
and provides new insights into the dynamics of the Universe. Many cosmologists
have published their recent results in f(R,T’) theory, exploring its potential and li-
mitations [18-30]. However, the stability of the modified cosmological models is a
crucial aspect that requires thorough investigation to ensure their physical viability.

The development of perturbation theory has been instrumental in understand-
ing the stability and evolution of cosmological models. Lifshitz [31] was one of
the first to systematically develop linear perturbation theory within the framework
of GR, focusing on the evolution of small perturbations in a homogeneous Universe.
His foundational work laid the groundwork for modern cosmic perturbation theory.
The book "The Large Scale Structure of the Universe” by P.J.E. Peebles [32] exten-
sively uses linear perturbation theory (LPT) to describe the growth of cosmic struc-
tures, becoming a cornerstone for cosmologists studying the Universe’s large-scale
structure. Bernardeau ef al. [33] advanced this work by addressing the evolution of
perturbations beyond the linear regime with non-linear perturbation theory. Perturba-
tive methods offer a powerful tool for analysing the stability of cosmological models.
By introducing small perturbations to a background solution, one can examine the
system’s response and identify potential instabilities. This approach not only helps
in understanding the behavior of the models under small deviations but also aids
in exploring the parameter space that yields stable solutions. In this research, we
adopt a perturbative approach to study the stability of cosmological models within
the framework of f(R,T') gravity. We begin by deriving the field equations specific
to f(R,T) theory and establish the background cosmological solution. Subsequently,
we introduce perturbations to the solutions and derive the corresponding continuity
equation governing the evolution. Through this analysis, we aim to identify the con-
ditions under which the cosmological model remains stable and the implications of
the findings for the broader context of cosmic dynamics.

Our work is divided into six sections. Section 2 deals with the mathematical
framework of the cosmological model, whereas solutions to the field equations are
derived in Section 3. Section 4 covers a detailed description of the stability analysis
through perturbative methods, and detailed interpretations are made by assuming two
models in Section 5. Finally, the conclusions of this research study are presented in
Section 6.
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2. MATHEMATICAL FRAMEWORK

f(R,T) theory of gravity is a significant extension of GR. GR describes gravity
as the curvature of spacetime caused by mass and energy. Despite its tremendous
success in explaining a wide range of gravitational phenomena, GR faces challenges,
especially in cosmology and astrophysics. These challenges include the accelerated
of DE. Moreover, GR struggles to integrate smoothly with quantum mechanics. The
f(R,T) theory was introduced by T. Harko and collaborators [10] in 2011 to address
some of these issues. This theory generalizes the Einstein-Hilbert action of GR by
incorporating arbitrary functions of the Ricci scalar R and the trace of the energy-
momentum tensor 7'. The inclusion of 7" allows the theory to explicitly account for
the interaction between matter and geometry, offering new insights into the role of
matter in the dynamics of spacetime. As we know, the action principle allows us
to derive the field equations by varying an action integral with respect to te metric
tensor. In f(R,T) theory, the action is given by

_ f(R,T)
S_/<167r+£m> V—gdz (1)

where,
* g is the determinant of the metric tensor gy
e L, is the matter Lagrangian density.

e f(R,T) is an arbitrary function of the Ricci scalar R and the trace of the stress-
energy tensor 7.

* The term [ ! (IIE’WT) /—gd*x represents the modified gravitational action. Here,

f(R,T) replaces the Ricci scalar R in the standard Einstein-Hilbert action, allow-
ing for additional degrees of freedom.

e The term [ L,;,\/— gd*x represents the matter action. It describes the dynamics
of matter fields in the spacetime and contributes to the overall variation of the
action.

The stress-energy tensor 17, a symmetric tensor characterized by four components,

is defined with indices j and k ranging from 0 to 3, representing time and three
spatial dimensions.

T — 2 0V—9Lm

Ve

where T = ¢/ k’T]k is momentum tensor’s trace. By integrating T, into the action of

the theory, it allows for the incorporation of the effects of matter and energy on the
gravitational field. In the previously mentioned equation, we assume that the matter
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Lagrangian (L,,) depends only on the components of the metric tensor g;; and not
on their derivatives. Consequently, we arrive at the following result:

oLy,
Tk = gjk — QW €

The field equations are obtained by varying the modified action .S with respect to the
components of the metric tensor g/*. They can be written as:

(87— o (R, T) Ty + 5./ (R Tgje = fr(R.T) R+ fr(R.T)On
+ (g0 -V, Vi) fr(R,T), (4)

where V|, represents covariant derivative. [] is the D‘Alembertian operator which is
the Laplace operator of Minkowski space, has the form

102 9 9 02 1 02

O=-_-__-_ _ - _ _~ _——_~__A 5
2ot 0x2 Oy? 022 2ot? )
where A = g—; + (%22 + g—;. The value of ©;y, is given by
0L
O = =2 | Tjr+g" m—— | + gk Lm (6)

dgIk gnv
Since there is no universally accepted way to express the matter Lagrangian (L,,),
we address the term involving the matter Lagrangian through different approaches.
In this case, we choose to use a perfect fluid matter model with £,,, = —p, leading to
the following result:

1
Ok = —2(Tjr + §P9jk) (7

Hence using equation (7), the f(R,T') gravity equations (4) takes the form

Cjefa(R.T) = 8xTys+ (p-+ Ty) fr(RT) + 5 (/(RT) ~ Rf(R.T))
—(g;x8=V; Vi) fr(R,T) (8)

The presence of g—% = fr(R,T) introduces additional terms dependent on the trace of
the stress-energy tensor, indicating a direct interaction between matter and spacetime
curvature. This interaction can alter gravitational dynamics, providing a mechanism
to address the Universe’s expansion and the behaviour of dark energy. In this context,
we use natural units where G = ¢ = 1, setting x> = 87 for the Einstein gravitational
constant. The field equations in f(R,T") gravity are affected by the matter in the
field, leading to various speculative models for different choices of f. We focus
on the functional form f(R,T) = R+ 2f(T), as proposed by Harko et al., which
has been extensively studied for its cosmological implications. This paper makes a
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significant contribution to theoretical physics, particularly in the realm of modified
gravity theory. We adopt the same assumption and consider the f(R,7") function as:

f(R’T) = R+2f(T)7 &)

where f(T") includes T as a random function.

3. SOLUTION TO FIELD EQUATIONS

In cosmological research, the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric is essential, providing a mathematical framework to describe spacetime geom-
etry in line with the cosmological principle. This principle states that, on large scales,
the Universe is homogeneous and isotropic. Thus, when developing the cosmological
model, we define the FLRW metric as follows:

ds? = Adt? — a*(dz* + dy* + d2?) (10)

Here a = a(t) denotes the scale factor, which is a function of time ¢. Addition-
ally, by adopting the convention ¢ = 1, we can use this framework to describe the
stress-energy tensor for a perfect fluid characterized by uniform pressure p, the force
exerted by dust particles on their surroundings, and the energy density p, which quan-
tifies the amount of energy contained within a given spatial region per unit volume.

Tjx = —pgji + (p+ p)ujug (11)

In this context, u; denotes the four-velocity vector, which fulfills the condition
gjkujug = 1. In a co-moving coordinate system, where the particle is at rest, we find

w = (0,0,0,1). (12)

Thus, the f(R,T') gravity equations (8), for the linear choice f(R,T') = R+2+T,in
the context of a perfect fluid distribution within an FLRW background, considering
the components of the stress-energy tensor, are:

T =T} =T = —pand T} = p

assume the following expressions

. . 2
2a+<a) =vp—(14+37)p (13)
a a
and
a 2
3(@) =(1+37)p—p (14)

The Hubble parameter H (t) and the deceleration parameter ¢(t) are crucial for un-
derstanding the dynamics of the Universe, providing insights into its expansion and
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evolution. While H (t) indicates the rate of expansion, ¢(¢) reveals how this expan-
sion rate changes over time. To further explore this, we define these parameters as
follows:

H(t) = g (15)
and )
alt) =53 (16)

In our study, the deceleration parameter ¢ is a key feature of cosmic evolution. It
distinguishes between phases of the Universe’s expansion: one characterized by de-
celeration (¢ = ¢(t) > 0) and another by accelerated expansion (¢ < 0). Notably,
observational data from Type Ia supernovae offer strong evidence for a significant
cosmic transition [11-13], indicating a shift from an era of deceleration to one of
accelerated expansion. This shift underscores the need to adjust the values of the
deceleration parameter to accurately reflect the Universe’s evolving dynamics.

4. STABILITY ANALYSIS

In cosmology, stability analysis through perturbation techniques is an indis-
pensable tool for validating the robustness and physical viability of theoretical mod-
els, particularly in the realm of modified gravity such as f(R,T) theory. This ap-
proach allows researchers to probe the resilience of cosmological models against
small perturbations in the metric and matter fields, thereby determining the condi-
tions under which these models can maintain their stability over cosmic timescales.
In f(R,T) gravity, perturbative analysis aids in uncovering the intricate dynamics
introduced by these modifications, offering insights into how deviations from GR
impact the Universe’s evolution. By linearizing the field equations around a homoge-
neous and isotropic background and studying the resulting perturbation equations, re-
searchers can identify potential instabilities that may lead to the non-physical growth
of fluctuations or the onset of singularities.

This stability analysis is not merely a theoretical exercise; it provides critical
constraints that any viable cosmological model must satisfy to be consistent with ob-
servations. Moreover, understanding the stability of these models under perturbations
is essential for predicting the formation and evolution of cosmic structures, ensuring
that the theoretical framework aligns with the empirical data from large-scale struc-
ture surveys, cosmic microwave background measurements, and other cosmological
observations. In this section, we apply perturbation techniques to the FLRW met-
ric to analyse the stability of the Universe, characterized by its density and pressure
fields. Since the FLRW metric provides a well-defined background that represents
the large-scale structure of the Universe, it sets the stage for understanding deviations
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from homogeneity and isotropy. From equations (10), (13), and (14), we derive our
continuity equation incorporating p, p, and £ as follows

(1+37)5 =P = —3(1+29) = (p+p) (17)

The continuity equation encapsulates the principle of energy conservation in an ex-
panding Universe, ensuring that as the Universe expands, the energy density and
pressure adjust in a manner consistent with conservation laws. Further from equa-
tion (17), we obtain:

] 3
(375 —7i= 301429 (p+0) + (1429 (p+p)  (18)

Since, perturbing the system allows us to examine how small deviations from the
equilibrium state evolve over time. We introduce small perturbations to the density
and pressure fields

p=po+op (19)
and

p=po+dp (20)
Here, pp and pg are the equilibrium values and dp and Jdp are small perturbations.
This is essential for determining the system’s response to disturbances and hence
its stability. Assuming the perturbation of the exponential form, i.e. §p = dpge
and 6p = dppe™, and substituting back the perturbed quantities into the continuous
equations and linearizing them, we obtain a set of linearized equations. These can
be expressed in matrix form A.6 = 0, where A is the perturbation matrix and ¢ is the
vector of perturbations. So using equations (18)-(20), we obtain

(1+37)A2+ X 0 dp| |0
0 —7A2+X] [&J - M @

where, X = 3(1427)%\ —3(1+27)2(po +po). Here, to solve for the eigenvalues
A, we consider the homogeneous system obtained by setting the right-hand side to
zero. The perturbation matrix encapsulates how the perturbations interact and evolve,
making it crucial in determining the stability of the system, as its eigenvalues dictate
the nature of perturbation growth or decay. To find the non-trivial solutions for A, we
set the determinant of the coefficient matrix to zero. This condition ensures that the
system has non-trivial solutions. This gives two separate equations:

(L+37)X° +3(1+27)=A = 3(1429)*(po +po) = 0 (22)
and

—YX? 4 3(1+27) = A= 3(L+27)*(po +po) = 0 (23)
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Analysing the signs and magnitudes of the eigenvalues allows us to determine the
stability of the Universe. This analysis allows us to categorize the Universe as stable
or unstable under small perturbations. It also provides insight into the timescales of
stability or instability, which is important for predicting the evolution of the Universe
over time. If A > 0, then this indicates that there is at least one mode in which per-
turbations will grow exponentially. This is usually a strong indicator that the overall
system is unstable because even if one perturbation grows, it can dominate the sys-
tem’s behaviour over time. If A = 0, then model is marginally stable. Perturbations
in this mode will neither grow nor decay exponentially but could grow linearly or
remain constant. If A < 0, i.e. a negative eigenvalue, this indicates a damping or
stable mode in the system. Perturbations associated with this eigenvalue will decay
exponentially over time, leading to stability in this particular mode. Now to check
the stability, we consider two models which are described in the next section.

5. DETAILED INTERPRETATION

5.1. MODEL-I

In this model, we considered an assumption of fractional quadratic deceleration
parameter (FQDP) as suggested by Mishra et al. [19]
ai B(1—1?)
)=—7F=—""7T7"
a 1+t
where (3 is a positive constant and a = a(t) is the scale factor. The choice of /3 is made

to show the flipping nature of cosmos. From equation (24), we obtain the value of
Hubble parameter as follows

(24)

a 1

H(t) = a (1-p)t+2Btan1t’ (25)
Figure 1 shows the visual representation of DP and Hubble parameter. Clearly as
t — oo, DP shows the transitional phase from deceleration to the acceleration phase.
On the other hand, after crossing early inflationary phase of Universe, Hubble pa-
rameter tends to the positive small value. The significance of this behaviour is pro-
found in understanding the dynamics of the Universe. The transition of the DP from
positive to negative values signifies a shift from a decelerating to an accelerating Uni-
verse, reflecting the influence of DE becoming dominant over matter. This transition
phase is critical in cosmological models as it aligns with observational data indicat-
ing an accelerating Universe. Similarly, the Hubble parameter’s tendency towards a
small positive value after the early inflationary phase implies a sustained but slower
rate of expansion, consistent with current observations of the Universe’s expansion.
This behaviour supports the notion that the Universe has undergone various phases
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Fig. 1 — DP & Hubble parameter’s visualization w.r.t cosmic time (¢).

of expansion, driven by different dominant components at different times. Now sub-
stituting the value of ¢ into the equations (22) and (23), and solving for A, we obtain
the following expressions

N —3(1+2) L 1+
2(1437)((1-B)t+20tan~"t) " 2(1+37)
9
\/((1—ﬁ)t+2ﬁtan_1t)2+12(1+37)(p0+p0) (26)
or
o ~3(1+27) (1+27)
C —2y((1-pP)t+20tan"T) T 2y

9

Since pg and pg are the equilibrium values, we consider pg = —pg for a cosmological
constant-dominated Universe. Solving these equations give one value of A to be zero,
with the other values shown in the figures. A zero eigenvalue signifies a special case
where the perturbation mode neither grows nor decays. From a stability perspective,
it suggests the presence of slow, long-term dynamics, leading to significant structural
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Fig. 2 — Eigenvalue’s visualization w.r.t. cosmic time (¢) for eq. (26).

evolution over extended timescales. Figures 2 and 3 show that the eigenvalues are
negative, corresponding to stable modes where perturbations decay exponentially
over time, bringing the system back toward equilibrium. The combination of one
zero eigenvalue and two negative eigenvalues implies overall stability, ensuring that
initial deviations from equilibrium diminish. This means that small inhomogeneities
do not result in unbounded growth or collapse, thus maintaining the system’s overall
balance. This stability is crucial for understanding the expansion of the Universe.
A stable Universe model suggests that the expansion driven by the cosmological
constant (or dark energy) will continue smoothly, without leading to catastrophic
instabilities.

5.2. MODEL-II

Now to check the stability, we considered the assumption of quadratic deceler-
ation parameter as suggested by [34].

d (1 9 9
=14+ — | =—1+ — + 2

where £ is a positive constant. Now after simplifying equation (28), we obtain
a 1

) = ===

(29)
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For simplicity, we set the constant of integration to zero because at t = 0, H — oo as
at the early inflationary phase, the Universe’s expansion rate is very large.

Figure 4 illustrates the pictorial representation of quadratic DP and correspond-
ing Hubble parameter. Initially, the Universe decelerates (¢(¢) > 0), corresponding to
the matter-dominated phase. As time progresses, the Universe transitions to an accel-
erating phase (¢(¢) < 0), corresponding to the DE-dominated phase. This indicates
the Universe’s dynamic phases from deceleration to acceleration and potential future
behaviour influenced by the quadratic assumption. Similarly, the initial decrease in
H (t) indicates the slowing expansion rate during the decelerating phase. As the DP
becomes negative, H (t) starts to rise, indicating an increasing expansion rate during
the accelerating phase.

Now substituting the value of % into the equations (22) and (23), and solving
for )\, we obtain the following expressions

o —3(1+27) 142y
C2(14+3y)(tBn—t)(6n—1t))  2(1+37)

9
\/ 5 T12(1+37)(po+po) (30)

(t(3n—1t)(6n—1))
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After solving these equations for A\, we find one value of A to be zero, with the other
values shown in the corresponding Figs. 5 and 6. Both figures show significant varia-
tion over cosmic time indicating a dynamic and evolving system. This indicates that
the parameter influences the gravitational interactions as the cosmological models
are not static but change over time. Initially, at ¢ — 0, the eigenvalues indicate strong
stability as they are significantly negative. As time progresses, the eigenvalues in-
crease and tend towards zero. This suggests a transition phase where the stability of
the model is in question, but the system does not become unstable as the eigenvalues
remain non-positive.

As time progresses further, the eigenvalues start to decrease again, moving fur-
ther into the negative region. This continued negativity of the eigenvalues throughout
the time period indicates ongoing stability in the cosmological model. However, due
to the quadratic nature of the DP, a similar pattern of eigenvalue behaviour appears
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in the positive direction, suggesting the presence of transient instabilities. These tran-
sient positive eigenvalues indicate periods of instability, but they are not dominant in
the long run. The eigenvalues exhibit large fluctuations both positive and negative,
suggesting the phases of stability and instability. Overall, the eigenvalues remain neg-
ative for the majority of cosmic time, ensuring stability in the model. The quadratic
assumption of the DP introduces complex dynamics, including temporary phases of
instability. Yet, the model stabilizes overall, reflecting the evolution of the Universe
from an initial stable state, through periods of transitional instability, and back to
a stable state. This behaviour aligns with the expected phases of cosmic evolution:
from deceleration to acceleration, and then approaching a stable expansion driven by
DE.

6. CONCLUSION

The perturbative methods has a rich history in cosmology, evolving from clas-
sical mechanics to a modern cosmology. It has enabled cosmologists to connect theo-
retical models with observational data, advances our understanding of the Universe’s
structure and evolution. In this study, we have analysed the stability of two cosmolog-
ical models through perturbation theory: one assuming a fractional quadratic decel-
eration parameter DP and the other a quadratic DP. The eigenvalue analysis for both
models provides key insights into their stability and evolution over cosmic time. For
the model with a fractional quadratic DP, we observed one zero eigenvalue and two
negative eigenvalues. This configuration indicates overall stability with a marginally
stable mode. The zero eigenvalue represents a neutrally stable mode, suggesting
long-term, slow dynamics that could influence large-scale structure formation. The
negative eigenvalues ensure that most perturbations decay over time, contributing to
the Universe’s stability on these scales.

In contrast, the model with a quadratic DP exhibits a more complex eigenvalue
behavior. Initially, the eigenvalues are highly negative, indicating strong stability.
As time progresses, the eigenvalues trends towards zero around ¢ — 1, marking a
transitional phase where stability is less certain but not lost. Beyond this point, the
eigenvalues decrease again, reaffirming the model’s stability. The transient positive
eigenvalues observed in this model indicate temporary phases of instability, which
are nonetheless overshadowed by the overall dominance of negative eigenvalues, en-
suring long-term stability. Hence, the complex symmetry in the graphs highlights the
non-linear nature of the interaction with the cosmological model. Overall, both mod-
els display stability, but with distinct dynamical behaviors. The fractional quadratic
DP model maintains consistent stability with marginally stable modes, while the
quadratic DP model shows complex, transient dynamics but ultimately stabilizes.
These findings highlight the nuanced interplay between different forms of the de-
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celeration parameter and the resulting cosmological stability, providing valuable in-
sights into the Universe’s evolution and the role of perturbations in shaping cosmic
structures.
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