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Abstract. Considering the Hulthén potential as the nuclear part of interaction
regular solution is derived by exploiting the Frobenius method. The Jost function is
constructed by utilizing its integral representation in terms of regular solution. The
scattering phase shifts and cross-sections are calculated for the n−3He system from the
on-shell Jost function. The results obtained are in close conformity with the previous
works that exist in the literature.
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1. INTRODUCTION

In low-energy nuclear physics hadron-hadron elastic scattering can be well es-
timated in terms of a two-particle central potential model to understand the nuclear
structure. The scattering phase shifts and cross-sections play a crucial role in this
direction. Various numerical techniques are used on realistic potentials to accu-
rately represent few-nucleon systems (A<6). Their validity and accuracy can be
tested compared with existing experimental data. Several groups [1-5] have treated
different A=4 systems, calculating various scattering observables which provide us
with a large number of phase shift and cross-section data. The Hulthén potential
serves as a model for two-nucleon and nucleon-nucleus interaction and has the abil-
ity to reproduce low-energy scattering parameters [6-8]. For the Hulthén potential
Schrödinger wave equation is exactly solvable only for the partial wave. However,
using different mathematical methods approximated higher partial wave solutions
can be constructed from the ground state (S wave) [9-13]. The present text deals
with the construction of regular solutions for motion in nuclear Hulthén potential
and the calculation of phase parameters, cross-section, etc. by applying the Jost for-
malism [14]. The Jost/irregular solution fl(k,r) of the radial Schrödinger equation
has immense importance in scattering theory as its near-the-origin (r→ 0) behavior
represents the Jost function. The Jost function has a dual character as it has the abil-
ity to extract all the relevant information relating to the bound and scattering states
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of a system. The bound and resonating state energies can be directly calculated by
analytic continuation of the Jost function [14, 15] into the complex k-plane; as the
zeros of this function in the upper and lower half of the k-plane reproduce bound
and resonant state energies respectively. It also plays an important role in examin-
ing the analytical properties of partial wave scattering amplitude (the S-matrix). The
scattering phase shift can be calculated from the real and imaginary parts of the Jost
function, which in turn also relates to the scattering cross-section. In section 2 we
describe our methodology. Section 3 is devoted to results and discussion where we
compute the scattering phase shifts and differential cross-section and compare them
with standard data [16, 17]. Finally, we conclude in section 4.

2. METHODOLOGY

The Schrödinger equation for the Hulthén potential is written as[
d2

dr2
+k2− δ2l(l+1)

(1−e−δr)2
e−δr−V0

e−δr

1−e−δr

]
ψl(k,r) = 0. (1)

Here V0 e−δr

(1−e−δr)
is the Hulthén potential taken to be the nuclear interaction, and

δ2l(l+1)e−δr

(1−e−δr)2
is the centrifugal barrier term. V0 = −(α2−β2) and δ = (β−α) rep-

resent the strength and inverse scattering radius of the potential where β(fm−1) and
α(fm−1) are two adjustable parameters. Using the trial solution

ψl(k,r) =
eikr(1−e−δr)l+1

δl+1
Fl(k,r) (2)

in eq. (1) we get

eikr(1−e−δr)l+1

δl+1

d2Fl(k,r)

dr2
+

2(l+1)eikre−δr(1−e−δr)δ

δl+1

dFl(k,r)

dr
+

2ikeikr(1−e−δr)l+1

δl+1

dFl(k,r)

dr
+

2ik(l+1)eikre−δr(1−e−δr)l)δ

δl+1

dFl(k,r)

dr

+
δ2eikr(l+1)

δl+1

[
le−2δr(1−e−δr)l−1−e−δr(1−e−δr)l

]
Fl(k,r) =(

V0
e−δr

(1−e−δr)
+

δ2e−δr

(1−e−δr)2

)
eikr(1−e−δr)l+1

δl+1
Fl(k,r).

(3)

Substituting 1−e−δr = z; eq. (3) becomes

z(1−z)d
2Fl(k,z)

dz2
+

[
2(l+1)+

(
2ik

δ
−2l−3

)
z

]
dFl(k,z)

dz
+(

2ik

δ
(l+1)− (l+1)2− V0

δ2

)
Fl(k,z) = 0.

(4)
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Applying the Frobenius method at z = 0 to solve eq. (4) we write

Fl(k,z) =

∞∑
n=0

anz
n+λ, (5)

where a0 ̸= 0. The recurrence relation for λ= 0 is obtained as

aj+2 =
(j+1)

[
j+2l+3− 2ik

δ

]
+Y

(j+2)(j+2l+3)
aj +1; (6)

where

Y = (l+1)2+
V0
δ2

− 2ik

δ
(l+1). (7)

The coefficients are

a1 =
Y

2(l+1)
a0; (8)

a2 =

[
(2l+3− 2ik

δ +Y )

2(2l+3)

Y

2(l+1)

]
a0; (9)

a3 =

[
2(2l+4− 2ik

δ +Y )

3(2l+4)

]
×

[
(2l+3− 2ik

δ +Y )

2(2l+3)

Y

2(l+1)

]
a0; (10)

a4 =

[
3(2l+5− 2ik

δ +Y )

4(2l+5)

]
×

[
2(2l+4− 2ik

δ +Y )

3(2l+4)

]
×[

(2l+3− 2ik
δ +Y )

2(2l+3)

Y

2(l+1)

]
a0.

(11)

Substitution of the coefficients in eq. (2) one gets

ψl(k,r) =
eikr(1−e−δr)l+1

δl+1 ×[
a0+a1(1−e−δr)+a2(1−e−δr)2+a3(1−e−δr)3+a4(1−e−δr)4+ ...

]
.(12)

There exists a relation between the Jost function and the regular solution [18-20],
which reads as

fl(k) = 1+
kl

(2l+1)!!

∫ ∞

0
V (r)ψl(k,r)ĥl

+
(k,r)dr, (13)

where ĥl
+
(kr) is the Riccati-Hankel function, given by

ĥl
+
(kr) =

∞∑
L=0

(i)2L−1(l+L)!eikrγL

(2ik)LL!(1−e−γr)L(l−L)!
. (14)
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From eqns. (12) and (13) with the effective potential

V (r) = V0
e−δr

1−e−δr
+
δ2l(l+1)e−δr

(1−e−δr)2
(15)

one obtains

fl(k) = 1+
kl

(2l+1)!!

∑
i2L−1 (l+L)!δL

(2ik)LL!(l−L)!
×[∫ ∞

0

V0e
−δr

(1−e−δr)L+1
eikrψl(k,r)dr+

∫ ∞

0

δ2l(l+1)e−δr

(1−e−δr)L+2
eikr
]
.

(16)

Integrating term by term we get

fl(k) = 1+
kl

(2l+1)!!

∑
i2L−1 (l+L)!δL−l−1

(2ik)LL!(l−L)!
×(

V0
δ
(A1+A2+A3+A4+A5)+ δl(l+1)(B1+B2+B3+B4+B5)

)
,

(17)

where

A1 = a0
Γ(1− 2ik

δ )Γ(l−L+1)

Γ(1− 2ik
δ + l−L+1)

, (18)

A2 = a1
Γ(1− 2ik

δ )Γ(l−L+2)

Γ(1− 2ik
δ + l−L+2)

, (19)

A3 = a2
Γ(1− 2ik

δ )Γ(l−L+3)

Γ(1− 2ik
δ + l−L+3)

, (20)

A4 = a3
Γ(1− 2ik

δ )Γ(l−L+4)

Γ(1− 2ik
δ + l−L+4)

, (21)

and

A5 = a4
Γ(1− 2ik

δ )Γ(l−L+5)

Γ(1− 2ik
δ + l−L+5)

. (22)

In deriving the above equations, we have made use of [21]∫ 1

0
(1−x)µ−1xν−1dx=

Γ(µ)Γ(ν)

Γ(µ+ν)
. (23)

Similarly, the terms read as

B1 = a0

(
1(

1− 2ik
δ

) − 1(
2− 2ik

δ

)) , (24)

B2 = a1
Γ
(
1− 2ik

δ

)
Γ(l−L+1)

Γ(1− 2ik
δ + l−L+1)

, (25)
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B3 = a2
Γ
(
1− 2ik

δ

)
Γ(l−L+2)

Γ(1− 2ik
δ + l−L+2)

, (26)

B4 = a3
Γ
(
1− 2ik

δ

)
Γ(l−L+3)

Γ(1− 2ik
δ + l−L+3)

, (27)

and

B5 = a4
Γ
(
1− 2ik

δ

)
Γ(l−L+4)

Γ(1− 2ik
δ + l−L+4)

. (28)

As the Jost function is a complex quantity, the phase shift can be calculated as

δ =−tan−1

(
Imfl(k)

Refl(k)

)
. (29)

The differential scattering cross-section is given by [22]

dσ

dω
= |F (θ)|2 = |1

k

∞∑
l=0

(2l+1)Pl(cosθ)exp(iδl)sin(δl)|2, (30)

where F (θ) is the scattering amplitude and Pl(cosθ) is the Legendre polynomial.

3. RESULTS AND DISCUSSION

For numerical computation of the scattering phase shifts we have used ℏ2
mp

=

41.47 MeV fm2. The best-fitted parameters are obtained using Chi-square method
and are presented in Table 1.

Table 1

Parameters for Hulthén potential

State: 1S0
3S1

1P1
3P0

α(fm−1) 0.125 0.33 0.002 0.02
β(fm−1) 1.02 0.8 2.4 0.195

The scattering phase shifts for different states are portrayed in Figs. 1 and 2.
Figure 1 shows that our computed scattering phase shifts δ0+(1S0) and δ1+01 (

3S1) for
l = 0 states match almost perfectly with Ref. [16]. For l = 1, scattering phase shifts
δ1−10 for 1P1 state are also in good agreement with Viviani et al. [16], whereas 3P0

scattering phase shift δ0−11 data show slight deviations for lower and higher energies
within our energy range. Further, we investigate to what extent our phase parameters
will be able to reproduce cross-section data in light of the observable disparities
between the results of these existing phase shift data [16] and our calculations. In
Fig. 3 we plot our differential scattering cross-section data with those of Seagrave
et al. [17] for lab energy 1 MeV. The calculated cross-section data points follow a
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Fig. 1 – n−3He S wave phase shifts with standard data.

Fig. 2 – n−3He P wave phase shifts with standard data.

similar trend of progression as Ref. [17], though slight deviation is observed within
scattering angles 450 to 1500. The probable reason for the deviation is due to the
contribution of 3P0 scattering phase shift in the calculation of the scattering cross-
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Fig. 3 – Differential cross-section for n−3He elastic scattering at Elab = 1 MeV with standard data.

section formula.

4. CONCLUSIONS

We have studied the low energy n−3He scattering using a simple phenomeno-
logical potential. Considering the single-channel elastic scattering, the on-shell Jost
function is calculated from its integral representation using the all-partial wave reg-
ular solutions. The scattering phase shifts agree quite well with the standard data,
except for the 3P0 state. Further, the differential cross-section data follow a similar
trend as those of Seagrave et al. [17] with slight discrepancies in numerical values.
We remark that a possible reason for these discrepancies in phase parameters as well
as in cross-section is attributed to spin-orbit force due to the nucleon magnetic mo-
ment that plays a significant role in the difference. Our single-channel nuclear model,
in spite of being the simplest form, produces correct trends for both phase shifts and
cross sections of the n−3He system. The effects of charged hadron scattering can be
further observed with the addition of appropriate electromagnetic interaction.
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