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Abstract. We describe a procedure of determining the seismic-moment tensor
from the measurements of the far-field elastic waves (known in Seismology as P and
S-waves). These elastic waves are produced by a tensorial point-like force distribution
with a short temporal duration (pulse-like time dependence), which corresponds to a
double couple representation of the seismic forces. The inverse problem involves more
unknowns than (algebraic) equations, and the Kostrov representation is used for the
seismic-moment tensor of a faulting source, together with the energy conservation and
a covariance condition, in order to reduce the number of unknowns and to determine
the system of equations. The explicit solution of this system of equations is obtained
and the components of the seismic-moment tensor are given in terms of the far-field
elastic waves. Also, the fault geometry and force mechanism are determined.
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1. INTRODUCTION

Recently, a tensorial point force distribution has been introduced [1, 2], which
corresponds to the double-couple representation of the forces which may act in a
localized seismic focus [3, 4]. This force distribution is governed by the seismic-
moment (symmetrical) tensor with components M;; (¢, j = 1,2,3). The static defor-
mations of a homogeneous, isotropic half-space [1] and the elastic waves generated
by this force distribution [2] have been computed (the latter for a pulse-like time de-
pendence). We present here the solution of an inverse problem which determines the
tensorial components M;; from measurements of the elastic waves in the far-field
region. The problem is described by algebraic equations which relate the compo-
nents M;; to the amplitudes of the elastic waves. Apart from a more general interest
in such inverse problems (e.g., in Applied Mathematics, [S] Acoustics and Electro-
magnetism [6, 7], Geophysics [8], Seismology [9], etc), the problem presented here
exhibits a special interest because it raises certain difficulties related to its defini-
tion (determination). Indeed, the equations relating the components M;; to the wave
displacement include seven unknowns (six components M/;; and the (short) duration
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T of the pulse), while the wave displacement provides only three parameters (input
data): the magnitude v; of the longitudinal-wave displacement v; and two compo-
nents of the transverse-wave displacement v; (we assume that the observation radius
r from the force distribution to the local reference frame is known).

The problem is solved by appealing to the Kostrov representation of a tensorial
point force distribution in a fault (dyadic representation) [10, 11]. This representa-
tion reduces the number of the unknowns from seven to four, but, among these four
unknowns, it introduces a new one, the (small) volume of the region occupied by the
force distribution (focal volume). This volume is related to the duration of the pulse
by the equation of the energy conservation, derived in the present paper. Finally,
the fourth equation needed for solving the system of equations is obtained from the
covariance condition, which requires the equations to be invariant to rotations and
translations. The problem is determined providing the equations are covariant, as
expected. Apart from the tensorial components M;;, other parameters of the force
source are determined, like the volume of the region occupied by the force distribu-
tion, the duration of the force, the released energy and the geometry of the fault, i.e.
the normal to the fault and the fault slip. These two vectors determine the asymptotes
of a hyperbola which characterizes the fault mechanism.

From the practical standpoint, the problem described above is currently solved
by various seismological agencies by fitting synthetic seismograms to data measured
at various locations and times [12]-[25]. This procedure requires a special care for the
covariance of the fitting equations; in addition, semi-empirical fitting parameters are
introduced. The procedure presented here makes use of the waves measured at one
location only, without additional parameters, which allows a direct implementation
of the covariance condition. On the other hand, the numerical results presented here
are determined up to a factor of the order of unity, which arises from the lack of
accurate knowledge of the model of localized fault.

2. ELASTIC WAVES. THE INVERSE PROBLEM

The tensorial force distribution has the components [1, 2]
fi = M;;h(t)0;6(r) , )

where h(t) is an even, positive function, localized at the moment ¢t = 0 and 0;
(j = 1,2, 3) denote the derivatives with respect to the components x; of the vec-
tor r (throughout this paper we understand summation over repeating indices). We
assume maz[h(t)] = h(0) = 1 and denote by T the (short) duration of the action of
the force; the time 7" is much shorter than any time of interest, such that we may view
the function h(t) as being represented by T'0(t), where §(t) is the Dirac delta func-
tion. Similarly, the force distribution given by equation (1) is localized over a small
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volume V = [3, of dimension [, placed at the origin, as shown by the Dirac delta
function §(r) (and its derivatives). We may use the representation g(r) for é(r)/V,
where max[g(r)] = g(0) = 1.

The force distribution given by equation (1) generates in the far-field region
(r > 1) spherical-shell elastic waves u;; proportional to K (t—7r/ciy), propagating
with velocities ¢; (longitudinal wave) and ¢; (transverse velocity). They are given by
(2] ,
_h(t=r/a)

47rpc?7"

where p is the density of the body, n = r/r is the unit vector along the observation
radius, M is the vector with the components M; = M;;n; and My = M;;n;n;. We
estimate the amplitudes of the displacement produced by these waves as

1 1
Mn | vy

Myn , u, = =r/e) (Myn—M) , )

W = 47x'pc't3 r

v, = (M4Il - M) . (3)

B 47rpTc?7“ - drpTcir

We assume that the parameters p, ¢;; and r (i.e., r and n) are known. In
Seismology the longitudinal displacement v; and the transverse displacement v; are
known as corresponding to the P- and S-waves, respectively [3, 4]. The inverse
problem presented in this paper is to derive the components M;; (of the seismic-
moment tensor) from the displacements v; ; measured far away from the origin of
the force (on Earth’s surface). We can see from equations (3) that we have seven
unknowns (six components M;; and the duration 7' of the action of the force) and
only three input (measured, known) parameters (three equations): the magnitude v; of
the longitudinal displacement and two components of the transverse displacement v
(we can check immediately from equations (3) the transversality condition v; - v, =
0). We may view the equations

M= —4npTr (c?vl + ci’vt) , 4)

derived from equations (3), as three independent equations; multiplying by n; and
summing over i, we get the first equation (3),

My = Mjnin; = —47rpT7“c§’(vln) = —477,0T7"c?vl , 5)

which is not independent of the three equations written above. We note from equa-
tions (4) and (5) the relation M? > M f (vt2 > 0).

3. KOSTROV REPRESENTATION

The Kostrov representation (or dyadic representation) [10, 11] establishes the
tensor with components M;; for a fault which may be considered very small (loca-
lized) in comparison with the distances of interest (i.e. far-field distances). Such a
fault may be viewed as the focal region (the focus) of typical tectonic seisms [3, 4].
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We give here a simple derivation of this representation. Let us consider a fault con-
sisting of two parallel surfaces with a small area .S, of dimension [, separated by a
small distance d, which may slide against each other. Let us denote by s the normal
to such a surface and by a the unit vector along the slip direction (in the plane of
the surfaces, s-a = 0). We estimate the torque t;; = f;d; of the force component
fi caused by the sliding of the two surfaces and the orthogonal distance component
d;. Obviously, the force component may be written as f; = 2ulu’a;, where y is the
(shear) Lame coefficient and u" is the magnitude of the displacement at the point
where the force acts (say, the centre of the surface 5); the factor 2 arises from the
relative displacement of the two surfaces. Similarly, we may write d; = ds;, such
that we get the torque t;; = 2ulu’da;s;. We may replace the product (u’d by the
small volume V' of the region occupied by the fault, such that we get ¢;; = 2uVa;s;.
We can see that the product u’d is equated by this representation to the fault area
S = [2. The symmetrized torque t;; is generalized to the components M;; of the
seismic-moment tensor (double couple representation), i.e. we write

M;; =2uV (sia;+a;sj) . 6)

This is the Kostrov representation (dyadic representation) of the seismic-moment
tensor (if we set u’ = d = I, equation (6) gives also a representation for the focal
strain M;;/4p1V). We note that the tensor given by equation (6) is traceless, M;; =0
(s;a; = 0). We can see easily that this representation involves four unknown parame-
ters: for instance, two for the unit vector s, one for the orthogonal unit vector a and
the magnitude-related parameter 2uV (actually the volume V, since p is a known
parameter). Although the seven unknowns in equations (3) are reduced to four by
equation (6), in order to make use of this representation in the problem formulated
by equations (3) we need a relation between the duration 7" and the fault volume V.
This relation is provided by the energy conservation.

Before passing to the energy conservation we note that the representation given
by equation (6) has two symmetry operations. First, equation (6) is invariant under
the simultaneous changes s — —s and a — —a, which merely indicates a reflec-
tion of the orientation of the fault surfaces (or an interchange of the two oriented sur-
faces); second, equation (6) is invariant under the operation s <— a, which indicates
that we cannot distinguish between the fault orientation and the sliding direction. In-
deed, matter conservation in the sliding process requires in fact that another fault,
orthogonal to the former, is present.

4. ENERGY CONSERVATION

The equation of the elastic waves with force density given by equation (1) can
be written as
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il — ¢ Ay — (¢ — ) Oydivu = ;Mij(t)(?jd(r), (7)

where u; are the components of the displacement vector u and the time dependence
is incorporated in M;;(t). If we multiply equation (7) by 1; and sum over the suffix
1, we get the law of energy conservation

& (3} + 3¢ (07ui) + 3p(c} — ) (D))
(3)
—pci0;(i05u;) — plcf — ) 0;(w;0ui) = 0 Mij ()9;0(r) -

According to this equation, a mechanical work ; M;;(t)0;6(r) per unit volume and
unit time is done by the external force at the origin (in the focal region). The corres-
ponding energy is taken by the elastic waves (the square bracket in equation (8)) and
carried through the space (the term including the div in equation (8)).

In the far-field region the displacement u in equation (8) can be decomposed in
longitudinal and transverse waves, i.e. we can write u = u; + u;, where curlu; =0
and divu; = 0; this decomposition leads to

0
%4—@ tdivs; =0, )
where
Lorr VL o F)?
Lt = 5P <U1,n’) + 5 PCLt (ai“uj) (10)
‘is the energy density and
sui = —pergin] ol ; an

c1,¢51,4 are energy flux densities per unit time (energy flow). From equation (9) we
can see that the energy is transported with velocities ¢;; (as it is well known). The
volume energy E = [ dr(e; +e;) is equal to the total energy flux

b = —/dtdr(cldzvsl—i—ctdwst /dt]gdf asi+ast) (12)

where df denotes the element of the volume-enclosing surface. Making use of equa-
tions (11) and the waves given by equations (2) for M;;(t) = M;;h(t), we estimate
the surface integral in equation (12) as

Ar
E=®= Tp r2 (e + ) ; (13)

this relation gives the energy released by the tensorial force distribution acting a
short duration 7" in terms of the displacement magnitudes v;; measured in the far-
field region; it is equal to the mechanical work W. Making use of equations (3) we
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get an additional relation
1
B 47 pcd T3
between energy and the seismic moment. We note that the lack of an accurate knowl-
edge of the function h(t) affects this result by a numerical factor, which, for a very

short duration T, is of the order unity.
From equation (8) the mechanical work in the focal region is given by

W= /dt/dru t)0;0(r) , (15)

where 1) (t) is the time derivative of the i-th component of the focal displacement
ud (t) = ugh( ), =T'/2 <t <0; for M;;(t) = M;;h(t), equation (15) becomes

(2

[M? = (1=} /c}) M]] (14)

W:;/mﬁMﬂM@y (16)

For a fault, we use the localized function g(r) for the spatial distribution and assume
u® = d; we get immediately W ~ %Mijaisj. Making use of equation (6), we get
W = uV. We can see that the mechanical work done in the focal region is of the
order of the elastic energy stored in that region, as expected. It is worth noting that
(small) deviations from the equality u° = d affect this result by a numerical factor
(likely, slightly larger than unity), which remains undetermined. We adopt here the
value unity for the ratio of this numerical factor and the (unknown) numerical factor
in equation (13), such that, by equating W with energy E (and ®) given by equation
(13), we get

47r?
2T (
(¢? = p/p). This equation provides the relation between the volume V occupied by
the force distribution and its duration of action 7". The product VT is affected by the
uncertainty in the numerical factors discussed above.

v +cvy) (17)

5. COVARIANCE CONDITION. SOURCE PARAMETERS

Let us introduce the notations « =n-a, f =n-s and m = M/2uV; from
equation (6) we get

as+fa=m. (18)
If the vector n has a component perpendicular to the plane made by the vectors s
and a, a similar equation for this vector would not be covariant (the out-of plane
component would be an undetermined parameter). Therefore, we assume that the



7 On an inverse problem in elastic wave propagation Article no. 114

vector n is in the plane made by the two vectors s and a and write

Bs+aa=mn; (19)
we call this equation the covariance condition. We get immediately
Q2+p2=1,2aB8=m4 , (20)
where my = My /M and
m?=1: 1)
the Kostrov representation (equation (6)) becomes
Mij = M(siaj —l—aisj) , M =2uV . 22)

Making use of equations (4), (17) and (21) we get the duration

(cwl2 + ctv?)l/Q
T =2r , (23)
(o o)V

the volume
7T(2T)3/2
cf

V= (cwl2 + ctvf) 1/2 (0?1)12 + c?vtz) 1/4 (24)

and the parameter
M =21V = 2mp(2r)*? (cpvf +cw?) 12 (cfof + o) ! (25)
in terms of measurable quantities (displacements v; ;).
The quantity (Mif) 12 _ VoM (equation (22)) is called the magnitude of the
tensor M;;; we call the parameter M the reduced magnitude of the tensor M;;.
From E =W = 1V (equation (16)) we have E = M /2. It follows that equation

(25) allows the estimation of the magnitude of the seismic-moment tensor and the
released energy E. These estimates can be used in the Gutenberg-Richter relation

lg (Miﬁ)l/ 7 _ 1.5M,, + 16.1 which defines the (moment) magnitude M,, of the
earthquake [3, 4].
6. DERIVATION OF THE SEISMIC-MOMENT TENSOR

The solutions of the system of equations (20) are

—_m2 _ _
o= ([T = sgn(ma)y[ Y (26)

and o +— 13, a, § «— —a, — . Making use of equations (4), (23) and (24), the
parameters m; and my are given by

i

c?vli—kc?vti iy — — C?Ul @7
(62+62)1/2’ 4= (62+62)1/2'
e vp +civ; vy + vy

m; = —



Article no. 114 B. F. Apostol 8

Finally, we get the vectors

— _« B
§= g gz~ 2 gz,

(28)

a= _azéﬁzm‘F azggzn ;

these solutions are symmetric under the operations s +— a (o« «— —/f) and s +—
—a(a+— B,ora, f+— —a, —f3), as discussed before. The seismic moment given
by equation (18) is determined up to these symmetry operations.

The eigenvalues of the seismic moment given by equation (18) are £M (we
leave aside the eigenvalue zero); the corresponding eigenvectors w are given by
a-w = £s-w, which imply m-w = £n - w; the vectors w are directed along the
bisectors of the angles made by s and a, or p and n (w ~ s+ a). The associated
quadratic form M;;x;x; = const is a rectangular hyperbola in the reference frame
defined by the vectors s and a; by using the coordinates ©u =s-x and v =a-x
in equation (18), the equation of this hyperbola is uv = const/2M. Actually, in the
local frame (coordinates x;), the quadratic form M;;x;x; = const is a degenerate hy-
perboloid, consisting of a family of parallel hyperbolas displaced along the third axis
(perpendicular to the u- and v-axes). Making use of equations (28), this quadratic
form can also be written as

2En —my ({2 + 172) = const (29)

where the coordinates £ = m;x; and = n;x; are directed along the vectors m and
n, respectively. The asymptotes of this hyperbola are & = myn/ (1 +/1— mi) and

n=my&/ (1 ++/1— mi) (corresponding to the asymptotes u = (& — 8n)/(a? —
%) =0and v = (—BE+an)/(a? — %) = 0). Equations (26)-(28) define the fault
geometry and force mechanism, as derived from the far-field elastic waves.

Finally, by making use of equations (28) in equation (18) we get the solution
for the seismic moment

Mij = 5 [minj +min; —my (mimj + nmj)] , (30)

1—mj
where M is given by equation (25) and m;, m4 are given by equations (27). In
equation (30) there are only three independent components of the seismic tensor,
according to the equations M;;n;/M = m;: the vectors n and m are known (equa-
tion (27)) from experimental data, such that these equations can be viewed as three
conditions imposed upon the six components M;;. Also, we can see that there exist
only three independent components of the seismic tensor M;; from the conditions
M;; =0, M;;s;s; =0 (or M;ja;a; = 0) and m% = 1. The later equality arises from
the covariance condition, which, together with the energy conservation, determines
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the duration 7', the (small) volume V' occupied by the force distribution and the re-
duced magnitude M of the seismic moment.

7. DISCUSSION AND CONCLUSION

An isotropic tensor M;; = —MJ;; is an interesting particular case, since it
can be associated with a force distribution caused by explosions. In this case the
transverse displacement is vanishing (v = 0), M = —Mn and M, = —M. From
equations (4) and (13) we get

4 2
LLLr- 31)

M = —4npTrciv; , E =

we can see that v;n > 0 corresponds to M > 0 (explosion), while the case v;n <
0 corresponds to an implosion. The region occupied by the force distribution is a
sphere with radius of the order /, and the vectors s and a are equal (s = a) and
depend on the point on the focal sphere; the magnitude of the focal displacement is
u? = [. The considerations made before for the geometry of the focal region (Kostrov
representation) lead to

M;; = =2V (2u+\)éij = —2pci Vi (32)

where the focal volume is written as V' = S, S being the area of the spherical surface.
Similarly, the energy is & =W = %M (M > 0), such that, making use of equations

(31), we get T = +/2rvy,
M = 2mpct (2rv)%/% = 2pc2V | (33)

and the focal volume V = 7(2rv;)®/2. These equations determine the magnitude

M and the volume of the focal region from the displacement v; measured at (large)
distance . We note that a superposition of shear faulting and isotropic focal mech-
anisms cannot be resolved, because the longitudinal displacement v; includes indis-
criminately contributions from both mechanisms.

In conclusion, an inverse problem is solved here for the elastic wave propa-
gation in a homogeneous, isotropic body, which consists in determining the tensor
of the force distribution from the measurements of the far-field elastic waves. The
source of the waves is a tensorial point-like force distribution with a short duration
(pulse-like time dependence), which corresponds to a double couple representation
of the seismic forces. The static deformation produced by such a force distribution in
a homogeneous, isotropic half-space have been computed previously [1]. The elas-
tic waves produced by this pulse-lke force distribution in a homogeneous, isotropic
body are spherical-shell waves [2], which are known in Seismology as the P- and S-
waves. The inverse problem involves three (algebraic) equations (the displacement
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amplitudes of the longitudinal and transverse elastic waves) and seven unknowns,
which include six components of the force tensor and the duration of the temporal
pulse. For a fault-like region occupied by the force distribution (focal region) the
Kostrov representation holds, which reduces the number of unknowns to four, but,
unfortunately, introduces the volume of the focal region as a new unknown. From
the energy conservation we derive in this paper an equation which relates this vol-
ume to the duration of the pulse, such that we are left with three equations and four
unknowns. The fourth equation needed for determining the system of equations is
obtained from the covariance condition, which eliminates undetermined quantities.
The determined system of equations is solved explicitly, and the components of the
force tensor are given in terms of the far-field waves. In addition, other parameters
of the wave source are determined, like the duration of the pulse, the focal volume,
the released energy, the orientation of the fault and the slip in the fault, all in terms
of the far-field waves. From the fault geometry and the force tensor, we derive a
hyperbola which characterize the force source, in the sense that its asymptotes are
directed along the normal to the fault and the fault slip. Also, the particular case of
an isotropic source, which may correspond to explosions, is presented.
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