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Abstract. The inverse of the metric matrices on the Siegel-Jacobi upper half space
XJ
n , invariant to the restricted real Jacobi group GJ

n(R)0 and extended Siegel-Jacobi
X̃J
n upper half space, invariant to the action of the real Jacobi GJ

n(R), are presented.
The results are relevant for Berezin quantization of the manifolds XJ

n and X̃J
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1. INTRODUCTION

The real Jacobi group of degree n is defined as GJn(R) := Hn(R)oSp(n,R),
where Hn(R) denotes the real Heisenberg group [1–3]. The Siegel-Jacobi upper
half space is the GJn(R)-homogeneous manifold X Jn := GJn(R)

U(n)×R ≈ Xn×R2n, where

Xn denotes the Siegel upper half space realized as Sp(n,R)
U(n) [4, page 398]. Also

X Jn = GJn(R)0
U(n) , where GJn(R)0 denotes the restricted real Jacobi group [5, §5].

The Jacobi groupGJn := HnoSp(n,R)C, where Sp(n,R)C := Sp(n,C)∩U(n,n),
is also studied in Mathematics, Mathematical Physics and Theoretical Physics, to-
gether with the GJn-homogeneous Siegel-Jacobi ball DJn ≈ Cn×Dn, where Dn de-
notes the Siegel ball realized as Sp(n,C)

U(n) [4, page 399].

The extended Siegel-Jacobi upper half space is X̃ Jn := GJn(R)
U(n) ≈Xn×R2n+1 [6].

It is well known that GJn(R), Sp(n,R), Hn(R), X Jn and Xn are isomorphic with
GJn, Sp(n,R)C, Hn, DJn , respectively Dn [6].

The dimensions of the enumerated manifolds are: dimSp(n,R) = 2n2 +n,
dimHn(R) = 2n+1, dimGJn(R) = (2n+1)(n+1), dimGJn(R)0 = dimGJn(R)−1,
dimU(n) = n, dimX Jn = n(n+ 3), dim X̃ Jn = dimX Jn + 1, dimXn = n(n+ 1). In
particular, dim X J1 = 4, dim X̃ J1 = 5, dim X J2 = 10, dim X̃ J1 = 11.
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The Jacobi group, as a unimodular group, is a non-reductive, algebraic group
of Harish-Chandra type. DJn is a partially bounded domain, non-symmetric, a Lu
Qi-Keng manifold, a projectively induced quantizable Kähler manifold [7].

In our papers [7–11] we studied invariant metrics to the action of the Jacobi
group and Berezin quantisation [12–17] on Siegel-Jacobi upper half-plane X J1 , ex-
tended Siegel-Jacobi upper half-plane X̃ J1 , Siegel-Jacobi space X Jn , Siegel-Jacobi ball
DJn . One important step in the investigation of Berezin quantisation on X Jn and X̃ Jn
is the calculation of the inverse matrix of invariant metric to the real Jacobi group
on the mentioned manifolds. The aim of the present investigation of the inverse of
the invariant metric on X̃ Jn . Even in case n= 2 the formulas presented here are quite
complicated.

The new results contained in this paper concern the matrix of the inverse metric
on the Siegel-Jacobi space g−1XJn (x,y,p,q) in Proposition 1 and extended Siegel-Jacobi

space g−1X̃Jn
(x,y,p,q,κ) in Proposition 2, which are particularised in Proposition 4 to

the case n=2. Also in Proposition 5 we calculate detg′X̃J2
(x,y,q,p,κ) and the inverse

of the same matrix for the case n=2. Remarks 1 and 2 systematize the results of
Proposition 5.

Notation. We denote by R, C, Z and N the field of real numbers, the field
of complex numbers, the ring of integers, and the set of non-negative integers, re-
spectively. We denote the imaginary unit

√
−1 by i, the real and imaginary parts

of a complex number z ∈ C by Rez and Imz respectively, and the complex con-
jugate of z by z̄. We denote by d the differential. We use Einstein’s summation
convention, i.e. repeated indices are implicitly summed over. The set of vector fields
(1-forms) on real manifolds is denoted by D1 (respectively D1). We denote a mixed
tensor contravariant of degree r and covariant of degree s by Dr

s = Dr×Ds, where
Dr = D1×·· ·×D1︸ ︷︷ ︸

r

and Ds = D1×·· ·×D1︸ ︷︷ ︸
s

[4, pages 13-17]. If we denote with

Roman capital letteres the Lie groups, then their associated Lie algebras are denoted
with the corresponding lower-case letteres. If H is a Hilbert space, then we adopt
the convention that the scalar product (·, ·) on H×H is antilinear in the first factor
(λa,b) = λ̄(a,b), λ ∈ C \ {0}. If π is a representation of a Lie group G on the
Hilbert H and X ∈ g, then we denote X := dπ(X) [18–20]. The interior product
iXω (interior multiplication or contraction) of the differential form ω with X ∈D1 is
denoted Xyω. We denote by M(n,m,F) the set of n×m matrices with elements in
the field F and M(n,F) denotes M(n,n,F). If X ∈M(n,m,F), then Xt denotes the
transpose of X . We denote by MS(n,F) = {X ∈M(n,F)|X =Xt}. The conjugate
transpose (or hermitian transpose) of A ∈M(q,C) is AH := Āt, also denoted A∗, A†,
A+. If f is a function on Cn, we write the total differential of f as df =∂f + ∂̄f ,
with ∂f=

∑n
1 ∂αfdzα, where ∂αf= ∂f

∂zα
[21, page 6]. If F = Fij ∈M(n,F), where
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F = R, C, we denote by F ij the elements of the inverse F−1, i.e. FikF kj = δij . If
A, B are matrices, then A⊗B denotes the Kronecker product of A,B [22, page 3].

2. PREPARATION

Following [5, §5], we consider the restricted real group GJn(R)0 consisting of el-
ements of the form g = (M,X), where M ∈ Sp(n,R),X = (λ,µ), λ, µ ∈M(1,n,R).

We consider the Siegel-Jacobi upper half space Xn realized as in (2.1).
We introduce for X Jn the analog parametrization used in [23, page 7], [1, page

11], [24, § 38] for X J1
u := pv+ q, v := x+ iy, v = vt, y > 0, p,q ∈M(1,n,R). (2.1)

It should be noted that there is an isomorphismGJn(R)3 (M,X,K)→ (M,X)∈
GJn(R)0 through which the action of GJn(R)0 on X Jn can be defined as in [5, Proposi-
tion 2].

It is easy to prove that [11, Lemma 8]
Lemma 1. a) If Xn 3 v = x+ iy, then the action of GJn(R)0 on X Jn : (M,X)×
(v′,u′)→ (v1,u1), where M ∈ Sp(n,R) has the expression

M =

(
a b
c d

)
, a,b,c,d ∈M(n,R), (2.2)

is given by the formulas

v1 = (av′+ b)(cv′+d)−1 = (v′ct+dt)−1(v′at+ bt), (2.3a)

u1 = (u′+λv′+µ)(cv′+d)−1. (2.3b)

b) For λ,µ ∈M(1,n,R), let us consider (p,q) such that

(p,q) = (λ,µ)M−1 = (λdt−µct,−λbt+µat), (2.4a)

(λ,µ) = (p,q)M = (pa+ qc,pb+ qd), p,q,λ,µ ∈M(1,n,R). (2.4b)

Then the action of GJn(R)0 on X Jn : (M,X)× (x′,y′,p′, q′)→ (x1,y1,p1, q1) is given
by (2.3a), while

(p1, q1) = (p,q) + (p′, q′)

(
a b
c d

)−1
= (p+p′dt− q′ct, q−p′bt+ q′at). (2.5)

c) The action of GJn(R) on X̃ Jn ≈X Jn ×R:

(M,(λ,µ),κ)× (v′,u′,κ′)→ (v1,u1,κ1), (2.6a)

(M,(λ,µ),κ)× (x′,y′,p′, q′,κ′)→ (x1,y1,p1, q1,κ1) (2.6b)

is given by (2.3), (2.5) and

κ1 = κ+κ′+λq′t−µp′t.
(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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d) The 1-form
λR = dκ−pdqt+ qdpt (2.7)

is invariant to the action (2.6) of GJn(R) on X̃ Jn .
e) The action of GJn(R) on GJn(R)

(M,(λ,µ),κ)× (Sn)′→ (Sn)1,

is given in (2.8) for X ′,Y ′ ∈ (Sn)′,

X1− iY1 = (y1)
1
2 {(cx′+d)(y′)−

1
2X ′+c(y′)

1
2Y ′+i[cy′

1
2X ′−(cx′+d)(y′)−

1
2Y ′]},

(2.8)
while the other actions are given in a)-d) of the present Lemma.

If parameters α, γ, δ > 0, we have proved [11, Theorem 1]:
Theorem 1. The metric on X Jn , GJn(R)0-invariant to the action in Lemma 1, has the
expressions

ds2XJn
(x,y,q,p)=αTr[(y−1dx)2 + (y−1dy)2]

+γ[dp(xy−1x+yy−1y)dpt+ dqy−1dqt+ 2dpxy−1dqt]; (2.9a)

ds2XJn
(x,y,χ,ψ)=αTr[(y−1dx)2 + (y−1dy)2]

+γ[dψt(xy−1x+yy−1y)dψ+dχty−1dχ+2dψtxy−1dχ]; (2.9b)

ds2XJn
(x,y,ξ,ρ)=αTr[(y−1dx)2 + (y−1dy)2]

+γ[dξy−1dξt+ dρy−1dρt+ρy−1dxy−1(ρy−1dx)t

+ρy−1dyy−1(ρy−1dy)t−2ρy−1dxy−1dξt−2ρy−1dy−1dρt].
(2.9c)

The three parameter metric on X̃ Jn , GJn(R)-invariant to the action c) in Lemma 1, is

ds2X̃Jn
(x,y,q,p,κ) = ds2XJn

(x,y,q,p) +λ26

= αTr[(y−1dx)2 + (y−1dy)2]

+γ[dp(xy−1x+yy−1y)dpt+ dqy−1dqt+ 2dpxy−1dqt]

+ δ(dκ−pdqt+ qdpt)2.

(2.10)

Formula (2.9) ((2.10)) is a generalisation toX Jn (X̃ Jn ), n∈N, of equation (5.25b)
(respectively, (5.30)) in [25] corresponding to n= 1.

3. BERRY PHASE ON KÄHLER MANIFOLDS

3.1. BALANCED METRIC

Let us denote [26, page 138]:

Γijk := gljΓ
l
ik, wik := glkw

l
i.

(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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Also
∂gij
∂uk

= Γijk + Γjik,

or
gij,k := ∂kgij−Γlkiglj−Γlkjgil = 0,

and

Γikj =
1

2

(
∂gik
∂uj

+
∂gjk
∂ui
− ∂gij
∂uk

)
, Γkij =

1

2
gkl
(
∂gil
∂uj

+
∂gjl
∂ui
−∂gij
∂ul

)
, gijg

jk = δki .

(3.1)
Γijk (Γijk) is called Christofell’s symbol of first (respectively second) kind.

Let v=x+iy, x,y ∈MS(n,R), y > 0, p,q ∈M(1,n,R). Then ([27, Theo-
rem 1], [28, Proposition 3],

ds2XJn
(x,y,q,p)=dxgxxdxt+dygyydy

t+dqgqqdq
t+dpgppdp

t+dqgqpdp
t+dpgpgdq

t,
(3.2)

where

gXJn (x,y,q,p)=


gxx 0 0 0
0 gyy 0 0
0 0 gqq gqp
0 0 gpq gpp

 gxx=gyy=αy−1⊗y−1 gqq=γy−1

gpp=γ(y+xy−1x) gpq=γxy−1

gqp=γy−1x
.

(3.3)

3.2. PARTITIONED INVERSES

Let

h=

(
h1 h2
h3 h4

)
, (3.4)

where h1,h2,h3,h4 ∈M(m,m),M(m,n),M(n,m),M(n,n).
We have (see e.g. (1) and (2) at p. 30 in [22]): if the matrices h1, h4−h3h−11 h2,

h4 and respectively h1−h2h−14 h3 are nonsingular, then

h−1 =

(
h1 h2

h3 h4

)
=

(
(h1−h2h−14 h3)

−1 −h−11 h2h
4

−h4h3h−11 (h4−h3h−11 h2)
−1

)
. (3.5)

If A (B) are non singular matrices ∈M(m,m), (respectively, M(n,n)), then
we have [22, (11) (a) page 20] the relation

(A⊗B)−1 =A−1⊗B−1.

If A, B ∈M(m,m) are non-singular matrices, then [22, (5) page 29]

A−1 +B−1 =A−1(A+B)B−1.

(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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Proposition 1. The inverse of the MS(2n,R)-matrix (3.3) is

gXJn (x,y,q,p)−1 =


α−1y⊗y 0 0 0

0 α−1y⊗y 0 0
0 0 γ−1(y+xy−1x) −γ−1xy−1
0 0 −γ−1y−1x γ−1y−1

 .
(3.6)

Proof. We apply (3.5) to the matrix(
gqq gqp
gpq gpp

)
=

(
γy−1 γy−1x
γxy−1 γ(y+xy−1x)

)
. (3.7)

If we denote (
gqq gqp

gpq gpp

)
:=

(
gqq gqp
gpq gpp

)−1
, (3.8)

then with formula (3.5) we get successively

gqq =
{
γy−1−γy−1x[γ(y+xy−1x)]−1γxy−1

}−1
= γ−1

{
y−1− (x−1y)−1

(
y+xy−1x

)−1
(yx−1)−1

}−1
= γ−1

{
y−1−

[
yx−1(y+xy−1x)x−1y

]−1}−1
= γ−1

{
y−1−

[
yx−1yx−1y+yx−1xy−1xx−1y

]−1}−1
= γ−1

{
y−1−

[
((yx−1)2 + 1)y

]−1}−1
= γ−1

{
y−1−y−1

[
1 + (yx−1)2

]−1}−1
= γ−1

{
y−1(1− [1 + (yx−1)2]−1

}−1
.

(3.9)

Let us denote

M := (yx−1)2.

We apply formula [22, (a) page 29]

(1 +M)−1 = 1−M +M2−M3 + ... ,

and we get

gqq = γ−1
{
y−1M(1 +M)−1

}−1
= γ−1(y+xy−1x). (3.10)

According with ([27, Theorem 1], [28, Proposition 3]), we consider now on the

(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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manifold X̃ Jn the metric matrix

g′X̃Jn
(x,y,q,p,κ) =

 gxx 0 0
0 gyy 0
0 0 g′(q,p,κ)

 , (3.11)

where

g′(q,p,κ)=

 g′qq g′qp g′qκ
g′pq g′pp g′pκ
g′κq g′κp g′κκ

 g′qq=gqq+δp
t⊗p g′pp=gpp+δq

t⊗ q g′κκ=δ

g′pq=gpq−δpt⊗ q g′qκ=−δpt g′pκ=δqt.
.

(3.12)
Note that if p,q ∈M(1,n,F), then [22, (12) page 20]

pt⊗ q = qt⊗p= ptq = qtp.

We write (3.12) as

g′(q,p,κ) =

(
A11 A12

A21 A22

)
, (3.13)

where

A11 =

(
g′qq g′qp
g′pq g′pp

)
=

(
γy−1 + δp⊗pt γy−1x− δp⊗ qt
γxy−1− δq⊗pt γ(y+xy−1x) + δq⊗ qt

)
,

(3.14a)

A12 =

(
g′qκ
g′pκ

)
=

(
−δpt
δqt

)
, A21 =

(
g′κq g

′
κp

)
=
(
−δp δq

)
, A22 = g′κκ.

(3.14b)

Now we calculate the inverse matrix of (3.11)

g′X̃Jn
(x,y,q,p,κ)−1 =

 α−1y⊗y 0 0
0 α−1y⊗y 0
0 0 g′−1(q,p,κ)

 , (3.15)

where

g′−1(q,p,κ) =

(
b11 b12
b21 b22

)
. (3.16)

With the notation

A−111 =

(
a11 a12
a21 a22

)
, (3.17)

the values of the matrix (3.17) became with (3.5)

a11=[γy−1+δpt⊗p−(γy−1x−δqt⊗p) (3.18a)

× (γ(y+xy−1x)+δqt⊗ q)−1(γxy−1−δpt⊗ q)]−1,
(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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a12=−(γy−1 + δpt⊗p)−1(γy−1x− δqt⊗p)a22, (3.18b)

a21=−a22(γxy−1− δpt⊗ q)(γy−1 + δpt⊗p)−1 (3.18c)

a22=[γ(y+xy−1x)+δqt⊗ q−(γxy−1−δpt⊗ q)
× (γy−1+δpt⊗p)−1(γy−1x−δqt⊗p)]−1. (3.18d)

Proposition 2. For a22 appearing in (3.17), (3.18d) we find the simplified expression

a22 = [γy+ δqt⊗ q+ δxpt⊗py(1 +
δ

γ
pt⊗py)−1y−1x

+γδx(γ+ δpt⊗py)−1qt⊗p
+γδpt⊗ q(γ+ δypt⊗p)−1x
− δ2pt⊗ qy(γ+ δpt⊗py)−1qt⊗p]−1.

(3.19)

For the matrix elements in (3.16) we find

b11 = (A11−A12δ
−1A21)

−1, (3.20a)

b12 =−A−111 A12b22, (3.20b)

b21 =−b22A21A
−1
11 , (3.20c)

b22 = (δ−A21A
−1
11 A12)

−1, (3.20d)

and

b11 =

(
gqq gqp

gpq gpp

)
,

b22 = δ−1[1− δ(pa11pt− qa21pt−pa12qt+ qa22q
t)]−1.

Proof. We write (3.18d) as

a22 =[γ(y+xy−1x)+δqt⊗ q+XX]−1, (3.21)

where

XX :=−(γxy−1−δpt⊗ q)(γy−1+δpt⊗p)−1(γy−1x−δqt⊗p). (3.22)

(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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We have successively

XX =−γxy−1(γy−1+δpt⊗p)−1γy−x
+γxy−1(γy−1+δpt⊗p)−1δqt⊗p
+ δpt⊗ q(γy−1+δpt⊗p)−1γy−1x
− δpt⊗ q(γy−1+δpt⊗p)−1δqt⊗p

=−γ2(yx−1)−1(γy−1+δpt⊗p)−1(x−1y)−1

+γδ(yx−1)−1(γy−1+δpt⊗p)−1qt⊗p
+γδpt⊗ q(γy−1+δpt⊗p)−1(x−1y)−1

− δ2pt⊗ q(γy−1+δpt⊗p)−1qt⊗p
=−γ2[x−1y(γy−1 + δpt⊗p)yx−1]−1

+γδ[(γy−1+δpt⊗p)yx−1]−1qt⊗p
+γδpt⊗ q[(x−1y)(γy−1 + δpt⊗p)]−1

− δ2pt⊗ q(γy−1 + δpt⊗p)−1qt⊗p
=−γ2[γx−1yx−1 + δx−1ypt⊗pyx−1]−1

+ γδ(γx−1 + δpt⊗pyx−1)−1qt⊗p
+ γδpt⊗ q(γx−1 + δx−1ypt⊗p)−1

− δ2pt⊗ q(γy−1+δpt⊗p)−1qt⊗p
=−γ2[x−1y(γ+ δpt⊗py)x−1]−1

+γδ
[
(γ+ δpt⊗py)x−1

]−1
qt⊗p

+γδpt⊗ q[x−1(γ+ δypt⊗p)]−1

− δ2pt⊗ q(γy−1+δpt⊗pyy−1)−1qt⊗p
=−γ2x(γ+ δpt⊗py)−1y−1x+XY,

(3.23)

where

XY := γδx(γ+ δpt⊗py)−1qt⊗p
+γδpt⊗ q(γ+ δypt⊗p)−1x
− δ2pt⊗ qy(γ+ δpt⊗py)−1qt⊗p.

(3.24)

We have

a22 = [XZ+XY ]−1, (3.25)

(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2
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where

XZ := γ(y+xy−1x) + δqt⊗ q−γ2x(γ+ δpty)−1y−1x

= γ(y+xy−1x) + δqt⊗ q−γx(1 +A)−1y−1x,A :=
δ

γ
pt⊗py

= γy+γxy−1x+ δqt⊗ q−γx(1−A+A2− ...)y−1x
= γy+ δqt⊗ q+γxA(1 +A)−1y−1x,

(3.26)

and we find

XZ = γy+ δqt⊗ q+ δxpt⊗py(1 +
δ

γ
pt⊗py)−1y−1x. (3.27)

With (3.18d), (3.25), (3.27), we finally find for a22 the expression (3.19).

For X J1 we have(
gqq gqp
gpq gpp

)−1
= [γ

(
1
y

x
y

x
y

x2+y2

y

)
]−1 =

1

γy

(
x2 +y2 −x
−x 1

)
, (3.28)

which is compatible with (3.6).
For X̃ J1 we have(

g′qq g′qp
g′pq g′pp

)−1
=

1

γ

1

γy+δ[(px+ q)2+y2p2]

(
γ(x2+y2)+δq2y −γx+δpqy
−γx+δpqy γ+δp2y

)
.

(3.29)
If in (3.29) we take δ→ 0 we get (3.28).

Let (M,g) be a n-dimensional Riemannian manifold. In a local coordinate
system x1, . . . , xn the geodesic equations on a manifold M with components of the
linear connection Γ are (see e.g. [29, Proposition 7.8 p 145]):

d2xi

dt2
+

n∑
j,k=1

Γijk
dxj

dt

dxk

dt
= 0, i= 1, . . . ,n. (3.30)

The components Γijk (Christofell’s symbols of second kind) of a Riemannian (Levi-
Civita) connection∇ are obtained from the Christofell’s symbols of first kind [ij,k]
by solving the linear system of algebraic equations, see e.g. [29, p 160]

glkΓ
l
ji = [ij,k] =:

1

2

(
∂gki
∂xj

+
∂gjk
∂xi
− ∂gji
∂xk

)
, i, j,k, l = 1, . . . ,n. (3.31)

The n2(n+1)
2 distinct Γ-symbols of an n-dimensional manifold are given by the formu-

las

Γmij = [ij,k]gkm, where gmkgkl = δml , i, j,k,m= 1, . . . ,n. (3.32)
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Applying (3.31), (3.32) to (3.28) ((3.29)) for X J1 (respectively X̃ J1 ), we get
again Γ-s obtained in [6, (22)] (respectively, [6, page 29]).

We apply (3.32) to calculate Γxxy

Γxxy = [xy,k]gkx =
1

2
(
∂gxx
∂y

+
∂gyx
∂x
− ∂gxy
∂xk

)gkx.

For example, for (3.15), (3.1) gives

Γxxy =
1

2
(
∂gxx
∂y

+
∂gyx
∂x
− ∂gxy

∂x
)gxx =−1

y
,

i.e. the first term in [6, (73)].
Similarly, with (3.14), we have on X̃ J1

g′(q,p,κ) =

 γy−1 + δp2 γy−1x− δpq −δp
γxy−1− δpq γ(y+xy−1x) + δq2 δq
−δp δq δ

 . (3.33)

We find
detg′(x,y,q,p,κ) = γ2δ. (3.34)

We now calculate Γppp

Γppp = [pp,x]gxp+ [pp,y]gyp+ [pp,q]gqp+ [pp,p]gpp+ [pp,κ]gκp. (3.35)

With formula (3.31), we find that the only non-zero Chistofell’s symbol in (3.35) is

[pp,q] =−2δq

and
Γppp =−2δqgqp,

where

gqp =− 1

γ2δ
det
(
γxy−1− δpq δq
−δp δ

)
=−1

γ
xy−1,

Γppp = 2
δ

γ
xy−1q,

and we regain the value calculated in [6, page 22].
The following Proposition is [25, Proposition 5.6] for X̃ J1

Proposition 3. The metric on the extended Siegel–Jacobi upper half-plane X̃ J1 , in the
partial S-coordinates (x,y,p,q,κ):

ds2X̃J1
= ds2XJ1

(x,y,p,q) +λ26(p,q,κ)

=
α

y2
(
dx2 + dy2

)
+

[
γ

y

(
x2 +y2

)
+ δq2

]
dp2 +

(
γ

y
+ δp2

)
dq2 + δdκ2

+ 2

(
γ
x

y
− δpq

)
dpdq+ 2δ(qdpdκ−pdqdκ) (3.36)
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is left-invariant with respect to the action given in [25, Lemma 5.1] of the Jacobi
group GJ1 (R).

The matrix attached to metric (3.36) is

gX̃J1
=


gxx 0 0 0 0
0 gyy 0 0 0
0 0 g′qq g′qp g′qκ
0 0 g′pq g′pp g′pκ
0 0 g′κq g′κp g′κκ

 ,
g′pq = gpq− δpq, g′pκ = δq, g′qκ =−δp, g′pp = gpp+ δq2,

g′qq = gqq + δp2, g′κκ = δ. (3.37)

We have

gXJ1
=


gxx 0 0 0
0 gyy 0 0
0 0 gqq gqp
0 0 gpq gpp

 , gxx = gyy = α
y2

gqq = γ
y , gpp = γ x

2+y2

y , gpq = γ xy
(3.38)

associated with the balanced metric

ds2XJ1
(x,y,p,q) = c1

dx2 + dy2

4y2
+
c2
y

[(
x2 +y2

)
dp2 + dq2 + 2xdpdq

]
on X J1 , where c1

4 = α,c2 = γ.
The extended Siegel-Jacobi upper half-plane X̃ J1 does not admit an almost

contact structure (Φ, ξ,η) with a contact form η = λ6 and Reeb vector ξ = Ker(η).

3.3. THE INVERSE OF THE INVARIANT METRIC MATRIX ON X̃J
2

We particularize formula (3.14a) for the case n= 2 and we have
Proposition 4.

A11 =



 γ

(
y11 y12
y21 y22

)−1
+δ

(
p1
p2

)(
p1 p2

)


 γ

(
y11 y12
y21 y22

)−1(
x11 x12
x21 x22

)
−δ
(
q1
q2

)(
p1 p2

)


 γ

(
x11 x12
x21 x22

)(
y11 y12
y21 y22

)−1
−δ
(
p1
p2

)(
q1 q2

)



γ

(
y11 y12
y21 y22

)
+γ

(
x11 x12
x21 x22

)
×
(
y11 y12
y21 y22

)−1(
x11 x12
x21 x22

)
+δ

(
q1
q2

)(
q1 q2

)




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where

y−1 =

(
y11 y12
y21 y22

)−1
=

(
y22 −y12
−y21 y11

)
D

, D := y11y22−y12y21.

Particularizing (3.18) for n= 2 we get

a11 = [γy−1+δ

(
p1
p2

)(
p1 p2

)
− (γy−1x− δ

(
q1
q2

)
⊗
(
p1 p2

)
)×

(3.39a)

× (γ(y+xy−1x)+δ

(
q1
q2

)
⊗
(
q1 q2

)
)−1(γxy−1−δ

(
p1
p2

)(
q1 q2

)
]−1

(3.39b)

a22 =[γ(y+xy−1x)+δ

(
q1
q2

)
⊗
(
q1 q2

)
−(γxy−1−δ

(
p1
p2

)
⊗
(
q1 q2

)
)

× (γy−1+δ

(
p1
p2

)
⊗
(
p1 p2

)
)−1(γy−1x−δ

(
q1
q2

)
⊗
(
p1 p2

)
)]−1

(3.39c)

a12 =−(γy−1+δ

(
p1
p2

)
⊗
(
p1 p2

)
)−1(γy−1x−δ

(
q1
q2

)
⊗
(
p1 p2

)
)a22

(3.39d)

a21 =−a22(γxy−1−δ
(
p1
p2

)
⊗
(
q1 q2

)
)(γy−1+δ

(
p1
p2

)
⊗
(
p1 p2

)
)−1

(3.39e)

With (3.16), (3.14) and (3.20), we get for n= 2

b11γ =

(
y−1 y−1x
xy−1 y+xy−1x

)−1
=

(
(y+xy−1x)−1 −yx−1
−xy−1 y−1

)
(3.40a)

b22δ =

[
1− δ

(
−p q

)( a11 a12
a21 a22

)(
−pt
qt

)]−1
=
[
1− δ(pa11pt− qa21pt−pa12qt+ qa22q

t)
]−1 (3.40b)

b12
−δ

=

 −a11
(
p1
p2

)
+a12

(
q1
q2

)
−a21

(
p1
p2

)
+a22

(
q1
q2

)
b22 (3.40c)

b21
−δ

= b22
(
−
(
p1 p2

)
a11 +

(
q1 q2

)
a21,−

(
p1 p2

)
a12+

(
q1 q2

)
a22
)

(3.40d)
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Now we particularize (3.12) for X̃ J2

g′ij = g′X̃J2
(x,y,q,p,κ), i, j = 1,2, (3.41)

where the matrix elements are

g′11=γ

(
y11 y12
y21 y22

)−1
+δ

(
p1
p2

)(
p1 p2

)
=
γ

D

(
y22 −y12
−y21 y11

)
+δ

(
p1p1 p1p2
p2p1 p2p2

)
;

g′12=γ

(
y11 y12
y21 y22

)−1(
x11 x12
x21 x22

)
−δ
(
q1
q2

)(
p1 p2

)
=
γ

D

(
y22x11−y12x21 y22x12−y12x22
−y21x11 +y11x21 −y21x12 +y11x22

)
− δ
(
q1p1 q1p2
q2p1 q2p2

)
;

g′13 =−δ
(
p1
p2

)
;

g′21 = γ

(
x11 x12
x21 x22

)(
y11 y12
y21 y22

)−1
− δ
(
p1
p2

)(
q1, q2

)
;

=
γ

D

(
x11y22−x12y21 −x11y12 +x12y11
x21y22−x22y21 −x21y12 +x22y11

)
− δ
(
p1q1 p1q2
p2q1 p2q2

)
;

g′22=γ

[(
y11 y12
y21 y22

)
+

(
x11 x12
x21 x22

)(
y11 y12
y21 y22

)−1(
x11 x12
x21 x22

)]
+δ

(
q1
q2

)(
q1 q2

)

=
γ

D


(x211 +y211)y22 + (x212−y212)y11

−2x11x12y12

(−x212−x11x22 +y11y22−y212)y12
+x11x12y22+x12x22y11

(−x212−x11x22 +y11y22−y212)y12
+x11x12y22+x12x22y11

(x212−y212)y22
+(x222+y222)y11−2x12x22y12

+

+ δ

(
q21 q1q2
q2q1 q22

)
;

g′23 = δ

(
q1
q2

)
; g′31 =−δ

(
p1 p2

)
; g′32 = δ

(
q1 q2

)
; g′33 = δ.

(3.42)
We calculate the determinant of the matrix g′X̃J2

given in (3.41) and then we find its

inverse. Since x, y are symmetric matrices, we write g′X̃J2
(x,y,q,p,κ) ∈MS(5,R)

as

g′X̃J2
(x,y,q,p,κ) = (g′)i,j=1,3 = (f)i,j=1,5, (3.43)
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where

f1≤j =
γ
Dy22

+δp1p1

− γ
Dy12

+δp1p2

γ
D (y22x11−y12x12)

−δq1p1

γ
D (y22x12−y12x22)

−δq1p2
−δp1

f2≤j =
γ
Dy11
δp2p2

γ
D (−y12x11 +y11x12)

−δq2p1

γ
D (−y12x12 +y11x22)

−δq2p2
−δp2

f3≤j =
γ
D [(x211+y211)y22+(x212−y212)y11

−2x11x12y12]+δq
2
1

γ
D [(−x212−x11x22+y11y22−y212)y12
+x11x12y22+x12x22y11]+δq1q2

δq1

f4≤j =
γ
D [(x212−y212)y22 + (x222 +y222)y11

−2x12x22y12] + δq22
δq2

f55 = δ
(3.44)

By the Laplace expansion formula [30] we have

detg′X̃J2
(x,y,q,p,κ)=

5∑
i=1

(−1)1+if1iM1i=f11M11−f12M12+f13M13−f14M14+f15M15,

where the minor Mij is the determinant of the 4× 4 - matrix obtained from g′ij
removing the element ij.

We calculate M11

M11 = det


f22 f23 f24 f25
f32 f33 f34 f35
f42 f43 f44 f45
f52 f53 f54 f55


=−f25A

(
3 4 5
2 3 4

)
+f35A

(
2 4 5
2 3 4

)
−f45A

(
2 3 5
2 3 4

)
+f55A

(
2 3 4
2 3 4

)
(3.45)

We obtain the determinant

detg′X̃J2
(x,y,q,p,κ)=δ[γ4−γ3 δI2

D
A−γ2 (δI2)

2

D
B−γ (δI2)

3

D
A+(δI2)

4], (3.46)

where

I2 :=p2q1−p1q2, A :=2[(x11−x22)y12−x12(y11−y22)], (3.47a)

B :=4x212 + (x11−x22)2 +y211 +y222 + 2y212. (3.47b)

Let

N :=
γδ

det (f)×D
. (3.48)

Using the Ricci package of Wolfram Mathematica system [31], we get:

(c) RJP69(Nos. 9-10), ID 112-1 (2024) v.2.4r20231030 *2024.10.31#unknown2



Article no. 112 Elena Mirela Babalic, Stefan Berceanu 16

Proposition 5. The inverse of the matrix (3.43) is given by

f11

N
=γ2

[
y11(x

2
12−y212)+y22(x211+y211)−2x11x12y12

]
+2γδI2

[
−x12(x212+y212−x11x22+y11y22)

+y12(x22y11 +x11y22)
]
−(δI2)

2
[
y22(x

2
12−y212) +y11(x

2
22 +y222)−2x22x12y12

]
f12

N
= γ2

[
x12(x22y11 +x11y22)−y12(x212 +y212 +x11x22−y11y22)

]
+γδI2

[
x11(x

2
12−y212+x222+y222)−x22(x212−y212+x211+y211)+2x12y12(y11−y22)

]
+ (δI2)

2
[
x12(x22y11 +x11y22)−y12(x212 +y212 +x11x22−y11y22)

]
f13

N
= γ2(x12y12−x11y22)−γδI2[x12(x11+x22)+y12(y11+y22)]+(δI2)

2(x22y11−x12y12)

f14

N
= γ2(−x12y11 +x11y12) +γδI2(x

2
11 + 2x212−x11x22 +y211 +y212)

+ (δI2)
2(2x11y12−2x12y11−x22y12 +x12y22)−

D(δI2)
3

γ

f15

N
=γ2

[
q1(x11y22−x12y12)+q2(x12y11−x11y12)+p1

(
y11(x

2
12−y212)+y22(x

2
11+y211)

−2x11x12y12
)
+p2

(
−y12(x212+y212+x11x22−y11y22)+x12(x11y22+x22y11)

)]
+γδI2

[
q1
(
x12(x11+x22)+y12(y11+y22)

)
−q2(2x212−x11x22+x211+y211+y212)

+ 2p1
(
x12(x11x22−y11y22−x212−y212) +y12(x22y11 +x11y22)

)
+p2

(
x11(x

2
22+y

2
22+x

2
12−y212)−x22(x211+y211+x212−y212)+2x12y12(y11−y22)

)]
+ (δI2)

2
[
q1(x12y12−x22y11) + q2(2x12y11−2x11y12 +x22y12−x12y22)

+p2
(
x12(x22y11 +x11y22)−y12(y212 +x212 +x11x22−y11y22)

)
−p1

(
y11(x

2
22 +y222) +y22(x

2
12−y212)−2x12x22y12

)]
+
D(δI2)

3

γ
q2

f22

N
= γ2

[
y11(x

2
22+y222)+y22(x

2
12−y212)−2x22x12y12

]
+2γδI2

[
−y12(x11y22+x22y11)

+x12(x
2
12+y

2
12−x11x22+y11y22)

]
−(δI2)

2
[
y22(x

2
11+y

2
11)+y11(x

2
12−y212)−2x11x12y12

]
f23

N
= γ2(x22y12−x12y22) +γδI2(−2x212 +x11x22−x222−y212−y222)

+ (δI2)
2(x12y11−x11y12 + 2x22y12−2x12y22) +

D(δI2)
3

γ

f24

N
=−γ2(x22y11−x12y12)+γδI2[x12(x11+x22)+y12(y11+y22)]−(δI2)

2(x12y12−x11y22)
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f25

N
= γ2

[
q1(x12y22−x22y12) + q2(x22y11−x12y12) +p1

[
x12(x11y22 +x22y11)

−y12(y212+x212+x11x22−y11y22)
]
+p2

[
y11(x

2
22+y

2
22)+y22(x

2
12−y212)−2x12x22y12

]]
−γδI2

[
−q1(2x212−x11x22+x222+y212+y222)+q2

(
x12(x11+x22)+y12(y11+y22)

)
+ 2p2

[
x12(x11x22−x212−y212−y11y22) +y12(x22y11 +x11y22)

]
+p1

[
−x11(x212+x222+y222−y212)+x22(x211+x212+y211−y212)−2x12y12(y11−y22)

]]
− (δI2)

2
[
q1(x12y11−x11y12 + 2x22y12−2x12y22) + q2(x11y22−x12y12)

+p1
[
−x12(x11y22 +x22y11) +y12(y

2
12 +x212 +x11x22−y11y22)

]
+p2

[
y11(x

2
12−y212)+y22(x211+y211)−2x11x12y12

]]
− D(δI2)

3

γ
q1

f33

N
=γ2y22+2γδI2x12−(δI2)

2y11

f34

N
=−γ2y12−γδI2(x11−x22)− (δI2)

2y12

f35

N
= γ2

[
− q1y22 + q2y12−p1(x11y22−x12y12) +p2(x22y12−x12y22)

]
−γδI2

[
2q1x12− q2(x11−x22) +p1

(
x12(x11 +x22) +y12(y11 +y22)

+p2(2x
2
12−x11x22 +x222 +y212 +y222)

)]
+ (δI2)

2
[
q1y11 + q2y12

+p1(x22y11−x12y12) +p2(x12y11−x11y12 + 2x22y12−2x12y22)
]

+
D(δI2)

3

γ
p2

f44

N
= γ2y11−2γδI2x12− (δI2)

2y22

f45

N
= γ2

[
q1y12− q2y11 +p1(x11y12−x12y11) +p2(x12y12−x22y11)

]
+γδI2

[
q1(x11−x22) + 2q2x12 +p1(x

2
11 +y211 +y212 + 2x212−x11x22)

+p2
(
x12(x11 +x22) +y12(y11 +y22)

)]
+ (δI2)

2
[
q1y12 + q2y22

+p1(x12y22−x22y12 + 2x11y12−2x12y11) +p2(x11y22−x12y12)
]
− D(δI2)

3

γ
p1

f55

N
=
Dγ3

δ
+γ2

[
q21y22+q22y11−2q1q2y12+p

2
1

[
(x212−y212)y11+(x211+y

2
11)y22−2x11x12y12

]
+p22

[
(x222 +y222)y11 + (x212−y212)y22−2x22x12y12

]
+ 2p1p2

[
x12(x11y22 +x22y11)

− (x212+y
2
12+x11x22−y11y22)y12

]
+2p1q1(x11y22−x12y12)+p1q2(x12y22−x22y12)
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+ 2p2q1(x12y11−x11y12)+2p2q2(x22y11−x12y12)
]
+2(γδI2)

[
(q21−q22)x12−q1q2(x11−x22)

−(p21−p22)
[
x12(x

2
12 +y212−x11x22 +y11y22)−y12(x22y11 +x11y22)

]
+ (p1q1−p2q2)

[
x12(x11+x22)+y12(y11+y22)

]
−1

2
(p1q2+p2q1)(x

2
11−x222+y211−y222)

+p1p2
[
x11(x

2
12+x

2
22+y

2
22−y212)−x22(x212+x211+y211−y212)+2x12y12(y11−y22)

]]
− (δI2)

2
[
q21y11+q

2
2y22+2q1q2y12+p

2
1

[
(x212−y212)y22+(x222+y

2
22)y11−2x12x22y12

]
+p22

[
(x212−y212)y11 + (x211 +y211)y22−2x12x11y12

]
−2p1q1(x12y12−x22y11)

−2p1q2(x12y11−x11y12)−2p2q1(x12y22−x22y12)−2p2q2(x12y12−x11y22)

−2p1p2
[
x12(x11y22 +x22y11)−y12(x212 +y212 +x11x22−y11y22)

]]
−D(δI2)

3

γ
I2

We systematize the results of Proposition 5:
Remark 1. The elements of the inverse matrix of (3.43) can be written in the following
condensed form:

f ij =N
[Dγ3
δ
P0 +γ2P1 +γδI2P2 + (δI2)

2P3 +
D(δI2)

3

γ
P4

]
,

where N is defined in (3.48) and P0,P1,P2,P3,P4 are polynomials in x=xij and
y=yij . We have that P0 = 0 for all f ij , excepting f55, for which P0 = 1. Similarly,
P4 6= 0 only for the elements f i5, ∀i= 1, ...,5.
Remark 2. The inverse matrix (3.43) is equivalent with the inverse matrix given in
(3.16). To check the consistency of our calculations, we computed some of the matrix
elements with the two methods: the one in Proposition 2 and the one in Proposition 5.
For example, one can easily check that the element f13 is equal with the element on
line 1 and column 3 of b11.
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