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Abstract. The purpose of this study is to investigate a combination between the
homotopy analysis method and finite differences for the numerical resolution of
coupled two-dimensional Burgers’ equation. The performance of the proposed
technique is successfully verified. The application shows very good agreement of the
two convergence regions for absolute and relative errors. This fact is important in case
the exact solution is unknown.
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1. INTRODUCTION

The technique we employ in this work can be applied to many nonlinear
partial differential equations and systems of equations which model problems from
fluid mechanics, solid mechanics, steady reaction-diffusion and heat equations,
electrostatics, etc. The method is based on the homotopy analysis to decompose the
original nonlinear problem in a sequence of linear problems. Then, each linear
problem is solved by finite differences technique. In a brief description, we present
our problem.

Burgers equation is involved in the mathematical model of hydrodynamic
turbulence, shock waves theory, traffic flow problems [1-4]. It also describes the
sedimentation of two kinds of particles in fluid suspensions under the effect of
gravity, transport and dispersion of pollutants in rivers, sediment transport [5, 6].

The Hopf-Cole transform is applied in [7] to construct a class of exact
solutions of Burgers’ equation. Methods which combine Newton algorithm and
finite differences or finite elements are investigated by Fletcher [8] to obtain the
approximate solution of steady two-dimensional coupled Burgers equation. A finite
element approach based on the least-squares conjugate gradient method for steady
2-d Burgers’ equation was analyzed in [9].
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Caldwell et al. [10] investigated a finite element method for the one-
dimensional uncoupled Burgers’ equation by altering the size of the element at
each stage, using information from the previous step. In [11, 12] the homotopy
analysis method (HAM) is implemented to determine the analytical solutions of
one-dimensional uncoupled Burgers’ equation. A method based on the two-
dimensional Hopf-Cole transformation and local discontinuous Galerkin finite
element method is analyzed in [13] to solve 2-d Burgers’ equation. In [14], the
differential transformation method is applied to obtain the analytical solution of
coupled unsteady Burgers equation. The local radial basis functions collocation
method to calculate the numerical solution of the transient coupled Burgers’
equation is examined in [15].

The Lie symmetry analysis and Ansatz method to obtain new solutions of
coupled Burgers’ equation are accomplished in [16].

The article is constructed in the following manner: section 2 is concerning
with the governing Burgers system of nonlinear partial differential equations, the
frame of homotopy analysis combined with finite differences schemes and a
convergence theorem. Section 3 contains the numerical test of the proposed
method. The paper ends with concluding remarks.

2. MAIN RESULTS

The system of coupled two-dimensional steady Burgers’ equations is
described by the relations:

*u  u ou ou
F+F=Re ua——i-va—
Y Y Y (ny)eD=[a,blx[c,d]c R’ (1)
o*v 0% ov ov
—2+—2:Re Uu—=+v—
ox~ oy ox Oy
“|r:gls V|1—=g2, (2)

def 1
where U =[u,v] is the velocity; Re=—is the Reynolds number, v = the
v

coefficient of viscosity; I' is the boundary of the problem’s domain; g;,g, define

the boundary values of U.

For the numerical solving of (1), (2) we apply a technique which combines
the homotopy analysis and finite differences schemes. The HAM is a powerful
method designed to determine the approximate solutions of mathematical problems
arising from nonlinear sciences. This theory was created by Liao [17-20] and it
was successfully applied to solve nonlinear problems in physics, mechanics,
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engineering [21-31]. The theory of general boundary element method was
developed in [32-35] to solve nonlinear partial differential equations.
Further, we present a brief description of the HAM. For a nonlinear equation

N[u(x)]=0 (3)

the method constructs a homotopy series

#(x,p) = u(x)p’ 4)
s=0
so that when p varies from 0 to 1, the series solution ¢ deforms from the initial
guess uy(x) =¢@(x,0) to the exact solution u(x)=¢(x,1). Homotopy technique
establishes the zero-order deformation equation [17]:

(= p)L[H(x, p) —ug(x)] = ph H(x)N[¢(x, p)]. )

The method gives the possibility to select in different ways the auxiliary
linear operator L, the initial approximation u, and the auxiliary function
HeC(D),H(x)#0. More general forms of the zero order deformation equation

were considered in [20]. The control-convergence parameter %= (0 provides a
convenient way to ensure the convergence of homotopy series solution for p =1. It

will be a solution of the nonlinear problem (3):

u(x) =g = u,(x). (6)
s=0
. 10°¢ .
We take the s-th order homotopy derivative D (¢) = _'6 (x,0) in eq. (5)
S ps

and deduce the s-th order (s >1) deformation equation:
L{uy () = 7,1 (x)] = h H(x)Dyy (N[g(x, p)]), (7)

0,s<1
where y, = 1553

We perform the HAM for our problem (1)(2) in a vectorial manner. The
homotopy series will be

px,y.p)=D. U(x,)p’ =Y [u(x,),v,(x,)]p* =

s=0 s=0
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0

= {Z u (6, 0)p°, Y vy(x, y)p‘?} = [4(x. 5. p).6> (x, 7. p)]. (®)

5=0 s=0
Also, we select
L[¢1,¢2] = [L1[¢1,¢2],L2[¢1,¢2]] = [A¢1,A¢2]
Nl $:1=[Ni[¢y. 6,1, V1[4, 6, 1] =

{A@ (¢1 Sy, ¢jA¢z (¢1 92 1y, %H

The s-th (s >1) deformation equation is given by (7):

(LU, = 2,Us L Lo [U = U = H(x, p)D (N[, 6,1, N2, 6,1). (9)

The computation yields
m s=1 oy
D, {¢1 o j Z (Z m_,-)p’” => —Zu. ;. (10)
m=0 j=0 =0 Ox
From (9)(10), we deduce the first order deformation equation:
[Aul,Avl]zhH(x,y) Auy —Re uoai+voa ,Avy —Re u0%+v0 o .
ox oy ox

oy
(11)

The s-th order (s > 2) deformation equation is defined by
[Aug,Av,]=(1+1H(x, ) [Augy,Avy |-

s (ou; ou ; s (v, ov; (12)
—hH(x,y)Re[Z (a—xjus_l_j +gjvs_1_jJ,z (a_;us_l_j +g]vS—1—j}}

J=0 J=0

According to the boundary condition (2), we impose:

¢| [¢1|r,¢2 rl= Z lu, V| I =lg1.8:]-

The s-th (s > 0) order homotopy derivative in the above relation yields

raVo|r]=[g1=gz],[us|ra"s|r]:0aSZI- (13)

In fact, the problems (11), (12) together with the boundary conditions (13)
are Poisson equations:

[“0
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Aug = [ (X, 0,Ug Uy eyl 1,V V]eees Vo) 1N D (14)

us|l—‘:0
and similar for vy ,s >1.

The finite differences method is involved at this stage. We divide the interval
[a,b] in n subintervals and [c,d] in m subintervals:

h:b—a’ x; =a+ih, i=0,_n

. yj=c+jk, j=0m
m

Usij Eus(xi,yj), s20, i=0,n, j=0,m
Aug(x;,y;) will be approximated by

Ugi,j— 2usij +u - 2”Sl’j Tl j+l

sithj Usij-1

h? k?

, i=Ln-1j=1,m-1.

The first order derivatives in eq. (12) will be calculated with schemes of
order O(h*),0(k*):

L

12h[—3usoj—10uslj+18u52j—6us3j+us4j], j=Lm-1

Ou
—S.X', ) =~
ax(lyj)

[us,i72,j - 8us,i71,j +8 Ugivl,j — us,i+2,j]> i=2,n-2,j=1m-1

O
—(x;,y;
ox (i)

ou 1 .
) E Fg g+ 61y, —18uy, 0 +10u,, . 5 +3u,,,) j=Lm-1

T 124

Similar formulas will be applied to compute the other partial derivatives
in (12).
The initial approximation U, =[u,V,] is defined by

&1 (5.7 ), 2205y )| for (x;,y ) €T
Ugij = i=0,n,j=0,m. (15)
[gl (xiayj)’gz(xl‘,yj)] for (xi’y_j) e Int(D)

The function [g;,g,] is determined by the rule of the solution expression

[17] and takes into consideration the governing equations and the boundary
conditions.
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The resolution of the linear algebraic system provided by finite differences
in eq. (14) is accomplished by Gauss-Seidel algorithm [8]:

0 _
Usij = Us—1ij
ey 1 2
S,,j 2(/1+1)[ —h fs (xi’yj’uOij""5us71,i,j’v0ij""’vsfl,i,j)+ (16)

) (r+1) (r) (r+1)
gyt Uy T A g TG ) ]

for s>Lr=0,N,,j=lLm-1i=ln-1,4 =(%)2, N, = the number of iterations.

In a similar way is computed vsij,i =Ln-1,j=1m-1,s>1.

We proceed with a convergence theorem.
Theorem 1. Suppose the homotopy series solution

0 def
pr,y) =) Us(x,y) = U(x,) (17)
s=0

is convergent for a convenient value of the control-convergence parameter 7.
Then U(x, y)=[u(x,y),v(x,y)] is solution of the problem (1), (2).

Proof. From (17) it follows lim U (x,y)=0.
5§00
Eq. (9) provides

hH (x,y)Y Do (N[ =Y LU, -7 U, ]=
s=1 s=1

= L|:i [Uv - ZsUsfl ]:| = L[ lim US — }(lUOjI =0

§—>00
s=l1

Because 71 H(x,y)# 0 in D, we deduce:

Dy (N[ = Dy (Ap—Re(p-V)p)=

s=l1

0=

[>e}

S=

0 ok
=A{z UkJ—Rez z Uy VU, . (18)
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On the other hand,
0 ) k
U= U VW; =D > U;-VU,. (19)
i,j=0 k=0 j=0

The egs. (18)(19) yield
AU —-Re (U-V)U =0,

which is exactly the system (1) in vectorial form. Moreover, the relation (13) gives

0

U|r 22 Us|r =U0|r =[g1.221]
s=0

The approximate solutions U, =[u,Viis] calculated in (16) provide the

approximate homotopy series solution:

#(x,3.P) = G (%, 3, p ) = Y Uy (. 3.1)p°
s=0

The N-th order approximate solution of eqs. (1)(2) is stated as follows:

U(x,y) =[u(x,y),v(x,y)] = ¢(x,y,)) =

N def __
= By (6 01 = D U (6, 3,1) = Uy (0,9, 1)
s=0

with Uy (5,3, 1) = [y (X, 1, 1), Vg (x, 9, 1)]

For convenient values of 7, the convergence:

err _abs gy (1) dif”UhkN () =U| = sup [Ty (x,,1) = U (x,3)] =
(x,y)eD

:max{ sup ||L7hkN(xay,h)—“(X,)’)

, Sup ||\7hk1v (x,y,h)—v(x, y)”} _Nowo ko0
(x,y)eD b

(x.y)e

is equivalent to the fact the sequence (l7 WN (-,~,h)) v is fundamental. This provides:

N+q
T T N—oow, h,k—0 *
[Tt g o) =Ty )| = sup || Y Uy G, 3, )| —222E2250, (v)g e N
(x,3)€D||s=N+1

In particular, we obtain:
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def
1 N>, h,k—0
err_rel,(lk)N (h) = ( sup "UhkN (x,, h)”;)o

x,y)eD

def
2 N—o, h,k—0
ei’r_l’el}(lkl)v (h) = Sup “Uhk,N—l (x,y,h)+UhkN(x,y,h)+Uhk’N_H “#}0
(x.y)eD

3. NUMERICAL TEST
In our application we compare the numerical solution accomplished by finite

differences-homotopy analysis and the exact solution provided by Hopf-Cole
transformation:

d
—22‘”(x,y) 2w
u(x,y) = 2 . v(xy) =
w(x,y) v (x,y)

Replacing u, vin (1), we deduce Ay =0.
As shown in [8], the following expression for y gives considerable control
over the velocity field [u,v]:

w(x,y)=a; +a,x+ayy+asxy+2ascosh(A(x—xy))cos(1y).

The rule of solution expression suggests the exact solution can be written in the
following form, in the domain [a,b]x[c,d]:

= +b; +d. ;i +b; +d
Uy =| X (=2 =25 3 b= =05 .

i,j=0 i,j=0

We define g, =0, g, =0 in (15) for the initial approximation U, .
In our computation, the auxiliary function H(x,y)=1.
We establish the problem’s domain D =[0,2]x[-0.5, 0.5] and a; =20,a, =10,

ay=—-T,a4=3,as=51=1xy =1,Re=500.

Table 1 is concerning with the values of min sup “U wey (X, v, 1) =U (x, y)”
" (xy)eD

for the involved grids and for different orders of approximation.
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Table 1

The absolute errors for the two grids and different orders of approximation

(m, n) N orQer of Control convergence Sup err,p
approxnnatlon parameter xeD
5 0.2 6.680661-107
(10,10) 10 —0.35 6.353898-107°
20 -0.55 5.623094-107
5 0.6 4773359107
(16,16) 10 —0.2 4.680703-107
20 -0.35 4.682222-107

Figures 1 and 2 present the graphs of the functions
hi>err _absyy(h), hrerr rel,(l}{)N (h), herr rel,(li])\, (h).

The graphic representations show the convergence regions of the absolute
and relative errors are in good agreement.

x10°
9
8
7
6
.
? 4
3 II:
114
. W o
4

18 46 14 12 -1 08 06 04 D2
h

Fig. 1 — i -curve of err _abs (solid line), err _rel ®

(dotted line), err_rel(z) (dashed) for N =10, m =n =16.
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arr
MW kR oo m Y m @

—_

Fig. 2 — h -curve of err _abs (solid line), err _rel O

(dotted line), err rel @ (dashed) for N =20, m = n =16.

Figures 3 and 4 deal with the representations of the function

D9(xs)/)'_)e’”r,abshkN(xsy,h)=max{| ﬁhkN(xaysh)_”(X,J’) |9|‘_)hkN(xay9h)_v(x9y) |}

o 05

Fig. 3 — Absolute error at 20-th order approximation
for m =n=10,7 =-0.55.
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Fig. 4 — Absolute error at 20-th order approximation for m = n =16, = —0.35.

4. CONCLUSIONS

A method to determine the approximate numerical solution of the steady
coupled two-dimensional Burgers’ equation was investigated in this paper. The
technique successfully combines the homotopy analysis and finite differences. It
can be applied to other nonlinear partial differential equations which come from
nature sciences.

REFERENCES

1. J. M. Burgers, A mathematical model illustrating the theory of turbulence, Adv. Appl. Mech. 1,
171-199 (1948).
. G.B. Whitham, Linear and Nonlinear Waves,Wiley, NewYork, 1974.
. W.X. Ma, 4 hierarchy of coupled Burgers systems possessing a hereditary structure, J. Phys. A 26,
1169-1174 (1993).
. AM. Wazwaz, Partial Differential Equations: Methods and Applications, Balkema Publishers,
The Netherlands, 2002.
. S. E. Esipov, Coupled Burgers’ equations: a model of polydispersive sedimentation, Phys. Rev. E
52,3711-3718 (1995).
6. J. Nee and J. Duan, Limit set of trajectories of the coupled viscous Burgers equations, Appl. Math.
Lett. 11, 57-61 (1998).
7. C.A.J. Fletcher, Generating exact solutions of the two-dimensional Burgers’ equations, Int. J.
Numer. Meth. F1. 3,213-216 (1983).
8. C.A.J. Fletcher, Computational Techniques for Fluid Dynamics, Springer, 1988.

W N

N

W



Atrticle no. 103 LA. Cristescu 12

9. A.N. Boules, On the least-squares conjugate-gradient solution of the finite element approximation

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

of Burgers’ equation, Appl. Math. Modell. 25, 731-741 (2001).
J. Caldwell, P. Wanless and A. E. Cook, A4 finite element approach to Burgers’ equation, Appl.
Math. Modell §, 189-193 (1981).

M.M. Rashidi, G. Domairry and S. Dinarvand, Approximate solutions for the Burger and
regularized long wave equations by means of the homotopy analysis method, Comm. Nonlin. Sci.
Numer. Simul. 14, 708-717 (2009).

M. Inc, On numerical solution of Burgers’ equation by homotopy analysis method, Phys. Lett. A
372, 356-360 (2008).

G. Zhao, X. Yub and R. Zhang, The new numerical method for solving the system of two-
dimensional Burgers’ equations, Comput. Math. Appl. 62, 3279-3291 (2011).

R. Abazari and A. Borhanifar, Numerical study of the solution of the Burgers and coupled
Burgers equations by a differential transformation method, Comput. Math. Appl. 59, 2711-2722
(2010).

Siraj-ul-Islam, B. Sarler, R. Vertnik and G. Kosec, Radial basis function collocation method for
the numerical solution of the two-dimensional transient nonlinear coupled Burgers’ equations,
Appl. Math. Modell. 36, 1148-1160 (2012).

G. W. Wang, T. Z. Xu and A. Biswas, Topological solitons and conservation laws of the coupled
Burgers’ equations, Rom. Rep. Phys. 66, 274-285 (2014).

S.J. Liao, Beyond perturbation: introduction to the homotopy analysis method, Boca Raton:
Chapman & Hall/CRC Press, 2003.

S.J. Liao and Y. Tan, 4 general approach to obtain series solutions of nonlinear differential
equations, Stud. Appl. Math. 119, 297-355 (2007).

S.J. Liao, 4 kind of approximate solution technique which does not depend upon small parameters

(11): an application in fluid mechanics, Int. J. Nonlin. Mech. 32, 815-822 (1997).

S.J. Liao, Notes on the homotopy analysis method: Some definitions and theorems, Comm.
Nonlin. Sci. Numer. Simul. 14, 983-997 (2009).

S.J. Liao, An explicit, totally analytic approximation of Blasius viscous flow problem, Int. J.
Nonlin. Mech. 34, 759-778 (1999).

A. Jafarian, P. Ghaderi, Alireza K. Golmankhaneh and D. Baleanu, Analytical approximate
solutions of the Zakharov-Kuznetsov equations, Rom. Rep. Phys. 66, 296-306 (2014).

K. Sayevand, D. Baleanu and M. Fardi, Development of a multi-convergence controller
parametric perturbation approach for some linear and nonlinear integral equations, Rom. Rep.
Phys. 67, 359-374 (2015).

S.J. Liao, 4 uniformly valid analytic solution of 2D viscous flow past a semi-infinite flat plate, J.
F1. Mech. 385, 101-128 (1999).

S. Abbasbandy, The application of the homotopy analysis method to nonlinear equations arising
in heat transfer, Phys. Lett. A 360, 109-113 (2006).

K. Sayevand, D. Baleanu and M. Fardi, 4 perturbative analysis of nonlinear cubic-quintic Duffing

oscillators, P. Romanian. Acad. Series A 15, 228-234 (2014).

A. Jafarian, P. Ghaderi, Alireza K. Golmankhaneh, D. Baleanu, Homotopy analysis method for
solving coupled Ramani equations, Rom. J. Phys. 59, 26-35 (2014).

K. Yabushita, M. Yamashita and K. Tsuboi, An analytic solution of projectile motion with the
quadratic resistance law using the homotopy analysis method, J. Phys. A 40, 8403-8416 (2007).
F.T. Akyildiz and K. Vajravelu, Magnetohydrodynamic flow of a viscoelastic fluid, Phys. Lett. A
372, 3380-3384 (2008).

I.A. Cristescu, Approximate solution of nonlinear Poisson equation by finite differences method,
Rom. Rep. Phys. 68(2), 473-485 (2016).

LLA. Cristescu, Homotopy analysis-finite element method for nonlinear Poisson equation,
Rom.Rep.Phys. 68(3), 962-978 (2016).

S.J. Liao, Boundary element method for general nonlinear differential operators, Eng. Anal.
Bound. Elem. 20, 91-99 (1997).



13 Numerical resolution of coupled 2-d Burgers’equation Article no. 103

33. S.J. Liao, The general boundary element method and its further generalizations, Int. J. Numer.
Meth. Fl. 31, 627-655 (1999).

34. Y.Y. Wu, S.J. Liao and X.Y. Zhao, Some notes on the general boundary element method for
highly nonlinear problems, Comm. Nonlin. Sci. Numer. Simul. 10, 725-735 (2005).

35. C.C. Tsai, Homotopy method of fundamental solutions for solving certain nonlinear partial
differential equations, Eng. Anal. Bound. Elem. 36, 12261234 (2012).






