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Abstract. The macroscopic quantum self-trapping (MQST) of two-component 
Bose-Einstein condensates (BECs) with two- and three-body interactions is studied. 
For the undamped case, a high modulating frequency causes a monotonic increase in 
the number of localized atoms in one well. Decreasing the modulating frequency 
changes this monotonic increasing trend and lead to an oscillating appearance of 
MQST in the two wells. But a weak damping changes this oscillating behavior and 
keep the MQST in one well after a transient process. The parametric resonance is also 
observed in the time-evolution of the population imbalance. 
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1. INTRODUCTION 

There is always extensive interest in studying various properties of Bose-
Einstein condensates (BECs) [1–40]. As is known, atomic BECs are evidently 
influenced by interatomic forces. For attractive systems, it may become unstable 
and tend to collapse when the two-body interaction is strong enough. This has been 
observed in experiments for 85Rb [1] and 7Li [2]. Therefore the number of 
condensed atoms is very limited in attractive BECs. Fortunately, it was reported 
that an three-body repulsive interaction can increase the number of condensed 
atoms [2–9]. And the number of condensed atoms can increase considerably, even 
when the strength of the three-body force is very small compared with the strength 
of the two-body force [3]. That is to say, the three-body interaction can balance the 
two-body interaction and lead to a stable attractive BEC with more atoms in the 
trap [4]. So it is undoubted that the three-body interaction expressed as a quintic 
term added to the Gross-Pitaevskii equation (GPE) can play an important role in 
manipulating attractive BECs. It is interesting that nowadays through Feshbach 
resonances the two-body interaction can be changed from attractive to repulsive [2] 
and the three-body interaction can be attractive [5]. 
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In recent years, the role of the three-body interaction in BECs attracts 
considerable attention [6, 8–12]. Ref. [6] studies the stability and chaos of Two 
coupled Bose-Einstein condensates with a three-body interaction. The stability 
region of the parameter space can be enlarged by changing the three-body term [8, 
9]. Adjusting the three-body interaction will strongly suppress the revival in a  
double-well Bose-Einstein condensate [10]. Usually the three-body interaction is 
considered to be complex and the imaginary part of it describes the dissipation 
process, leading to a loss of the atoms in the condensate [11]. In Ref. [12] an 
imaginary three-body interaction term is considered and the existence of chaotic 
and unstable cycle behavior for a periodically time-varying scattering length is 
found. The role of real quintic terms for BECs in single wells have also been taken 
into account [3, 5, 7]. In this work we will consider the macroscopic quantum self-
trapping (MQST) behaviors of a double-well BEC system with a three-body 
interaction expressed as a real quintic term in the GPE. 

2. THEORETICAL AND NUMERICAL ANALYSES 

The dynamical evolution of a weakly interacting Bose-Einstein condensate 
near zero temperature is well described by the time-dependent Gross-Pitaevskii 
equation (GPE) in the mean-field frame [5, 6]  

 

2
2 42

2 3( , ) [ ( , ) ( , ) ( , ) ] ( , )
2 exti r t V r t g r t g r t r t

t m
∂
Ψ = − ∇ + + Ψ + Ψ Ψ

∂
hr r r r r

h , (1) 

where ( , )r tΨ
r  is the condensate wave function, ( ,  )extV r tr is the laser trapping 

potential, 2
2 4 /g a mπ= h characterizes the two-body interaction, a  is the atomic 

scattering length, m is the atomic mass, h  is the Planck constant, and 3g represents 
the three-body interaction. 

To study the dynamics of a BEC in a double-well, we consider the two-mode 
approximation [13–17], and then the solution of Eq. (1) can be expressed in the 
following form [13] 

 1 1 2 2( , ) ( ) ( ) ( ) ( )r t t r t rψ ψΨ = Φ + Φ
r r r . (2) 

The validity of Eq. (2) for two-component BECs has been proved in  
Refs. [13]. 

Only when the two BECs are weakly coupled, could the two-mode 
approximation be applied to the system [13–17]. It means that the spatial 
distribution functions 1( )rΦ

r  and 2 ( )rΦ
r  are localized in each well with a very 

weak overlap. In this paper we assume 1( )rΦ
r  and 2 ( )rΦ

r  to be real functions. 
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Therefore the two spatial distribution functions satisfy the orthonormalization 
relations 
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 for , 1,2.i j =  (3) 

The time-dependent wave functions can be set as ( ) ( ) exp[ ( )]i i it N t i tψ θ=  for 

1,2i = . Here 2
1 1( ) | ( ) |N t tψ=  and 2

2 2( ) | ( ) |N t tψ=  are the numbers of condensed 
atoms and 1( )tθ  and 2 ( )tθ  are the phases of condensates in the two wells, 
respectively. It is obvious that the number of the total condensed atoms in the two 
wells is 2 2

1 2 1 2 TN N Nψ ψ+ = + ≡ . Combining Eqs. (1)–(3) and after some integrations, 
one can get two coupled nonlinear equations 
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' 6 3

3 di iU g r= Φ∫ . (9) 

Here 1E  and 2E  are the zero-point energies in each well, 1U  and 2U  are 
proportional to the two-body interactions between atoms, K describes the amplitude of the 
tunneling between the two condensates, '

1U  and '
2U  represent the three-body interactions. 

It is obvious that when the trapping potential ( , )extV r tr  depends only on the spatial 
coordinates, the above parameters are all constants. For reasons of convenience, defining 
the fractional population imbalance 2 2

2 1 1 2( )  [ ( ) ( )] /  (| | | | ) /T Tz t N t N t N Nψ ψ= − = − and 
the relative phase 1 2 (t) = (t) (t)φ θ θ− , and substituting them into Eqs. (4) and (5),  
we obtain 

 0TN =& , (10) 
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2–2 ( ) 1 – sinz K t z φ=& , (11) 
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with  
2 1 2 1( ) / 2TE E U U Nα = − + − , 

2 1( ) / 2TU U Nβ = + , 
' ' 2
2 1' ( ) / 2

T
U U Nα = − , 

' ' 2
2 1' ( ) / 2

T
U U Nβ = + . 

The dot “·” denotes the derivative with respect to time. It is clear from Eq. 
(10) that the total number of particles in the two wells is conserved. For the sake of 
simplicity, in Eqs. (10)–(12) we have rescaled the time t  to a dimensionless 
variable [ ] /K t h  [13, 14, 21]. Here [ ]K  is the unit of K. Accordingly, all parameters 
and variables are dimensionless. In a real system the tunneling atoms are inevitably 
subject to damping. Here in this paper we consider the damping force of the form 
– zη . It appears for two interacting BECs with different hyperfine levels and 
connected by “tunneling” transitions in a single harmonic trap potential [15, 21, 
24]. In this work we only consider the damping force in this form. Adding the 
dampping term to Eq. (11), we have 

 
2 –2 ( ) 1 –  sin  –z K t z zφ η=& . (13) 

We consider the case with 

0( ) cost tα α= Ω , 0( ) cost tβ β= Ω , '
0'( ) cost tα α= Ω , '

0'( ) = cost tβ β Ω , 

0( ) sinK t K t= Ω . 

It is obvious that with the time-dependent parameters to seek the analytical 
solutions of Eqs. (12) and (13) is very difficult. Under these circumstances, we 
resort to numerical methods. Consequently, in the following parts of this paper we 
perform numerical computations and demonstrate the dynamical behavior of the 
system through the software package Mathematica. We mainly focus our attention 
on MQST behavior of the system. 

By using the software package Mathematica, we numerically solve Eqs. (12) 
and (13) and plot a series of time-evolutions of ( )z t  from  0t = to    3000t =  
in ( ,  )z t  plane. We first investigate the impact of frequency Ω  on the system. In 
the course of numerical simulations, we find that when the parameters and initial 
conditions are set as  
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0= 0.6K , 0 0.12α = , '
0 0α = , 0 0.12β = , '

0 = 0.12β − , 80Ω = , 0η = , (0)  0.5z = ,  
and (0)φ π= , 

the time-evolution of ( )z t shows that the MQST appears in one well and ( )z t  
increases monotonically with time, as can be seen in Fig. 1; that is to say, more and 
more atoms are localized in one well. It is worth pointing out that by setting '

0 0α = , 
'
0 = 0.12β −  one obtains ' ' 2

1 2 0.12 / TU U N= = − , which ensures that the three-body 
interactions in the two wells are equal. 
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Fig. 1 – The fractional population imbalance ( )z t  increases monotonically. The parameters and 

initial conditions are set as 0 =0.6K , 0 0.12α = , '
0 0α = , 0 0.12β = , '

0 = 0.12β − , 

80Ω = , 0η = , (0)  0.5,z =  and (0)φ π= . 

But when the frequency Ω decreases, this monotonic increasing trend of 
( )z t  changes, as can be seen in Fig. 2. From Fig. 2 (a) with 15Ω =  one can 

distinctly observe that the system is still in a MQST state, but the monotonic 
increasing trend of ( )z t  has been changed. When the value of Ω  decreases to 9, 
Fig. 2 (b) indicates that after a period of time the self-trapping shifts to the other 
well. Further decreasing Ω  to 4, one can see that the self-trapping behavior 
alternately appears in the two wells with time, as can be seen in Fig. 2 (c). The 
time-evolutions of ( )z t  depicted in Fig. 2 show that by adjusting the frequency 
Ω one can obtain any desired oscillating period of MQST between the two wells. 
In other words, one can control the time the MQST is localized in one well via 
regulation of Ω .  
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Fig. 2 – Plots of the time evolution of the relative population ( )z t from Eqs. (12) and (13).  

(a) with 15Ω = ; (b) with 9Ω = ; (c) with 4Ω = . The other parameters and initial conditions are the 
same as Fig. 1. 

In a real system the tunneling atoms are inevitably subject to damping forces. 
Therefore in this paragraph we consider the effect of the damping on MQST 
behavior of the systerm. Accordingly we choose the damping parameter η  as the 
controlling parameter. Setting '

0 0.04β = −  and the other parameters are the same as 
Fig. 2 (c), we find when the damping parameter η  has a value of 0.003 , the time-
evolution of ( )z t  shows that the MQST stays in one well after a transient process 
from    0t =  to  =1500t  (Fig. 3 (a)). When η  increases to 0.01, the transient 
process is sharply shortened and after   300t =  the MQST steps into the same 
well, as can be seen in Fig. 3 (b). When η  further increases to 0.02, Fig. 3 (c) 
displays that the MQST phenomenon will always be in the same well and not 
appear in the other well at all. Figure 3 illustrates that in a real system the influence 
of the damping on the MQST can be notable for some specific values of the system 
parameters. That is to say, in a real system the damping can play an important role 
in the atom tunneling process under certain conditions. 
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Fig. 3 – The MQST stays in the other well after a transient process  
in the presence of damping. (a) 0.003η = ; (b) 0.01η = ; (c). 0.02η = . 

We also find that there exist parametric resonances in the oscillations of the 
population imbalance. A parametric resonance represents a  complicated resonant 
behavior in many physical systems. For some systems, adjusting one or several 
relevant parameters can result in a resonant behavior [9, 25–31]. Ref. [9] 
investigates geometric resonances in Bose–Einstein condensates with two- and 
three-body interactions. Resonant energy transfer [25] and resonant wave 
formation [26] in Bose-Einstein condensates are also researched. Refs. [32–34] 
focus on Faraday waves in Bose-Einstein condensates and present research 
findings into resonant behavior. Here in this paper for some specific values of 
system parameters we numerically find the parametric resonance in the time 
evolution of the fractional population imbalance ( ).z t When 0 = 0 .9 3,K  0 0.01α = , 

'
0 0α = , 0 0 .04,β =  '

0 0.05,β = −  1Ω = , 0η = , (0)  0.5z = , and (0)φ π= , a typical 
parametric resonance appears, see Fig. 4 (a); Fig. 4 (b) is the corresponding typical 
time-evolution of the relative phase. As is known, resonant behaviors are usually 
controlled through the modulating frequency. We only increase the value of Ω  to 
1.45  and the other parameters are kept unchangeable, and then marked change 
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appears in the parametric resonance, as can be seen in Fig. 4 (c); the corresponding 
time-evolution of the relative phase is depicted in Fig. 4 (d). 
 

 
Fig. 4 – The parametric resonance for 0 =0.93K , 0 0.01α = , '

0 0α = , 0 0.04β = , '
0 = 0.05β − , 

0η = , (0)  0.5z = , and (0)φ π= . (a) and (b) : 1Ω = ; (c) and (d): 1.45Ω = . 

3. SUMMARY 

In summary, we have numerically investigated the macroscopic quantum 
self-trapping (MQST) of two-component Bose-Einstein condensates (BECs) with 
two- and three-body interactions. The effects of the modulating frequency and the 
damping on MQST are demonstrated. For the undamped case, a high modulating 
frequency can induce a monotonic increase in the number of localized atoms in one 
well; by decreasing the modulating frequency and keeping the other parameters 
fixed one can obtain oscillating appearance of MQST in the two wells. Numerical 
simulations also reveal that a weak damping can force the MQST steps into one 
well after a transient process and the MQST will always stay in it. The parametric 
resonance is also observed in the time-evolution of the population imbalance. 
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