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Abstract. Treatment the sewage sludge is a major problem in preserving a clean 
environment. In this study we develop a model that allows the prediction of the net 
power consumption at the stirring of sludge proceeding from wastewater treatment. Its 
novelty consists in describing the mixing power not only as a function of Reynolds 
number and some geometrical dimensions ratios but also as a function on the fluid’s 
consistency, expressed as the dry matter fraction in the sludge. 
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1. INTRODUCTION 

The sewage sludge's treatment and disposal is an expensive and 
environmentally sensitive issue because sludge production will increase as new 
sewage treatment works are built [1]. The traditional disposal ways came under 
pressure, and others like land disposal having been phased out the challenge facing 
countries are to find cost-effective and creative ways while responding to 
environmental, regulatory and public pressures [2, 3]. Recycling and use of wastes 
are better options for sustainable development, rather than incineration, land 
spreading and land filling. 

Realistic mixing scenarios didn’t receive high attention in the literature. One 
of them is the mixing of heavy suspensions (where the concentration of solids is 
greater than 5% w/w) in many such experiments Non-Newtonian behaviour being 
observed. Only a limited number of papers have addressed the mixing in Non-
Newtonian systems, focusing mainly on solutions and fewer studies concern 
mixing of realistic Non-Newtonian suspensions. 
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One of the most common operations in chemical engineering is the fluids’ 
mixing in mechanically stirred vessels. Due to the complexity of flow phenomena, 
the scaling up is difficult. Therefore many studies have been dedicated to 
understanding the flow pattern during mixing [4–7]. The rheology affects the flow 
dynamic, especially when rheology is complex like shear thinning behaviour and 
yield stress [8]. Turbine and helical ribbon stirrers have been extensively studied 
for these fluids [9–13]. However when it comes to high viscosity fluids mixing, an 
adequate mixing is obtained under laminar flow conditions [8]. 

Despite the big number of experimental methods used for quantifying the 
mixing process, mostly performed under restrictive conditions, only a small part of 
them proved to be reliable. Last period an increased capacity of capturing and 
storage of highest data volume, as well as the augmentation of computer processing 
power are noticed. Therefore, huge data volume can be generated. But it is still 
necessary to analyze them properly and to build correct models that can be utilized 
for practical purposes [14]. 

A model should quantify the process with accuracy, avoiding approaches 
more complicated than necessary for the practical purpose. Simpler models are 
more robust and need less entry data for computing [15].  

Last few years, several studies treating the power consumption of inline-
rotor–stator mixers have been published [16–18]. However, no model established 
till now is generally accepted and used for the prediction of power draw in the 
scale-up of rotor–stator devices. The power consumption of stirred devices is often 
described with a Reynolds-Diagram, in which the power consumption of the stirrer 
is represented by the Power number, plotted as a characteristic function of the 
Reynolds number Re. 

The sludge proceeding from wastewater treatment is a high viscosity fluid 
whose rheology is modeled by the Herschel-Buckley correlation [19]. 
Hydrodynamic behaviour of sludge at mixing is a subject of great interest for the 
optimization of the process’ parameters and for predicting the power consumption. 
Therefore, in this article, we present a new mathematical model for mixing the 
wastewater sludge in an agitator vat, under laminar flow conditions (Re < 10). It 
describes the relationship between the mixing power and the flow regime, the 
geometrical dimensions ratios, and the dry matter concentration, that generalizes 
our previous result [20]. It has been obtained using 288 data sets collected during a 
laboratory experiment.  

2. METHODS 

The experiment was carried out in a cylindrical stirred tank with a dished 
bottom, fitted with an anchor stirrer. The equipment has eight rotation speed steps, 
from N = 100 rpm to N = 800 rpm. Three vessels of different diameters, D (0.1 m; 
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0.08 m and 0.07 m) and one anchor impeller with the diameter d = 68 mm were 
used. The vessels were filled with the fluid up to different heights, H (0.15 m; 0.12 
m; 0.09 m).  

The sludge resulted from the treatment of wastewater proceeding from an oil 
refinery mixed with sewage waters and had different fractions of dry matter, f 
(0.34; 0.272; 0.243).  

The sludge rheology is best described by the Herschel-Buckley model:  

 ,0
nm γττ &⋅+=  (1) 

where τ [Pa] is the shear stress (with the initial value τ0), γ& [s-1] – the shear rate,  
m [Pa·sn] – the consistency index, and n – the flow behaviour index. 

Therefore, the apparent viscosity,η , is given by: 

 10 −⋅+= nm γ
γ
τη &
&

. (2) 

The parameters τ0, m and n in the Herschel-Buckley model have been 
determined in [21], function of the dry matter fraction in sludge, f, and serve to 
calculate the apparent viscosity of the fluid at the current rotation speed, N. The 
parameters are shown in Table 1. 

Table 1  

The parameters in the model (1) for the sludge with different dry matter content, f [wt]  

f parameters determination coefficient (R2) 
m = 7.688 

τ0 = 80.051 0.34 
n = 0.637 

0.928 

m = 5.194 
τ0 = 59.945 0.272 
n = 0.728 

0.926 

m = 0.963 
τ0 = 29.572 0.243 
n = 0.971 

0.934 

The power consumption at the swivel pin, Pt, was measured with a wattmeter. 
The mixing power, P [W], was calculated according to: 

 
maxmax

)(
τ
τ

⋅⋅−=
N

NPPP et , (3) 

where Pe is the power consumption in blank operation, N is the current rotation 
speed, Nmax is the maximum rotation speed, τ is the shear stress at the current 
rotation speed and τmax is the shear stress at the maximum speed. 
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The mixing power per unit volume varied between 1.15 kW m-3 and  
13.26 kW m-3. 

The dimensionless numbers Np (Power number) and Re (Reynolds number) 
are calculated using the equations: 

 53 dN
PN p ⋅⋅

=
ρ

, (4) 

 
2 2nN dRe ρ
η

−⋅
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where ρ  is the fluid density. 
The combination of these eight rotation speeds, three diameters, three heights 

and three fractions of dry matter in sludge led to 288 sets of experimental data used 
for mathematical modeling.  

Firstly, we considered the mixing general equation: 

 
p q

b
p

H dN k Re
d D

   = ⋅    
   

, (6) 

where k, p, q, b are parameters to be found and H, d, D, Np, Re have the same 
meaning as in the previous section.  

This simple model is based on dimensional analysis and on empirical 
observations that show that the power number and the Reynolds number are 
correlated. 

k, p, q and b have been estimated in a two-step procedure, based on the 
linearization of (6) and the application of the least squares method. 

The 288 sets of experimental data have been divided in 3 groups of 96 sets, 
corresponding to the different dry matter fractions, f ∈{0.34, 0.272, 0.243}. Since a 
common value of b = – 1.0633 has been found by plotting Np vs. Re for all the 
groups of data, then (6) can be written as:  

 b
pN a Re= ⋅ , (7) 

where 

 qp dDdHka )/()/(= . (8) 

Since from the experimental observations it resulted that a depends on the 
dry matter fraction f, we consider k in (6) as a function of f, of the form ,αfk = α  
being a constant to be found. Therefore, (8) can be written as: 

 qp dDdHfa )/()/(α= . (9) 
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Taking logarithms in (9), it results that: 

 )/ln()/ln(lnln dDqdHpfa ++= α , (10) 

where α , p, q have to be estimated. 
Equation (10) can be written in the equivalent form: 

 ,321 qXpXXY ++=α  (11) 

where: )./ln(),/ln(,ln,ln 321 dDXdHXfXaY ====  
So, we look for a model of the type:  

 ,321 ttttt qXpXXY εα +++=  (12) 

where Yt is the dependent variable, X1t, X2t, X3t  are independent (explicative) 
variables, and tε is the residual. 

Since we work with a sample of 288 observations, we have a system of 288 
equations: 

 ,288,...,1,321 =+++= teqxpxxy ttttt α  (13) 

where yt is the estimated value of Y, ttt xxx 321 ,, are the registered values of X1, X2, 
X3  and et is the error. 

qp,,α  are determined so that to minimize ,
288

1

2∑
=t

te  using the least squares 

method. 
To estimate the model’s quality, some statistical tests have been performed, 

at the significance level of 0.05, using R software. Shortly describing them, the null 
hypothesis will be denoted by H0 and the alternative one by H1 [22]. 

The Student t-test has been used for checking the null hypothesis that an 
estimated coefficient in the model is zero against the alternative that the coefficient 
is not zero.  

The F-test has been used to test the significance of the model as a whole, so 
H0 was: At least one coefficient ( qp,,α ) in the model is zero and its alternative 
was H1: All the coefficients in the model are not zero. 

For the t and F tests, the p-values have been computed. If they were less than 
0.05, the null hypothesis has been rejected. 

To study the residual autocorrelation, the autocorrelogram has been built, 
toghether with the confidence interval at the confidence level of 0.95. The 
existence of values outside the confidence interval provides the evidence of the 
autocorrelation existence. The Durbin-Watson test [23] has also been performed to 
test the hypothesis of the existence of first order autocorrelation of residuals. Since 
both procedures confirms the existence of the first order residuals autocorrelation, 
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the Cochrane-Orcutt procedure [23] has been used to re-estimate the model’s 
coefficients. 

We shortly describe here the Cochrane-Orcutt procedure. 
Denoting by ρ the first order autocorrelation of residual, ,tε  ρ is estimated 

from an autoregressive of first order model: 

 .1 ttt ξρεε += −  

Denote this estimate by ρ̂ .  
Setting 

 * *
1 1, , 1, 2, 3,t t t jt jt j tY Y rY X X rX j− −= − = − =  

regress *
tY on * , 1, 2, 3,jtX j =  by the least squares method and obtain the new 

estimates of the coefficients. If the errors’ autocorrelation is still present, then 
restart the described procedure. 

3. RESULTS 

The estimated values of the parameters qp,,α  from (12) are presented in 
Table 2 (column 2) together with the values of t and F statistics calculated for the 
coefficients (columns 3 and 5) and  the corresponding p-values calculated in the t 
and F tests (columns 4 and 6). Since the p-values are less than 0.05, we find 
enough evidence to accept the hypotheses that the coefficients are significant and 
the model is significant in its whole. 

Table 2 

Estimated coefficients of the model (12) and results of t and F tests 

 Coefficient t – stat p - val F – stat p – val 
α  –5.147 –58.1527 4E–160 
p 1.692 10.1410 7.77E–21 
q 3.869 9.9088 4.42E–20 

6351.147 6.7E-260 

After performing the residual analysis, the existence of the first order 
autocorrelation of residuals has been revealed. Therefore, the Cochrane-Orcutt 
procedure was applied and the model’s coefficients have been re-estimated. The 
results are presented in Table 3. 
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Table 3 

Final coefficients of the model given by (12) after application of Cochrane-Orcutt procedure  
and the results of t and F tests 

 Coefficient t  – stat p – val F – stat p – val 
α  –5.0497 –12.700 < 2E–16 
p 0.700 3.911 1.15E–4 
q 2.9258 15.689 < 2E–16 

190.151 < 2.2E–16 

Finally, the determination coefficient (R2) has been computed for checking 
the model’s quality. Since its value is R2 = 0.985, it results that 98.5% of variation 
of Y is explained by the variation of X1, X2 and X3.  

We also mention that the residual standard error is of 0.2635, and the 
minimum and maximum errors are respectively of –1.803 and 1.9485.  

So, the form of Eq. (6) for the mixing power calculation is: 

 
0.700 2.9258

5.0497 1.0633
p

H DN f Re
d d

− −   = ⋅ ⋅   
   

. (14) 

Then, knowing the power number Np, the mixing power P can be computed 
using (4) and the power consumption should be estimated at 125 to 200% of the 
mixing power. 

4. CONCLUSIONS 

In this study we developed a model that allows the prediction of the net 
power consumption at the stirring of sludge proceeding from wastewater treatment. 
It can serve for the scaling up of the mixing in agitator vats equipped with anchor 
stirrer. The model has been built on experimental basis, using both the dimensional 
analysis and a mathematical procedure for its linearization and its quality has been 
verified by statistical methods.  

Apart from other empirical models from the literature, the novelty of our 
model consists in introducing the consistency of the sludge in equation, a factor 
strongly influencing the power consumption. 
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