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Abstract. The magnetic properties and phase diagrams of a hexagonal nanotube
with core-shell structure have been examined within the framework of the mean field
theory based on the Bogoliubov inequality as well as the Monte Carlo simulation via
the Metropolis algorithm. We have studied in detail the influences of the different ex-
change couplings and the crystal field on the phase diagrams of the system. This study
allowed us to discover the existence of interesting critical phenomena, in particular the
compensation behavior. Moreover, we have investigated the behavior of the magne-
tizations corresponding to each of the phase diagrams in order to verify the obtained
results.
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1. INTRODUCTION

Nanostructures characterized by their small size, such as nanotubes, nanopar-
ticles and nanowires, are presently the subject of the active researches, not only be-
cause of their fascinating physical properties [1] but also because of their potential
application in different technological fields, for instance, permanent magnets, sen-
sors, medical applications, ultra-high-density magnetic storage devices and environ-
mental remediation [2–8]. In particular, magnetic nanotubes attracted more attention
after the initial discovery of carbon nanotubes by the Japanese physicist Sumio Ijima
[9], either experimentally or theoretically.

Experimentally, many magnetic nanotubes such as, CoNi nanotubes [10], FeNi
nanotubes [11], Ni nanotubes [12], CoPt nanotubes [13], Bi2Te3 nanotubes [14], and
FeCo nanotubes [15], have been successfully elaborated using a variety of manufac-
turing methods, among which we cite, the wetting template method [11, 16] and the
electrodeposition [10]. On the other hand, given that the theoretical study comple-
ments the experimental study in obtaining credible results and deep evidences, we

Romanian Journal of Physics 68, 619 (2023)

https://doi.org/10.59277/RomJPhys.2023.68.619


Article no. 619 H. Saadi et al. 2

find that some theoretical methods either analytical or simulation have studied this
type of nanostructures, namely, effective field theory (EFT) [17–21], Monte Carlo
simulation (MCS) [22–25], and mean field theory (MFT) [26]. Z. Elmaddahi et al.
[20], performed the effective field theory with correlations to examine certain charac-
teristic behaviors of a hexagonal spin-3/2 Ising nanotube, namely, the magnetization,
internal energy, susceptibility, and specific heat. It was shown that the system can
exhibits a triple, two or single hysteresis loops. Also, employing the Monte Carlo
simulation with Metropolis algorithm, R. G. B. Mendes et al., analyzed the mag-
netic properties of a mixed spin-1/2 Ising model and spin-1 Blume-Capel model in a
hexagonal nanotube two layers system [22]. They have observed the appearance of
the first- and second-order phase transition lines. In addition, the magnetic properties
of a decorated Ising nanotube have been studied by R. Masrour et al. using Monte
Carlo Simulation [25].

Furthermore, we cannot talk about nanostructured systems without referring
to the structures adopted to study them. One of the best structure is the core-shell,
witch constituting of a central (core) surrounded by a shell surface. In remarkable,
much effort has been dedicated to exploring the different magnetic properties of these
systems. For example, by using the mean field approximation and Monte Carlo sim-
ulation, E.M Jalal et al. [27] have investigated the magnetic behaviors of the mixed
spin-1/2 and spin-3/2 hexagonal Ising nanowire with core-shell under the impact of
crystal field. Also, R. Masrour et al. [28], used the Monte Carlo simulations to
study the effect of the crystal field and exchange interactions on the thermal mag-
netizations, the magnetic susceptibilities and magnetic hysteresis loops of a mixed
spins (2, 1) hexagonal Ising nanowire with core-shell structure. Moreover, within
the framework of Monte Carlo simulation, L.B.Drissi et al. [29] have explored the
effects of parameters of the Hamiltonian on magnetic properties and hysteresis be-
haviors of a graphyne core/shell nanoparticles. Also, the magnetic properties of a
mixed spin (3/2, 1/2) ferrimagnetic nanoparticle, with a cubic shape and core-shell
structure have been studied by O. Dakir et al. [30], using the Monte Carlo simula-
tion. Recently, in two different works N. Hachem et al. [31, 32], used the mean field
approximation, to investigate the influences of the exchange interactions and crystal
field on the magnetic properties of a ferrimagnetic mixed-spin (3/2, 1/2) hexagonal
Ising nanotube with core-shell structure. We should mention that these works show
very important phenomena, such as the compensation temperatures and the hysteresis
loops with multiple shapes.

According to the best of our knowledge, there have been no studies on mixed
spin (7/2, 1/2) hexagonal Ising nanotube with core-shell structure. For this reason
we aim to study the phase diagrams and magnetic properties of this system under the
effect of exchange interactions and the crystal field, using two methods: mean field
theory and Monte Carlo simulation. This paper is structured as follows: the model
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and methods employed are described in Section 2, the results and discussions are
presented in Section 3, and finally, the Section 4 is devoted to the conclusion.

2. MODEL AND METHODS

We consider a ferrimagnetic hexagonal nanotube with a core-shell structure of
mixed spin 1/2 and spin 7/2, as depicted in Fig. 1. The spins σ, which can take two

Fig. 1 – Schematic representation of a hexagonal nanotube with core-shell structure of mixed spin (7/2,
1/2) composed of the surface shell (green circles) and the core (brown circles) : (a) three-dimensional
and (b) cross-section.

values ±1/2, occupy the sites of the core, while the spins S, which can take eights
values ±1/2, ±3/2, ±5/2 and ±7/2 occupy the sites of the shell surface. The latter
is formed by N hexagonal layers. In each layer, there are eighteen spins divided as
follows: six spins on the core and twelve on the surface shell (Fig. 1.b). Thus the
number total of the spins in the system is NT = 18N . Our system is described by the
following Hamiltonian which can be written as

H =−JC
∑
ij

σiσj −JS
∑
kl

SkSl−Jin
∑
ik

σiSk−DS

12N∑
k=1

S2
k (1)

where JC (> 0) and JS (> 0) are the exchange interaction parameters between the
two nearest-neighbor spins at the core and at the surface shell, respectively. Jin (< 0)
designates the ferrimagnetic exchange interaction between the spins of the core and
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those of the surface shell. DS is the crystal-field interaction constant of the spins
S = 7/2 of the shell sublattice. Moreover, we have selected JC as the reduced unit
of energy and temperature (kBT ), so JC = 1.

2.1. MEAN FIELD APPROXIMATION

To examine our model approximately using the Mean Field theory, we use the
variational principle based on Bogoliubov’s inequality corresponds to free energy
[33]:

F (H) = F0(H0)+ ⟨H−H0⟩0 = ϕ (2)

where F (H) is the true free energy of the system described by the Hamiltonian given
in eq. (1). F0(H0) is the average free energy of an effective Hamiltonian H0 which
relies on variational parameters, and <H−H0 >0 is the average value of the value
H−H0 over the ensemble presented by H0.

We devide our nanotube into three sublattices (Lσ), (LS1) and (LS2), such
that the sublattice (Lσ) is occupied by the spins σ = 1/2 in the core, while the two
sublattices (LS1) and (LS2) are occupied by the spins S = 7/2 located, respectively
in the corners and in the middle of sides of the shell surface. So, we choose the
effective Hamiltonian H0 as follows:

H0 =−λσ

6N∑
i=1

σi−λS1

6N∑
k=1

Sk−DS

6N∑
k=1

S2
k −λS2

6N∑
l=1

Sl−DS

6N∑
l=1

S2
l (3)

where λσ, λS1 and λS2 are the three variational parameters related the two different
spins σ and S occupied the sublattices (Lσ), (LS1) and (LS2).

By calculating the free energy F0 from the determination of the partition func-
tion Z0 which are defined respectively by: and with β = 1

kBT (kB is the Boltzmann
constant and T is the absolute temperature), we find the expression of the variational
free energy per site:

ϕ=− 6N

β
ln

{
2e

49
4
βDS cosh

(
7

2
βλS1

)
+2e

25
4
βDS cosh

(
5

2
βλS1

)
+2e

9
4
βDS cosh

(
3

2
βλS1

)
+2e

1
4
βDS cosh

(
1

2
βλS1

)}
− 6N

β
ln

{
2e

49
4
βDS cosh

(
7

2
βλS2

)
+2e

25
4
βDS cosh

(
5

2
βλS2

)
+2e

9
4
βDS cosh

(
3

2
βλS2

)
+2e

1
4
βDS cosh

(
1

2
βλS2

)}
− 6N

β
ln

{
2cosh

(
1

2
βλσ

)}
+λσmC +λS1mS1+λS2mS2

(4)
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−2JCm
2
C −JSm

2
S1

−JSm
2
S2

−2JSmS1mS2 −JinmCmS1

−2JinmCmS2

where mC , mS1 and mS2 are the magnetizations per site of the sublattices (Lσ),
(LS1) and (LS2) defined respectively by mC = ⟨σi⟩, mS1 = ⟨Sk⟩ and mS2 = ⟨Sl⟩.

The minimization of the free energy per site with respect to the order and vari-
ational parameters allows us to obtain the following equations:

mC = 1
2 tanh(

1
2βλσ)

mS1 =
1
2

7e
49
4 βDS sinh( 7

2
βλS1

)+5e
25
4 βDS sinh( 5

2
βλS1

)+3e
9
4βDS sinh( 3

2
βλS1

)+e
1
4βDS sinh( 1

2
βλS1

)

e
49
4 βDS cosh( 7

2
βλS1

)+e
25
4 βDS cosh( 5

2
βλS1

)+e
9
4βDS cosh( 3

2
βλS1

)+e
1
4βDS cosh( 1

2
βλS1

)

mS2 =
1
2

7e
49
4 βDS sinh( 7

2
βλS2

)+5e
25
4 βDS sinh( 5

2
βλS2

)+3e
9
4βDS sinh( 3

2
βλS2

)+e
1
4βDS sinh( 1

2
βλS2

)

e
49
4 βDS cosh( 7

2
βλS2

)+e
25
4 βDS cosh( 5

2
βλS2

)+e
9
4βDS cosh( 3

2
βλS2

)+e
1
4βDS cosh( 1

2
βλS2

)

(5)
with: 

λσ = 4JCmC +JinmS1 +2JinmS2

λS1 = JinmC +2JSmS1 +2JSmS2

λS2 = 2JinmC +2JSmS1 +2JSmS2

Further, the magnetization per site corresponds to the surface shell and the total mS

magnetization per site MT is written as: mS =
mS1

+mS2
2

MT = 6mC+12mS
18

(6)

The compensation temperature Tcomp of the system, exist if the sublattice mag-
netizations annul each other, which makes the total magnetization of the system de-
crease to zero. So the determination of this last can be gained by looking for the
intersection point between the some values of two sublattice magnetizations by em-
ploying:

|mS(Tcomp)|= |mC(Tcomp)| (7)

sign(mS(Tcomp)) =−sign(mC(Tcomp)) (8)

2.2. MONTE CARLO SIMULATION

To confirm the results getting by the mean field approximation, we utilize the
Monte Carlo simulation based on the algorithm of Metropolis [34]. Thus, to simulate
our nanotube defined by the Hamiltonian in Eq. (1), we randomly choose a configu-
ration of spins and run tests to return to a single spin. In the x and y directions we
apply the free boundary conditions while the periodic conditions are applied along
the z axis. We carry out at each temperature, 105 Monte Carlo steps per site for cal-

(c) RJP68(Nos. 9-10), ID 619-1 (2023) v.2.4r20231030 *2023.11.10#d31da3c1



Article no. 619 H. Saadi et al. 6

culating the averages of thermodynamic quantities, after discarding the first 3×104

steps per site to equilibrate the system.
The program calculates the magnetizations per site (mC) and (mS) of the core

and shell, respectively, and the total magnetization per site MT :

mC =
1

NC

NC∑
i=1

σi mS =
1

NS

NS∑
k=1

Sk (9)

The total magnetization per site is calculated by the same formula (6) used in
the MFT method. The compensation temperature is defined as the temperature at
which:

NC |mS(Tcomp)|=NS |mC(Tcomp)| (10)
where NC = 6N and NS = 12N .

3. RESULTS AND DISCUSSION

We will dedicate this section to investigate the influence of the exchange inter-
actions JS , Jin and of the field DS on the magnetic properties and phase diagrams
of the studied system, using the two formulations described previously in Section 2.

3.1. EFFECT OF THE SHELL EXCHANGE INTERACTION JS

We begin our investigation by studying the impact of ferromagnetic shell cou-
pling JS/JC on phase diagrams. In Fig. 2, the behavior of these phase diagrams is
presented in the (JS/JC , T/JC) plane using MFT and MCS, and for fixed values of
Jin/JC =−0.2 and DS/JC =−2.

As we observe, by increasing the value of JS/JC , the phase diagrams show a
variation of phenomena. In fact, for all values of JS/JC , we can see that the phase
diagram obtained either by MFT or by MCS, displays that the ferrimagnetic and
the paramagnetic phases are separated from each other by a second-order transition
line. In addition, it is clear the appearance of the compensation temperature Tcomp,
which occurs only for the small values of JS/JC , (JS/JC ≤ 0.75 for MFT) and
(JS/JC ≤ 0.5 for MCS). Also, at low temperature and exactly in the ferrimagnetic
region, we have three lines of first order transitions. The first one, which dissoci-
ates the ferrimagnetic phase F11 ≡ (mC =−1/2,mS = 1/2) from the ferrimagnetic
phase F13 ≡ (mC =−1/2,mS = 3/2), the second one, dissociates the two ferrimag-
netic phases F13 ≡ (mC = −1/2,mS = 3/2) and F15 ≡ (mC = −1/2,mS = 5/2),
while the third one separates the two ferrimagnetic phases F15 ≡ (mC =−1/2,mS =
5/2) and the F17 ≡ (mC = −1/2,mS = 7/2) phase. Each of these three lines of
first-order transition terminates at a critical end point E1, E2 and E3 respectively.
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The coordinates of these critical end points are E1(JS/JC = 0.99, T/JC = 2.11),
E2(T/JC = 0.988, T/JC = 1.69) and E3(JS/JC = 0.995, T/JC = 1.14) for MFT,
while E1(JS/JC = 0.96, T/JC = 0.468), E2(JS/JC = 0.959, T/JC = 0.284) and
E3(JS/JC = 0.96, T/JC = 0.195) for MCS.

Fig. 2 – Phase diagrams of a nanotube system in the (JS/JC , T/JC ) plane when Jin/JC =−0.2 and
DS/JC =−2 by MFT and MCS.

In order to justify the construction of the phase diagrams plotted in Fig. 2.
We present in the following some examples of the core magnetization mC , the shell
magnetization mS and the total magnetization MT of the nanotube as a function of
the temperature, that explain us the phenomenon of compensation as well as first
order transitions. From Fig. 3, and for Jin/JC =−0.2, DS/JC =−2 and JS/JC =

Fig. 3 – Sublattices magnetizations and the total magnetization and as a function of T/JC for the case
where Jin/JC =−0.2, DS/JC =−2 and JS/JC = 0.3 by MFT and MCS.
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0.3, we can observe for both methods, that the total magnetization curve displays two
successive zero, the first one correspond to the compensation temperature TComp, and
the second one correspond to the critical temperature TC . While the two sublattices
magnetizations, after they have been reduced from their saturation value (mS = 0.5
and mC = −0.5), cancel each other out in a single zero corresponding to TC . On
the other hand, we notice that the values of TC and Tcomp obtained by the mean field
method are greater than those obtained by the Monte Carlo simulation and this comes
back to the fact that the mean field method ignores correlations between spins even if
they are important near critical temperatures. Further, in the Fig. 4, it is appears that
the magnetizations curves mS and MT corresponding to the exchange interaction
JS/JC = 0.988 for MFT and JS/JC = 0.93 for MCS, manifest three discontinuous
jumps, indicating first-order transitions, firstly from (mS = 3.5 and mC = −0.5) to
(mS = 2.5 and mC = −0.5), then from (mS = 2.5 and mC = −0.5) to (mS = 1.5
and mC = −0.5), and finally from (mS = 1.5 and mC = −0.5) to (mS = 0.5 and
mC =−0.5).

It is remarkable to high-light that our results obtained under the effect of the
ferromagnetic shell exchange interaction JS/JC can be qualitatively compared with
other results found in other works, like; cylindrical or hexagonal nanotube with core-
shell structure [31, 35, 36], nanoparticles with core-shell structure [30, 37], nanowire
with core-shell structure [38, 40] and nanocube with core-shell structure [41]. Re-
garding each of the critical and compensation behaviors, we have found the same
thing, but regarding the first-order transitions, the majority of these works do not find
them, except for one that corresponds to the study of phase diagrams of mixed-spin
(3/2, 1/2) hexagonal Ising nanotube with core-shell structure [31].

Fig. 4 – Sublattices magnetizations and the total magnetization and as a function of T/JC for the case
where Jin/JC =−0.2, DS/JC =−2 and JS/JC = 0.988 by MFT and JS/JC = 0.93 by MCS.
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3.2. EFFECT OF THE CORE-SHELL INTERFACIAL EXCHANGE INTERACTION Jin

Now, we turn to the study of the effect of the exchange interaction Jin/JC
linking core and shell spins. By using MFT and MCS we shown in Fig. 5, the
phase diagrams in the (Jin/JC , T/JC) plane of the nanotube for JS/JC = 0.2 and
DS/JC = −2. We notice that in both cases, there is no first order transition line,
and that there is only a second-order transition line, which is an assembly of critical
points that separates the ferrimagnetic phase from the paramagnetic one. The lat-
ter is accompanied by the appearance of the compensation temperature in the range
−1.07 ≤ Jin/JC < 0 for MFT and in the range −0.51 ≤ Jin/JC < 0 for MCS. In
addition, the TC and TComp increase as the decreasing of Jin/JC .

Fig. 5 – Phase diagrams of a nanotube system in the (Jin/JC , T/JC ) plane when JS/JC = 0.2 and
DS/JC =−2 by MFT and MCS.

To carefully affirm the appearance of the compensation phenomenon, we present
typical results obtained by MFT and MCS of core, shell and total magnetizations
mC , mS and MT as a function of temperature for JS/JC = 0.2, DS/JC = −2 and
Jin/JC =−0.3. As shown in the Fig. 6, it occur for both methods, mC and mS have
opposite signs and each of these magnetizations starts from its saturation value and
varies continuously until reaches the critical temperature. On the other hand, regard-
ing the total magnetization MT , we notice two important things, the first is that the
saturation value of the latter is 0.16 given by MT = ((12×0.5−6×0.5)/18= 0.16),
and the second thing is that this magnetization cancels twice. The temperature for
which it cancels first is associated with the compensation temperature while the other
corresponds to the critical temperature.

Our results about the effect of exchange interaction Jin/JC have been assured
during the study of a cylindrical core-shell Ising nanowire by MCS of spin-1 and
of spin-1/2 [39, 42] and also of the ferrimagnetic cylindrical Ising nanotube with
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Fig. 6 – Sublattices magnetizations and the total magnetization and as a function of T/JC for the case
where Jin/JC =−0.3, DS/JC =−2 and JS/JC = 0.3 by MFT and MCS.

spin-1/2 core and spin-3/2 shell [43].

3.3. EFFECT OF THE CRYSTAL FIELD DS

Now, by keeping the JS/JC and Jin/JC ratios constant (JS/JC = 0.2 and
Jin/JC =−0.2), we examine the influences of changing the crystal field as shown in
Fig. 7. From this figure, we can observe that there exists a limit value ((DS/JC)C =
−0.69 for MFT and (DS/JC)C = −0.76 for MCS) which indicates whether the
system can display compensation behavior, such that for DS/JC > (DS/JC)C the
system has no compensation temperature, whereas for DS/JC ≤ (DS/JC)C it ap-
pears that it remains constant at the beginning and then increases rapidly until it
meets the critical temperature line. We can also observe the appearance of the
critical temperature TC line, which divides the system into two parts. The first,
located above this line, corresponds to the paramagnetic phase, and the other lo-
cated below, corresponds to the ferrimagnetic phase. What is more, at low temper-
ature tree first order transitions lines are occur, and each of these lines ends with an
critical end point Ei whose coordinates are, E1(DS/JC = −0.475,T/JC = 0.22),
E2(DS/JC =−0.437,T/JC = 0.22) and E3(DS/JC =−0.425,T/JC = 0.22) for
MFT and E1(DS/JC =−0.48,T/JC =0.083), E2(DS/JC =−0.44,T/JC =0.083)
and E3(DS/JC =−0.43,T/JC = 0.058) for MCS.

To better understand what is represented in the phase diagram, we plot the
magnetization curves versus temperature using the MFT and MCS. We provide an
example where the magnetization displays the compensation temperature and an-
other where the magnetizations undergo a first order phase transition. As we can
see in Fig. 8, when the temperature increases, the surface magnetization decreases
then the core magnetization increases until they meet and cancel out at the critical
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Fig. 7 – Phase diagrams of a nanotube system in the (DS/JC , T/JC ) plane when JS/JC = 0.2 and
Jin/JC =−0.2 by MFT and MCS.

temperature. What is more, below this temperature, the total magnetization shows a
point of compensation. Concerning the Fig. 9, it is clear that each magnetization is
of surface or else the total magnetization makes three jumps first from the spin 1/2
state to the spin 3/2 state, next from the spin 3/2 to the spin 5/2 and finally from the
spin 5/2 state to the spin 7/2, in the sense that the crystal field increases, which show
that the system exhibits three first order transitions lines.

It should be noted that the type of phase diagram obtained from the effect of the
crystal field has been observed in other studies linked to Monte Carlo simulation of a
hexagonal nanowire formed by a spin 1/2 core and spin 3/2 shell [44] and of a ferri-
magnetic mixed-spin (3/2, 1/2) hexagonal Ising nanotube with core-shell structure by

Fig. 8 – Sublattices magnetizations and the total magnetization and as a function of T/JC for the case
where Jin/JC =−0.2, DS/JC =−1 and JS/JC = 0.3 by MFT and MCS.
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mean field theory [31]. We and the authors of these works found the compensation
points and first-order phase transitions in the same region.

Fig. 9 – Sublattices magnetizations and the total magnetization and as a function of DS/JC for the
case where Jin/JC =−0.2, T/JC = 0.05 and JS/JC = 0.3 by MFT and MCS.

4. CONCLUSION

In this work, the mean field theory and Monte Carlo simulation were employed
to depict the effects of different parameters related to the Hamiltonian on the phase
diagrams and magnetic properties of a hexagonal nanotube formed by a ferromag-
netic core with spin-1/2 surrounded by a ferromagnetic shell with spin-7/2. We can
conclude that the phase diagrams obtained by the two frameworks are topologically
similar with some quantitative differences, such as the critical temperatures values ac-
quired by MFT are bigger than those obtained by MCS. Furthermore, both methods
show that the system can display first- and second-order phase transitions, critical
end points and compensation behaviors. In parallel we have plotted magnetization
curves corresponding to the phase diagrams to confirm the results obtained in these
diagrams.
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