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Abstract. New features of the light localization in a nonlinear and graded-index
medium in the case of radial symmetry are described analytically. The model of
nonlinear graded-index fiber assumes that the dielectric permittivity changes abruptly
when the electric field amplitude reaches a certain level. The dielectric permittivity
depends on the polar radius according to a parabolic law, in the regions where the
electric field amplitude exceeds a certain level. Explicit exact solution to the wave
equation is found, in terms of the Whittaker function and the modified Bessel function of
the second kind, describing a new type of optical localized structure. The influence of
the propagation constant and parameters of the nonlinear graded-index dielectric
permittivity on the field profile over the fiber radius is analyzed. It is derived that the
core radius and the dielectric permittivity of the core depend on the propagation
constant. The dependence of the core radius on the propagation constant causes the
appearance of local dispersion.
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1. INTRODUCTION

Nonlinear fibers are widely used in many technical applications of optical
telecommunication devices [1, 2]. Optical nonlinear effects in such fibers have
recently been combined with the use of a gradient refractive index profile [3]. In
particular, the Kerr nonlinearity is most often used [4]. The Kerr beam self-cleaning
in lossless multimode fibers has been widely discussed [5, 6]. Nonlinear pulse
propagation over a distance much larger than the dispersion distance satisfying the
generalized nonlinear Schrodinger equation has been studied [7]. Many types of
optical solitons in graded-index multimode fibers have been found [8, 9].

The authors of [10] noted the importance of the theoretical study of wave
processes in nonlinear graded-index fibers. Various types of exact solutions to the
wave equations were found in the case of circular cylindrical fibers [11, 12, 13].
The studies of the guided wave modes in such fibers are important for circular
waveguides [14, 15]. It is necessary to study the features of light localization in
circular fibers [16, 17] including wave localized structures in optical nonlinear
media [18, 19]. Moreover, light wave propagation and light localization in photonic
crystal fibers are actively studied for many years [20, 21, 22].
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In the present paper, we study theoretically the modes of a nonlinear graded-
index fiber. We find a new type of localized optical structure corresponding to the
radial symmetric fundamental guided wave mode. To obtain an exact analytical
solution to the wave equation in cylindrical coordinates we use a sharp-step model
of nonlinear response [23, 24, 25]. The stepwise nonlinearity assumes that the
dielectric constant or refractive index changes its value abruptly when the light
intensity reaches a certain threshold value [26, 27, 28]. We have used recently this
model to obtain exact analytical solutions to the wave equation in Cartesian
coordinates for planar waveguides [29, 30, 31]. We also note that theoretical
studies of combined gradient and nonlinear waveguide structures have become
more active in recent years [32, 33, 34]; see also recent works on new types of
nonlinear surface electromagnetic waves in diverse physical settings [35, 36, 37].

In this work, for the first time to the best of our knowledge, we theoretically
describe the effect of combination the graded-index and nonlinear intensity-
dependent properties of a cylindrical fiber. The main feature of the system under
consideration is that the radius of the fiber, within which the medium is
characterized by a parabolic profile of the dielectric permittivity, is not constant,
but can vary depending on the optical parameters of the system and the propagation
constant. We show that the dependence of the radius on the propagation constant
causes the appearance of local dispersion.

This paper is organized as follows. The model of a nonlinear graded-index
fiber with a light-induced core is formulated in Section 2. We find and analyze the
exact solution of our model in Section 3. We discuss the dependence of the light
induced core radius on the optical and propagation characteristics and the local
dispersion estimation in Section 4. The conclusions are presented in Section 5.

2. MODEL OF A NONLINEAR GRADED-INDEX FIBER
WITH A LIGHT-INDUCED CORE

We consider a nonmagnetic lossless fiber characterized by a nonlinear optical
response and a graded-index region. The fiber axis coincides with the z-axis (longitudinal
light propagation direction).

We consider the propagation of the transverse electric (TE) wave along the
interface in the z-direction:

E =uexp(ipz),
where g is the propagation constant, ko= @/c is the wave number, @ is the wave
frequency, c is the speed of light, and the function u in a weakly guiding circular

fiber obeys the equation [38, 39]

A u+(g(r,u)kZ —p*u =0, (1)
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where
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is the Laplace operator in polar coordinates r and ¢, &(r, u) is the dielectric permittivity
of the nonlinear optical fiber [40, 41].

To find the exact analytical solution of Eq. (1) we use the simplest model of
optical nonlinearity such a stepwise one [24]. The stepwise nonlinear response
assumes that the fiber is characterized by the dielectric constant of & at low levels
of the field intensity, and the dielectric constant abruptly changes its value t0 gor
when the electric field amplitude is larger than uc. The core of a finite radius rc is
formed due the light wave propagation with the amplitude uc. It is determined by
the following condition u(rc) = uc.

Moreover, we suppose that the dielectric constant of the core depends on the
distance from the fiber axis, i.e. on the polar radius r: gor = &or(r), that is, we consider a
graded-index fiber. We assume for definiteness that the dielectric constant of the
core depends on the polar radius according to the parabolic law as

Eeor (r) =&~ Ag(:] ! (2)

c

where &, is the dielectric constant in the core axis, Ae is a change of the dielectric
constant over the core.
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Fig. 1 — Schematic plot of the dielectric permittivity profiles defined by Eq. (3): (a) is the case of
A, =&,—&y £AE, where A = ‘Ac —Ag‘ ; and (b) is the case of Ag = A, -

Therefore, the dielectric permittivity can be written as a stepwise function
describing the light-induced graded-index core in a weakly guiding circular fiber
using a step-wise nonlinearity as
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£(ru) = {8“’ u<te (3)

gcor(r)i u > uC

where &or(r) is determined by Eq. (2).

The dielectric permittivity (3) combines the nonlinear and graded-index
properties of the optical fiber. Note that in the general case the values of the
dielectric constant at the field level uc may be different (see Fig. 1a):

A, =&, &, #Ac.

In the case of continuous dependence of the dielectric permittivity (3) on the
polar radius we have (see Fig. 1b):

Ae=A,=¢&,—&,.

Note that the refractive index is characterized by a sharp change in dependence
on the intensity of the light flux in semiconductor crystals such as CdS and CdSe with
the vanishingly small binding energy of biexcitons [42]. Combining such materials
with spatially variable fluorine doping or varying the concentration of germania
silica, for which a parabolic dependence of the refractive index is manufactured
usually [43], one can obtain a stepwise nonlinear dependence similar to Eq. (3).

We consider only the field distribution having a radial symmetry, which
corresponds to the fundamental mode. Therefore, considering u=u(r) and
combining Egs. (1)—(3), we derive the wave equation inside the core where u > uc:

2 2
al:+lau+[q2—k§Ag[r] Ju:o (4)
o’ reor I,
and the wave equation in the cladding where u < uc:
2
gu Iz, (5)
or: ror
where
q2 = gcokg _ﬂz ! (6)
K? =% —g kZ. (7)

We assume that the electric field is attenuated totally in the cladding before
reaching the outer radius of the fiber, which can be realized when the core radius r
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is much smaller than the fiber radius R (r. << R). The radial distribution of the field
obeys the conditions of limitation inside the fiber, vanishing at infinity: u(r) — 0 at
r — oo, and continuity of the field u(r) and its derivative u’(r) at the field level
U = Uc. Therefore, the following boundary conditions can be used:

u(r,—0)=u(r, +0)=u,, (8)

u'(r, —0) =u'(r, +0). )

Thus, the light localization in a graded-index fiber with a light-induced core

is described by limited and continuous solution to Egs. (4) and (5) satisfying the
boundary conditions (8) and (9). We emphasize that the light induced core radius r

formed at the field level uc is an unknown function and will be determined by the
optical parameters during the problem solving.

3. LIGHT LOCALIZED DISTRIBUTION
We find the limited at the origin solution to Eq. (4) in the case of 32 < &oko*:

u(r) ZUCOM, (10)

where Ug is an unknown constant, M,,o(x) is the Whittaker function,

H=(ars /2)*, (11)
2 =r,lk,\As . (12)

The limited at infinity solution to Eq. (5) in the case of 2> &ike? can be
written as

u(r) =U_ K, (x1) (13)

where U is an unknown constant and Ko(x) is the modified Bessel function of the
second kind.

After substituting solutions (10) and (13) into the boundary condition (8) we
find the constants:

ur
Uu =——-cc | (14)
© M ;I,O(rcz / rGZ)



Acrticle no. 208 S.E. Savotchenko 6

uC
Ha = Ko("fc). (15

After substituting solutions (10) and (13) with the found constants (14) and
(15) into the boundary condition (9) we obtain the equation

MLs(0)

K& _, 16)
M.o(®) Kol

20

where

E=xr,,

s=r2Ir¢ =rk,JAc .

Thus, we can write using Egs. (10), (13)-(15) the exact solution to Egs. (4)
and (5) satisfying the boundary conditions (8) and (9) in the case of
&1 < (Blko)? < & as follows

rCM#,O(rZ2 /r§) U<

™M ,,,o(rc /) _ (17)
Ko (x)

Ko (x1,)

c

u(r)=u,

,u>u

c*

The solution (17) describes the electric field distribution symmetrically
localized over the fiber diameter with core radius depending on the propagation
constant and optical parameters of the fiber, which is determined by Eq. (16).

We derive from Eq. (17) that the field distribution at small radius (when
gr << 1) decreases according to a parabolic law as

u(r) =u0[1—[qzrf} (18)

where the field amplitude at the beam axis is given by
U, =U.8/W,((5). (19)

We derive from Eq. (17) that the field distribution at a small distance from
the fiber core (when x{(r — r¢) << 1) decreases according to a linear law as
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u(r) = u{l—il—(f)x(r - rc)j. (20)

Figure 2 demonstrates the influence of the optical parameters on the radial
field distribution profile determined by Eq. (17). Figures 2a and 2b correspond to
the case of continuous dielectric permittivity when As=A_ (Fig. 1b) and Fig. 2¢

corresponds to the case of discontinuous dielectric permittivity when Ags=A_
(Fig. 1a), and it suffers a jump of A=|A —Ag at the field level uc. The field

increases with an increase in the propagation constant (Fig. 2a) and it decreases
with an increase in the value of Ag (Fig. 2b) and with an increase in the value of A¢
(Fig. 2c). The amplitude at the fiber axis defined by Eq. (19) increases with an
increase in the propagation constant (Fig. 3a) and it decreases with an increase in
the value of Ae (Fig. 3b).

ulu,

5

1. 2 3 4
7.(2) 7.(1) r

Fig. 2 — Field distribution defined by Eq. (15) with ko = 1, &1 = 1.1 (in dimensionless conventional
units), (@) — Ac=Ag, &o = &1 + Ag, A =3, f=13 (1), B=1.4(2); (0) — Ac= Ag, &o = &1 + Ag,
B=13,Ac=3(1), Ae=4(2); (C)—Ac# A& &o= &I+ Ac, Ae=3, f=1.3, Ac =25 (1), Ac = 4 (2).
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Fig. 3 — Dependencies of the amplitude at the fiber axis defined by Eq. (19) with ko =1, &1 = 1.1:
(a) — on the propagation constant Swhen Ac= Ag, &o = &l + AsWith Ae = 3; (b) — on the value
of Ae when Ac= Ag, &o = &1 + Acwith f=1.3.

4. DISCUSSION

The dependence of the core radius r. on the optical and propagation
characteristics is determined by Eq. (16). The analysis of Eg. (16) shows that the
core radius increases with an increase in the propagation constant (Fig. 4a), and it
decreases with an increase in the value of A¢ in the case of continuous dielectric
permittivity (Fig. 4b).
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Fig. 4 — Dependencies of the core radius rc determined by Eq. (16) with ko =1, &1 = 1.1:
(a) — on the propagation constant fwhen Ac= Ag, &o = &1 + Aswith Ag = 3; (b) — on the value
of Ae when Ac= Ag, &o = &i + Aswith f=1.3; (c) — on the value of As when Ac# Ag, &o = &1 + Ac
with f=1.3, Ac = 4; (d) — on the value of Ac when Ac# Ag, &o = &i + AcWith f=1.3, Ae= 3.
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Fig. 5 — Dependence of the dielectric permittivity defined by Eq. (2) with substitution of the core
radius calculated from Eqg. (16) on the propagation constant fwhen Ac= Ag, &o = &1 + As
withko=1, sa =11, Ac=3.

However, we observe the opposite trend of dependence on the value of Asin
the case of the discontinuous dielectric permittivity when r¢ increases with an
increase in the value of Ag, when Ag and A¢ are independent variable parameters
(Fig. 4c). The core radius decreases as the change in the dielectric permittivity Ac
increases (Fig. 4d).

It is important to note that the nonlinearity leads to local dispersion because
the core radius depends on the propagation constant: rc=r¢(f). Therefore, the
dielectric permittivity of the induced core depends on the propagation constant
accordingly with EQ. (2): &or = &or(r, f). Substituting the dependence of rc = re(5),
calculated as a solution of Eq. (16) in Eq. (2), we obtain that the core dielectric
permittivity increases with an increase in the propagation constant at any distances r
inside the core (Fig. 5). It means that the derivative d&.or /0 is positive when u > uc.

If n is the refractive index and A is the wavelength then we can define the
local dispersion as

dn
D=—. 21
m (21)
Using 4 = 2n/k, Eq. (21) can be rewritten as
2
D__XK dn (22)
27 dk

Then using k = gn(/) we have

dk =d(An(B))=ndg + pdn =(n?j—'f+ﬂjdn :
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and Eg. (22) transforms into

an
D:_k_zd;?k_zd_%. (23)
27zn—'3+,8 27y g
dn dg

In a weak-guidance approximation

,B;j;<<n,

therefore, Eq. (23) transforms into

_ ki dn_ ngdn
27m d 27 dp

(24)

Using &=n?, Eq. (24) can be written as

p__ B de (25)
4z dp

Using Eq. (2) we obtain in the core

d_é‘ _ 2Aer? dl’C , (26)
g dp

and the local dispersion (25) can be written as

D __2As(pr)” dr, @7)
270 dp

If we rewrite Eq. (16) as
F(B, rc) =0, (28)

where

MLo(®) | K

F(B.r)=26
Pr)=200 (6 T k(@
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then we can find

5-{543)
g \op) er,

which can be substituted into Eq. (27).
Similarly, one can get the group velocity

V, =V h(mﬁd—gj, (30)
P 2 dp

where Vpn = ¢/n is the phase velocity, ¢ is the speed of light.

Thus, if the implicit dependence of the induced core radius on the propagation
constant (Eqg. (28)) is known, then it is possible to calculate the derivative (29),
through which the local characteristics of dispersion and group velocity can be
expressed.

5. CONCLUSIONS

We described analytically new features of the light localization in a nonlinear
and graded-index medium in the case of radial symmetry. We proposed the model
of nonlinear graded-index fiber, in which the dielectric permittivity changes
abruptly when the electric field amplitude reaches a certain level. Moreover, we
supposed that the dielectric permittivity depends on the polar radius according to a
parabolic law in the regions where the electric field amplitude exceeds a certain
level.

We obtained explicit exact solution to the wave equation in the terms of the
Whittaker function and the modified Bessel function of the second kind, which
describes the radial symmetric distribution of the strong transverse component of
the electric field in a weak-guidance approximation. We analyzed the influence of
the propagation constant and parameters of the nonlinear graded-index dielectric
permittivity on the field profile over the fiber radius.

The core radius, in which the field amplitude exceeds a certain level, varies
depending on the optical parameters of the system, in particular, on the propagation
constant. As a result, the dielectric permittivity of the core depends on the propagation
constant. We showed that the presence of such a dependence leads to the local
dispersion that can be expressed in terms of the derivative of the core radius with
respect to the propagation constant.

It is important to note that the waveguide structure proposed in our paper and
the solutions obtained differ significantly from those reported in [44, 45]. The
radius of the parabolic graded-index core can be varied and it is determined by the
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propagation constant and parameters of the parabolic law in contrast to the core
radius considered in [44, 45], which is assumed to be a constant one.

We believe that results of this paper can be applied for manufacturing of the
nonlinear graded-index optical fibers and complement the theory of the nonlinear
and waveguide optics.

Acknowledgments. The study was carried out using equipment of the Center of High Technologies
of the Belgorod V. G. Shukhov State Technological University.
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