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1. INTRODUCTION

The real Jacobi group of degree n is defined as G;!(R) := H,(R) x Sp(n,R),

where H,,(R) denotes the real Heisenberg group [1-3]. The Siegel-Jacobi upper
Ga(R)
U(n)xR
X, denotes the Siegel upper half space realized as S%((Z’)R) [4, page 398]. Also

~ X, x R?", where

half space is the G} (R)-homogeneous manifold X;/ :=

X! = Gégs)) o where G (R)q denotes the restricted real Jacobi group [5, §5].
The Jacobi group G/ :=H,, x Sp(n,R)c, where Sp(n,R)¢ := Sp(n,C)NU(n,n),

is also studied in Mathematics, Mathematical Physics and Theoretical Physics, to-

gether with the G/-homogeneous Siegel-Jacobi ball D;} ~ C" x D,,, where D,, de-

notes the Siegel ball realized as % [4, page 399].

The extended Siegel-Jacobi upper half space is /f’nj = %"]((IS) ~ X, x R?"+1 [6].

It is well known that G;}(R), Sp(n,R), H,(R), X,/ and X}, are isomorphic with
G/, Sp(n,R)c, Hy, D, respectively D,, [6].

The dimensions of the enumerated manifolds are: dimSp(n,R) = 2n? +n,
dimH,(R) = 2n+1, dimG; (R) = (2n+1)(n+1), dimG; (R)o = dim G; (R) — 1,
dimU(n) = n, dim&;] = n(n+3), dim&;] = dim &,/ +1, dim X, = n(n+1). In
particular, dim &7 =4, dim X =5, dim & = 10, dim &/ = 11.
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The Jacobi group, as a unimodular group, is a non-reductive, algebraic group
of Harish-Chandra type. D; is a partially bounded domain, non-symmetric, a Lu
Qi-Keng manifold, a projectively induced quantizable Kihler manifold [7].

In our papers [7-11] we studied invariant metrics to the action of the Jacobi
group and Berezin quantisation [12—17] on Siegel-Jacobi upper half-plane X}, ex-
tended Siegel-Jacobi upper half-plane X/, Siegel-Jacobi space X7, Siegel-Jacobi ball
D, One important step in the investigation of Berezin quantisation on X/ and 2\?1;]
is the calculation of the inverse matrix of invariant metric to the real Jacobi group
on the mentioned manifolds. The aim of the present investigation of the inverse of
the invariant metric on 2?7;7 . Even in case n = 2 the formulas presented here are quite
complicated.

The new results contained in this paper concern the matrix of the inverse metric
on the Siegel-Jacobi space g;,é (z,y,p,q) in Proposition 1 and extended Siegel-Jacobi

space g;i (z,y,p,q,k) in Proposition 2, which are particularised in Proposition 4 to
the case n=2. Also in Proposition 5 we calculate detg:{, ;(z,y,q,p, k) and the inverse
2

of the same matrix for the case n=2. Remarks 1 and 2 systematize the results of
Proposition 5.

Notation. We denote by R, C, Z and N the field of real numbers, the field
of complex numbers, the ring of integers, and the set of non-negative integers, re-
spectively. We denote the imaginary unit /—1 by i, the real and imaginary parts
of a complex number z € C by Rez and Im 2 respectively, and the complex con-
jugate of z by z. We denote by d the differential. We use Einstein’s summation
convention, i.e. repeated indices are implicitly summed over. The set of vector fields
(1-forms) on real manifolds is denoted by D' (respectively ©1). We denote a mixed
tensor contravariant of degree r and covariant of degree s by D% = D" x D4, where
D" =D x--.xDand D, =D x --- x D1 [4, pages 13-17]. If we denote with

M
Roman capital letteres the Lie groups, tshen their associated Lie algebras are denoted
with the corresponding lower-case letteres. If §) is a Hilbert space, then we adopt
the convention that the scalar product (-,-) on $) x §) is antilinear in the first factor
(Aa,b) = A(a,b), X € C\{0}. If 7 is a representation of a Lie group G on the
Hilbert $) and X € g, then we denote X := dm(X) [18-20]. The interior product
ixw (interior multiplication or contraction) of the differential form w with X € ©1 is
denoted X _w. We denote by M (n,m,F) the set of n x m matrices with elements in
the field F and M (n,F) denotes M (n,n,F). If X € M (n,m,F), then X* denotes the
transpose of X. We denote by M S(n,F) = {X € M(n,F)|X = X'}. The conjugate
transpose (or hermitian transpose) of A € M(q,C) is A := A’, also denoted A*, AT,
AT If f is a function on C", we write the total differential of f as df =0f + 0f,
with O f =1 0n fdza, where O, f = % [21, page 6]. If F' = F}; € M(n,F), where

Z
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F =R, C, we denote by F'"/ the elements of the inverse F'~1, i.e. Fy ™ =§;;. If
A, B are matrices, then A ® B denotes the Kronecker product of A, B [22, page 3].

2. PREPARATION

Following [5, §5], we consider the restricted real group G/ (R)o consisting of el-
ements of the form g = (M, X), where M € Sp(n,R),X = (A, u), A\, p € M(1,n,R).

We consider the Siegel-Jacobi upper half space &, realized as in (2.1).

We introduce for X/ the analog parametrization used in [23, page 7], [1, page
11], [24, § 38] for X}

wi=pv+q, v:i=a+iy, v=2" y >0, pge M(1,n,R). 2.1)

It should be noted that there is an isomorphism G?/ (R) > (M, X, K) — (M, X) €
G (R)g through which the action of G/ (R)o on X/ can be defined as in [5, Proposi-
tion 2].

It is easy to prove that [11, Lemma §]
Lemma 1. a) If X,, > v =z + iy, then the action of G;J(R)o on X;/: (M,X) x
(v, u") — (v1,u1), where M € Sp(n,R) has the expression

M:(i Z) a,b,c,d € M(n,R), 2.2)
is given by the formulas
v1 = (av’ +b)(cv' +d)t = (V' +d) T (' at + 1Y), (2.3a)
uy = (v + '+ p) (ev' +d) 7t (2.3b)
b) For A\, € M(1,n,R), let us consider (p,q) such that
(p,q) = A\, )Mt = (Ad' — pct, = \b* + pat), (2.4a)
(A1) = (p,a)M = (pa+qc,pb+qd), p,q, A p€M(1,n,R). (2.4b)

Then the action of G (R)o on X;): (M, X) x (z',4/,0',q") — (x1,y1,p1,q1) is given
by (2.3a), while

—1
a b
(p1,ql)=(p,q)+(p’,q’)<c d) =(p+p'd —qc,q—pb+dd). (25

¢) The action of G (R) on X ~ X x R:
(M, (A p),k) x (V' ', k") — (v1,u1,K1), (2.6a)
(M, (A p), &) x (29,0, ¢ k') = (z1,91,01,q01, K1) (2.6b)
is given by (2.3), (2.5) and
k1 =rk+ K + A" = pup".
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d) The 1-form
M = dk —pdq! + qdp’ 2.7
is invariant to the action (2.6) of GZ(R) on X.
e) The action of G;(R) on G (R)
(Mv (Avﬂ)”{) X (Sn)/ — (Sn)h
is given in (2.8) for X', Y' € (S,,),
X1=i¥i = ()4 {(c@' +d) () X +e(y)BY +iley/ 2 X' = (ea +d) (/) 3V},
(2.8)
while the other actions are given in a)-d) of the present Lemma.
If parameters «, v, 6 > 0, we have proved [11, Theorem 1]:

Theorem 1. The metric on X}/, G} (R)o-invariant to the action in Lemma 1, has the
expressions

sy (2,9,q.p) =aTr[(y ™ da)? + (y~'dy)’]

+[dp(zy z+yy~'y)dp’ +dgy~ dg’ +2dpry~'dg'); (2.9a)
dsys (2., %) =aTr[(y ™ dz)* + (y~'dy)’]

+[dy" (zy a+yyy)dy+dx 'y dy+2de ey T dy]; (2.9b)
sy (2,9,6 p) =aTr[(y~ dz)* + (y~'dy)?]

+y[dey A" +dpy~dpt + py M day T (py T da)!

+py~Hdyy~ oy~ dy)t — 20y day 1 AE" — 20y~ dy T dp').
(2.9¢)

The three parameter metric on PE';L] , G (R)-invariant to the action c) in Lemma 1, is
dSiE;{ (:U, y7 q7p7 ’k‘:) - dsg(_r{ (.’E, Z/: q7p) + )\%
= aTrl(y~'do)* + (y~'dy)’]
+aldp(ey ™z +yy " y)dp' +day~ e’ + 2dpay dg']
+6(dk —pdq® + qdp*)?.

Formula (2.9) ((2.10)) is a generalisation to Xﬁ] (.)E'ﬁ] ), n € N, of equation (5.25b)
(respectively, (5.30)) in [25] corresponding to n = 1.

(2.10)

3. BERRY PHASE ON KAHLER MANIFOLDS
3.1. BALANCED METRIC

Let us denote [26, page 138]:

. ! ._ !
Lijk = g1, wik := guew;.
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Also 5
% =Liji + Ljik,
or
Gijk = Orgij — Fgciglj - Ffrgjgz‘l =0,
and
Fikj:§ (8uj out  duk )’ I = 29 \ ow + out oul )’ 197" =05

3.D
Lijk (I‘; 1) 1s called Christofell’s symbol of first (respectively second) kind.
Let v=x+iy, z,y € MS(n,R), y >0, p,q € M(1,n,R). Then ([27, Theo-
rem 1], [28, Proposition 3],

ds%y (2,9, 4, p) = dzguadz’ +dygy, dy'+dqgeedd+dpgpydp+dageydp™+dpgpedd’,

(3.2)

where

0 0 0 _ _ _
981’ g 0 0 Gzz = GJyy =Y 'oy! 9aa="y""
gx;(@y.ap)= o 7Y 9pp="(y+xy ') Gpg=72y " .
9qq  Yap Jp="y"\7
0 0 9pg 9pp
3.3)
3.2. PARTITIONED INVERSES
Let

([ h1 he
h_<h3 h4>, (3.4)

where hy, ha,hg,hg € M(m,m), M(m,n), M(n,m), M (n,n).
We have (see e.g. (1) and (2) at p. 30 in [22]): if the matrices h1, hy — h3h1_1h2,
h4 and respectively hy — h2h11h3 are nonsingular, then

ol ( ht K2 ) _ ( (h1 —hahy thy) ™! —hythoht ) (3.5)
h? hA —h*hgh! (ha—hshthy)™t ) '

If A (B) are non singular matrices € M (m,m), (respectively, M (n,n)), then
we have [22, (11) (a) page 20] the relation

(AeB)'=A"1oB L

If A, B € M(m,m) are non-singular matrices, then [22, (5) page 29]
A4+ B =AY A+B)B™.
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Proposition 1. The inverse of the M S(2n,R)-matrix (3.3) is
a ly®y 0 0 0
_ 0 aly® 0 0
1_ Y&y
gX;{(xaya%p) - O 0 771(y+xy71x) —")/711‘3/71
0 0 7,}/—1y—1x '7_13/_1
(3.6)
Proof. We apply (3.5) to the matrix
-1 -1
<gqq 9ap > :< W W > 37)
pa Ipp ey y(ytayw)
If we denote
-1
aq 9P
< gpq gpp > = < Jaa - Jo ) ) (3.8)
gr g 9pa  Gpp
then with formula (3.5) we get successively
_ _ 1 - _1y-1
9= {yy " =y ey Fay )] ey
I 1 4 N-1, 11!
=7 l{y (@) (y+ayle) T () 1}
1 - _ _ 1 -1t
= 1{y Py y oy te)aly] }
=~1 {y_l — [yzlya ly +ya ey ey _1}_ (3.9)
_ _ -1\~
=y = (e )+ 1))
1
=7 {y’l —y 1+ (g h)?] }
1 - _1\27—17-1
et VA O VS (77 R
Let us denote
M := (yz~ )2
We apply formula [22, (a) page 29]
(A+M) P =1-M+M*-M>+ ..,
and we get
qq _ —1y -1 -1 -1 _ -1 -1 3.10
g ="y MA+M)" = (ytay o). (3-10)
O

According with ([27, Theorem 1], [28, Proposition 3]), we consider now on the
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manifold )E;L] the metric matrix

gzz 0O 0
9es @y, ap, k) =| 0 gy 0 , (3.11)
0 0 glgp~)

where

/ /

9eq 9ap 9
9'(¢,p, )= g g g 93q=9aaFOP'®P  Gpp=09pp+04'®q  gl="0
s pq Ipp Ipk g;q:gpq_(;pt@q g;’i:_(;pt Q;H=5qt.
gnq gnp 9k

(3.12)
Note that if p,q € M (1,n,F), then [22, (12) page 20]
P'og=qdop=rp'q=qp.
We write (3.12) as
A A
qup. k) = Ay 313
9'(q,p; k) <A21 Aoy (3.13)
where
Ay — ( Yoq Yo > _ ( vyt +op@pt vyl —dpe g >
va Iop eyt —dq@pt y(y+ayTlr)+dgeqt )’
(3.14a)
A= 9 Y= (T s = (ol gl )= (—0p dq ). As =g
12 = / = 5qt ) 21—(9,{(19@)—(—17 6]), 22 = Gk
PK
(3.14b)
Now we calculate the inverse matrix of (3.11)
a ly®y 0 0
g/;a{(ﬂ?,y,q,p, k)= 0 a~ly®y 0 ; (3.15)
0 0 9 Hq,p, k)
where
g a.p,r) = < b bro > (3.16)
ba1  b22
With the notation
Apt= (0 M2 3.17
1 <a21 a92 -17)
the values of the matrix (3.17) became with (3.5)
an=[yy~"+0p' @ p—(vy ' 2—b¢' @ p) (3.18a)

x (Y(ytay ' a)+0q' ® q) T (yay ' -0p' ®q)] 7T,
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ars=—(yy ' +p' ®@p) " (yy e — 5¢' @ p)ass,

a1 =—ass(yry ' = 0p'®q)(yy ' +dp' @p)
az=[y(y+ry ' z)+d¢" © ¢—(yry ' -0p' @ q)
x (vy~40p' @p) vy ta—dq' @p)] .

(3.18b)
(3.18¢)

(3.18d)

Proposition 2. For aso appearing in (3.17), (3.18d) we find the simplified expression

1) 1
cm:[7y+5qt®q+5xpt®py(1+;pt®py) Lyl

+y0z(v+dp' @py) g @p
+76p' @ q(v +dyp' @p) '
— 8%t @ qy(y+p' @py) gt @p) T

For the matrix elements in (3.16) we find

by = (A1 — A1267 1 Ay) 7,
bio = —A7; Arabas,

b1 = —bao A1 AT,

bog = (6 — Ag A Ara) L,

and
qq ap
b1 = < gpq gpp )7
P g
bag = 61— d(payip’ — qazip’ — paiag’ + qageq’)] "

Proof. We write (3.18d) as
agy =[y(y+ay ' o)+0q' @ g+ X X7,

where

XX = —(yzy '=0p' @ q)(vy +op' ®@p) M (vy la—d¢' ®p).

(3.19)

(3.20a)
(3.20b)
(3.20c¢)
(3.20d)

(3.21)

(3.22)
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We have successively

XX =—yzy (v Hop' @p) Ty
+yzy (v Hop' ®@p) T og @p
+op' @q(yy Hop' ®@p) yy e
—p' ®@q(yy ' +op' @p)log" @p

= (yz™ ")y +op  @p) M y)”
+70(yz~") (v Hop' @p) gt @p
+90p' @ q(yy ™' +op' @p) (T y)
—8*p' @q(vy~'+op @p) ¢ @p

= [z y(yy "+ op' @p)yz ]!
+0[(vy +op' @p)ya g @p
+y0p' gz y) (vy " +pt@p)] (3.23)
—8*p'@q(yy~ +op'@p) g @p

=7’y tyz ™" + 6 yp' @ pya )

+ Yo(ya T +op'@pya) g @p

+ 0p' gy~ +0a yp' @p) !
—8*p'@q(yy~+op @p) Tt @p

= [z y(y+6p @py)a ]!
96 [(v+opt @py)a] gt @p
+70p' @ glz~ (v+dyp' ©p)] !

—&*p' @q(yy +op' @pyy ™) g @p

= —a(y+ép'@py) Yy e+ XY,

1

-1

where
XY :=~6x(y+6p' @py) "¢ ®p
+~0p' @ q(y + dyp' @p) L (3.24)
—0*p'@qy(y+6p' @py) ¢’ @p.
‘We have

agy = [XZ+XY]| 1, (3.25)
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where
XZ :=y(y+ay ') +6¢ @q—7 z(y+op'y) Ty e
)
—1 ¢ -1, -1 ¢
= +rzy x)+0¢"®@q—yx(1+ A r,A:=—p'®
Y(y+zy x) +0q @q—yx( )"y PO 6
=yy+yry e+ @q—yr(1-A+ AP~ )y '
=yy+0¢t @q+yzA1l+A) 1y,
and we find
)
Xz =7y+5qt®q+5a¢pt®py(1+;pt@py)’ly’lx. (3.27)
With (3.184d), (3.25), (3.27), we finally find for asy the expression (3.19). ]
For X} we have
-1 1 z 2 2
Yaq 9qp> _ y y _1_1<1:+y —$>
=y 29 o = — , (3.28)
(gpq pp | (; :c—;—y >] 7Y -z 1
which is c0~mpatible with (3.6).
For Xj we have
—1
( 9aq Iap > _1 1 < (@ +y?)+0qy  —ye+opgy )
Ipa Ipp v vy+0[(pr + )% +y%p?] —yx+0pqy y+pPy
(3.29)

If in (3.29) we take 6 — 0 we get (3.28).

Let (M,g) be a n-dimensional Riemannian manifold. In a local coordinate
system x!,..., 2" the geodesic equations on a manifold M with components of the
linear connection I are (see e.g. [29, Proposition 7.8 p 145]):

d2z? "L, dad daF ,
sz gy g =0 =L (3.30)
J.k=1
The components F; i (Christofell’s symbols of second kind) of a Riemannian (Levi-

Civita) connection V are obtained from the Christofell’s symbols of first kind [i7, k]
by solving the linear system of algebraic equations, see e.g. [29, p 160]

1 (Ogki | Ogjk  Ogji

gl = [ij. k] =: > ik l=1,...,n. (3.31)

The @ distinct I'-symbols of an n-dimensional manifold are given by the formu-
las

I =[ij,klg"™, where g™ gy =0/", i,j,k,m=1,...,n. (3.32)
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Applying (3.31), (3.32) to (3.28) ((3.29)) for XIJ (respectively 2?1“7), we get
again I'-s obtained in [6, (22)] (respectively, [6, page 29]).
We apply (3.32) to calculate I'7,

. 1 8g:m agyac aggvy kx
- 7( - k )g .
2" Oy Ox ox

For example, for (3.15), (3.1) gives
1 0gee | O9yr  Ouy\ 4w 1
5 - g —
i.e. the first term in [6, (73)]. }

Similarly, with (3.14), we have on Xl‘]

g, =[xy, klg*

re =
vy Ay Ox Ox y’

vy~ +0p? vy lz—dpg  —op
9'(¢,p,r)= | yey ' =dpg y(y+axy'z)+d¢® g |- (3.33)
—6&p dq )
We find
detg'(z,y,¢,p, k) = 70. (3.34)
We now calculate I'b,
P, = [pp, =g + [pp,y]g*" + [pp, dlg™ + [pp, P]g"" + [P, K]g"™. (3.35)
With formula (3.31), we find that the only non-zero Chistofell’s symbol in (3.35) is
[pp, q] = —2dq
and
v, =—26q9",
where

1 -1_ 1
4P = _726det< Va:y_ép dpq 56q ) _ Ll

o
ng = 2;1‘:1] q,
and we regain the value calculated in [6, page 22]. 3
The following Proposition is [25, Proposition 5.6] for Xl‘]

Proposition 3. The metric on the extended Siegel-Jacobi upper half-plane /’\?IJ , in the
partial S-coordinates (x,y,p,q,K):

ds%y = dsiy (2,.0,0) + A5(p. ¢, K)

- %(dx2 +dy2) + [;( 2 "‘92) +5q2] dp® + (Z +5p2> dg? + 6dr?

+2 <’y$ — 5pq> dpdq+26(qdpdk — pdgdk) (3.36)
Yy
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is left-invariant with respect to the action given in [25, Lemma 5.1] of the Jacobi
group G{(R).
The matrix attached to metric (3.36) is

gz 0 0 0 0
gy O 0 0

0 Gog Yop Yo |
/ /
0 9 Gpp Ypr
/ / /
0 Geg Y9rp YIuw
g}’oq = Gpg — opq, g}/m = dq, g(/m = —Ip, g;p = Gpp _|_5q2’

oy =Y9aq TP, Grw=0. (3.37)
We have
9zz 0 0 0 N
0 gyy O 0 Jzz = Gyy = 2
gyt = y 21 4,2 (3.38)
Hi 0 0 9qq Yap Y9qq = %7 9pp = vE ;:y y 9pq = ’7%

0 0 9pq 9pp
associated with the balanced metric
da? +dy?

Cc2
dSQX{ (z,y,p,9) =1 e + Z [(1'2 + @/Z)dp2 +d¢? + Z:Edpdq]

on Xl‘], where G = a,ca = .
The extended Siegel-Jacobi upper half-plane XIJ does not admit an almost
contact structure (®,£,m) with a contact form n = \¢ and Reeb vector & = Ker(n).

3.3. THE INVERSE OF THE INVARIANT METRIC MATRIX ON /'?2‘]

We particularize formula (3.14a) for the case n = 2 and we have
Proposition 4.

1 —1
V( Y11 Y12 > ’y( Y11 Y12 > ( 11 T12 )
Y21 Y22 Y21 Y22 21 X22

S(Z)i ) S

-1
T21 X22 Y21 Y22 Y11 Y12 11 212
5 b1 Y21 Y22 T21 T22

D2 (
q2

(Q1 Q2)

( Y11 Y12 ) < T11 T12 >
-1 +Y
'y( T11 T12 > ( Y11 Y12 ) Y21 Y22 T21 T22
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where

= Y11Y22 — Y12Y21-

) < Y22 —Y12 )
-1 yin Y2\ —Y21 Yn
= = . D
Y ( Y21 Y22 > D
Particularizing (3.18) for n = 2 we get

a11=[vy‘1+5< 1 )(pl P2 )—(vy_lm—5< o )®( 1 P2 )X

b2 q2
(3.39a)
X (7(y+:cy‘1w)+5< Z; >®( @ g ))_l(va‘1—5< ];; ) (o @)™
(3.39b)
_ -1 q1 -1 p1
age =[y(y+ay $)+5< 0 >®( o g )—(yzy —5< D >®( Q@)
X (7y1+5< ];; >®( p1 P2 ))l(vylx—é( Z; >®( p1 p2 )7
(3.39¢)
arp = —(vy‘1+5< z; >®( p1 P2 ))_l(vy‘lx—5( g; >®( p1 P2 ))a
(3.39d)
a2 = —a22(7$y_1—5< g; )®( Q1 q2 ))(79_14-5( ]];; ) ®( p1 P2 ))_1
(3.39%)
With (3.16), (3.14) and (3.20), we get for n =2
-1 -1 -1 —-1,.\—1 -1
y yox (y+zy'z) —yz
bi1y = = A
1 ( vyl ytay e ) ( —zy ! y! > (3:40)
PN
aip ai2 —-bp
byd=|1-6( —
e o 2)(7)
= [1—=6(pa11p’ — qasip’ — par2q' + qaseq")] - (3.40b)
b1 q1
b12 —an < D2 > T ( q2 )
b (3.40¢)

- - b1 q1 22
—az1 < > + ag9 < )
D2 q2

bo1

_—6:b22(—( P11 P2 )a11+( a1 92 )azl,—( p1 P2 )a12+( a1 g2 )a22)

(3.40d)
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Now we particularize (3.12) for X/
/ / . .
9ij = 9y (@,9,4:0,%), 1,5 =12, (3.41)

where the matrix elements are
-1
/ Y11 Y12 P1 Y Y22 —Y12 pip1 pipb2
g 7( Y21 Yoo ) <p2 ) (pr p2) D < —y21 Y1 ) ( pP2p1 P2p2 >’
-1
/ Y1 Y12 11 Z12 q1
= —0
912 7( Y21 1/22) < T21 X22 ) (Q2> ( prpz )

_ ( Y2211 — Y12721 Y2212 — Y12222 ) _5( qip1  41p2 ) )
D\ —y21x11+yuurer —y21T12 +y11222 G2p1  q2p2

/ — —6 < pl ) ’
913 Do
-1
/ 11 12 Y11 Y12 p1
= _5 ) 5
921 7( T21 X22 ) ( Y21 Y22 > <P2 >( a4 )

_ ’Y( T11Y22 —T12Y21  —T11Y12 +T12911 )_5< P1q1  P1q2 )
D \ ®21y22 — T22Y21 —T21Y12 + T22Y11 P2q1 P2q2 )’

-1
/ Y11 Y12 11 Z12 Y11 Y12 11 T12 q1
922_7[(%1 y22)+(x21 3322)(?421 y22> <£C21 3722) +6<Q2>(q1 QQ)
(23 +y3 ) y22 + (235 — ¥39)yn (23 —211222 HY11Y22 — Yio) Y12
- —2x11712Y12 +T11712Y22 +T12722Y11
(—$%2—$11$22 +Y11Y22 — 9%2)?/12 (33%2 - y%2)?/22
+x11T12Y22+T12T22Y11 —|—(x%2+y§2)y11—2:v12x22y12

2
+5< q] Q1(212>;
4291 q3
1
953=5<Cq]2 >; gn=—0(p1 p2); gha=0( a1 a2 ); gs3=>0.

(3.42)
We calculate the determinant of the matrix g’)2 ; given in (3.41) and then we find its
2

inverse. Since x, y are symmetric matrices, we write g’%, (z,y,q9,p,k) € MS(5,R)
as

g;géz (,9,¢,0,%) = (¢)ij=13 = (f)ij=15 (3.43)
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where

flei = Y22 —byi2 peerin —yi2r12) 3 (Y2212 — Y12722) _op
=1 4opipr +HOpipe —0q1p1 —0q1p2

foci = %yn %(—ylzxu +y11712) %(—y12x12+y11x22) —Sps
= Opape —dgqap1 —dq2p2

faci= %[(55%1‘“/%1)3/22+(93%2_y%2)3/11 %[(_95%2_93115522+3/11922—Z/%2)y12 5o
=7 —2x11212Y12)+0G] +r11712y22+ 2 12222Y11]+0q142

frei = Bty — yia)y2a + (255 + ¥y 5
=7 —2x12%22Y12] + 0G5

fs5 = 0

(3.44)

By the Laplace expansion formula [30] we have

dethJ T,Y,q,D, K

Mm

2:1

— )M 1 My = f11 My — fra Mo+ fi3 Miz— fraMya+fis Mas,

where the minor M;; is the determinant of the 4 x 4 - matrix obtained from ggj
removing the element 7.
We calculate M7,

foo faz foa fos
f32 f33 faa f35
M1 =det
W= 0 Fis fu fas
fs2 f53 fsa fs5
3 4 5 5 5 2 3 4
_f25A<2 3 4>+f35A(2 3 4) f45A<2 3 4>+f55A<2 3 4
(3.45)
‘We obtain the determinant
ol 515)? ol
ety (z,9.0.pr) =01y~ 24202 g 2) 020 A4 (51,)Y,  (3.46)
X D D
where
I :=paq1 —p1q2, A:=2[(z11 —222)y12 — T12(Y11 — Y22)], (3.47a)
B :=4a%, + (211 — 222)* + Y1 + Y32 + 241 (3.47b)
Let
RLI (3.48)

“det (f)xD

Using the Ricci package of Wolfram Mathematica system [31], we get:

)
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Proposition 5. The inverse of the matrix (3.43) is given by

N:

11
fW =7 [y11 (a3 9—yio) Y22 (21971 ) 2211212012 | 270 L2 [ — w12 (25 HyTo—T 11 T20 Y11 Y22)
+ y12(way11 + w11Y2)] — (612)° [y22 (235 — yia) + Y11 (232 + y3o) — 220212912
12
% ?[z12(m22y11 + T11Y22) — Y12(2T5 + Yl + T11T22 — Y11Y22)]
+ 761 w11 ( (2Ty—y a5y ty5s) 51722($%2—y%2+55%1+y%1)+2~’Ul2yl2(y11—y22)]
+ (012)* [z12(222911 + T11922) — Y12(2T2 + Yio + 211222 — Y11Y22) ]
13
fW = v (x12y12—T11Y22) — YO L2 [T 12 (211 +2092) Fy12(Y11Hye2)] + (6 12)? (229112 12912)
M, 2 2 2 2
N Y (—z12y11 +xn1y12) + 0l (xf) + 227 — z11T22 + Y1 + Vi)
D(615)3
+(612)% (211912 — 2012Y11 — T22y12 + T12Y22) — DL)
f15
N =7 ?[q1(z11y22—T12912) + @2 (T12911 —211912) +01 (Y11 (22— yia) +y22 (23, +yi)
- 233115612,@12) +p2 (—y12($12 +y12+96113722 —y11y22)+r12(x11Y22 +x22y11))]
+7612 [ch (zr2(z11+222) +y12(y11+922)) — @2 (2270 — 1190+ 27, +171 +Yi0)
+2p1 (z12(T11222 — Y11Y22 — TT9 — Yio) + Y12(T22y11 + T11Y22))
+p2 (711 (230 Hy30taTa—yia)—w22 (T HyT 30—yt )+ 2212012 (y11—y22))}
+ (015)* [(h (x12Y12 — T22y11) + @2(22 12911 — 2T11Y12 + T22Y12 — T12Y22)
+ D2 (5612(56222/11 +T11Y22) — y12(y%2 + x%Q +211T22 — y11y22))
D(615)3
—p1(y11 (233 +y32) + y2(da — yio) — 2951295223/12)] + (,Y)QQ
f22
N ¥ (Y11 (232 +13) +y22 (239 —yT2) —2x22% 19512 ] 4270 o [ — y12(2 1122+ T22911)
+ 212(2Yo YT 11 T2 ty11Y22) | —(012)? [y22 (43 10Ty )+ (219470 —2211 212012
f23
N = Y (w22y12 — T12Y22) + Y0 Io (=225 + 211722 — T35 — Yis — Y3o)
D615
+ (012)* (w1211 — T11Y12 + 2T22y12 — 2T12Y22) + DOL)*
f24

— 2 (x29y11 — 129120 Lo [12 (211202 ) Y12 (Y11+y02) ] — (012) 2 (2 12y12—T11120)
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f25
N

33

N
f34

N
f35

N

f44
f45

f55

N

= ’72 [Q1(-’B12@/22 —T22y12) + q2(T22911 — T12Y12) + D1 [55'12(1‘111/22 +x22911)
- y12(y%2+$%2+$11x22 —y11y22)]+p2 [yn (30324-3/%2)4-3/22(56‘%2 —y%Q)—21‘12$22y12H
— 01y [—Ch (223~ 11 T20+ 59+ 1ot )+ (T12(T114T22) Y12 (Y11+Y22))
+2p [9612(96119622 — 2y — Yo — y11y22) + yr2(v22y11 + $113/22)}
+m [—9511(x%2+95§2+y%2—y%2)+9522(95%14'95%24'?/%1—9%2)_2$12y12(yll—yZQ)]}
- (512)2 [Q1 (T12911 — T11Y12 + 2722912 — 2712Y22) + @2(T11Y22 — T12912)
+p1[ = z12(T11Y22 + Bo2y11) + y12(Yis + 215 + 11722 — Y11Y22) ]
D(615)3

+p2 [yn(wé—y%z)mz(x%ﬁy%l)—zxnmyu]} -2,

=72ya2+2v6 Lx12— (6 12)%y11
= —2y12 —¥0Iz(211 — 222) — (312)%y12

=9°[ = quy22 + q2y12 — P1(@11Y22 — T12Y12) + P2 (T22y12 — T12Y22)]
— 761y [2411%12 — q2(211 — 22) + p1 (w1211 + 222) + y12(y11 +y22)

+p2(2$%2 — X122 + x%z + y%z + y%Q))} + (512)2 [fhyn + q2y12

D(612)3
+ p1(wo2y11 — T12v12) + P2(T12Y11 — T11Y12 + 2T22Y12 — 233123122)} + 47 P2

=%y11 — 2v0rx15 — (612) Y22

=2 [Q1y12 — @11 +p1(x11y12 — T12y11) + p2(T12Y12 — $22y11)]
+701y [(h (x11 —®22) + 22712 +P1(95%1 +y%1 +yf2 + 2:1:%2 —T11722)

+p2(z12(z11 + 222) + Y12(y11 —l—yzz))} +(61)? [q1y12 +q2y22
D(515)?
+p1(z12y22 — T22912 + 2T11Y12 — 2712911) + P2(T11Y22 — 33122/12)} ———
Y
fD’Yng 2, _9 272 2 (2 2) 9
=75 Y7 41Y22+q2Y11 Q1QQy12+p1[(iU12 Yio)yniHa 1y ) y22 :B113612y12}

+p3 [(UC%Q +y35)y11 + (23 — yi) Yoz — 2x92T12Y12] + 2p1p2 [T12(@11Y22 + T22Y11)
— (2o tyio 11 Ta2—y11Y22) Y12 +201 01 (T11Y22—T12Y12 P11 g2 (T12Y22—T22Y12)
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+ 2p2(J1($12y11—$11912)+2P2Q2($22y11—5812y12)}+2(’Y5-72) [(Q%—qg)wlz—(h(&($11—9322)
—(p —p3) [9312(33%2 + YTy — T11%22 + Y11y22) —y12(T22y11 + IE11?J22)]

1
+ (pra1—p2q2) [T12(@11+@22) Y12 (Y11+y22) | —5(]31(]2-1-192(11)(xfl—:cgﬁ—yfl—y%)

+p1p2 [9611($%2+l‘§2+y§2—y%2)—x22(ﬁgﬂﬁ%lﬂ/%l—y%)+2$12y12(y11—y22)}}
- (512)2 [Q%ylrl-qum +QQIQQ912+p% [(55%2—3/%2)y22+(93%2+y§2)y11—2$123322y12]

+p3 [(2F2 — i) y11 + (23, + yi1)y22 — 2z12011912] — 2p1¢1 (12512 — T22y11)
—2p1g2(x12y11 — T11Y12) — 2p2q1 (T12Y22 — T22Y12) — 2p2g2(T12Y12 — T11Y22)

D(615)3

—2p1p2 [:1:12(:1:112/22 + z20y11) — Y12(2T5 + Yiy + 211222 — y11y22)] ] - I

We systematize the results of Proposition 5:
Remark 1. The elements of the inverse matrix of (3.43) can be written in the following
condensed form:

) DA3 D(315)3

P4] )

where N is defined in (3.48) and Py, Py, P>, P3, Py are polynomials in v = x;; and
y=1y;j. We have that Py = 0 for all f*, excepting f°, for which Py = 1. Similarly,
Py # 0 only for the elements %, Vi =1,...,5.

Remark 2. The inverse matrix (3.43) is equivalent with the inverse matrix given in
(3.16). To check the consistency of our calculations, we computed some of the matrix
elements with the two methods: the one in Proposition 2 and the one in Proposition 5.
For example, one can easily check that the element 13 is equal with the element on
line 1 and column 3 of b11.
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