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Abstract. The purpose of this study is to investigate a combination between the 

homotopy analysis method and finite differences for the numerical resolution of 
coupled two-dimensional Burgers’ equation. The performance of the proposed 
technique is successfully verified. The application shows very good agreement of the 
two convergence regions for absolute and relative errors. This fact is important in case 
the exact solution is unknown. 
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1. INTRODUCTION 

The technique we employ in this work can be applied to many nonlinear 
partial differential equations and systems of equations which model problems from 
fluid mechanics, solid mechanics, steady reaction-diffusion and heat equations, 
electrostatics, etc. The method is based on the homotopy analysis to decompose the 
original nonlinear problem in a sequence of linear problems. Then, each linear 
problem is solved by finite differences technique. In a brief description, we present 
our problem. 

Burgers equation is involved in the mathematical model of hydrodynamic 
turbulence, shock waves theory, traffic flow problems [1–4]. It also describes the 
sedimentation of two kinds of particles in fluid suspensions under the effect of 
gravity, transport and dispersion of pollutants in rivers, sediment transport [5, 6]. 

The Hopf-Cole transform is applied in [7] to construct a class of exact 
solutions of Burgers’ equation. Methods which combine Newton algorithm and 
finite differences or finite elements are investigated by Fletcher [8] to obtain the 
approximate solution of steady two-dimensional coupled Burgers equation. A finite 
element approach based on the least-squares conjugate gradient method for steady 
2-d Burgers’ equation was analyzed in [9]. 
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Caldwell et al. [10] investigated a finite element method for the one-
dimensional uncoupled Burgers’ equation by altering the size of the element at 
each stage, using information from the previous step. In [11, 12] the homotopy 
analysis method (HAM) is implemented to determine the analytical solutions of 
one-dimensional uncoupled Burgers’ equation. A method based on the two-
dimensional Hopf-Cole transformation and local discontinuous Galerkin finite 
element method is analyzed in [13] to solve 2-d Burgers’ equation. In [14], the 
differential transformation method is applied to obtain the analytical solution of 
coupled unsteady Burgers equation. The local radial basis functions collocation 
method to calculate the numerical solution of the transient coupled Burgers’ 
equation is examined in [15]. 

The Lie symmetry analysis and Ansatz method to obtain new solutions of 
coupled Burgers’ equation are accomplished in [16]. 

The article is constructed in the following manner: section 2 is concerning 
with the governing  Burgers system of nonlinear partial differential equations, the 
frame of homotopy analysis combined with finite differences schemes and a 
convergence theorem. Section 3 contains the numerical test of the proposed 
method. The paper ends with concluding remarks. 

2. MAIN RESULTS 

 The system of coupled two-dimensional steady Burgers’ equations is 
described by the relations: 
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2 2

2 2

2 2

u u u uRe u v
x y x y

v v v vRe u v
x y x y

 ∂ ∂ ∂ ∂
+ = + ∂ ∂ ∂ ∂ 
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 2],[],[),( R⊂×=∈ dcbaDyx  (1) 

 21, gvgu == ΓΓ , (2) 

where ],[ vuU
def
=  is the velocity; 

ν
1

=Re is the Reynolds number, ν = the 

coefficient of viscosity; Γ  is the boundary of the problem’s domain; 21, gg  define 
the boundary values of  U. 

For the numerical solving of (1), (2) we apply a technique which combines 
the homotopy analysis and finite differences schemes. The HAM is a powerful 
method designed to determine the approximate solutions of mathematical problems 
arising from nonlinear sciences. This theory was created by Liao [17–20] and it 
was successfully applied to solve nonlinear problems in physics, mechanics, 
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engineering [21–31]. The theory of general boundary element method was 
developed in [32–35] to solve nonlinear partial differential equations. 

Further, we present a brief description of the HAM. For a nonlinear equation 

 0)]([ =xuN  (3) 

the method constructs a homotopy series 

 s
s

s
pxupx )(),(

0
∑
∞

=

=φ  (4) 

so that when p varies from 0 to 1, the series solution φ  deforms from the initial 
guess )0,()(0 xxu φ=  to the exact solution )1,()( xxu φ= . Homotopy technique 
establishes the zero-order deformation equation [17]: 

 )],([)()](),([)1( 0 pxxHpxupxp φφ NL h=−− . (5) 

The method gives the possibility to select in different ways the auxiliary 
linear operator L , the initial approximation 0u  and the auxiliary function 

)(DCH ∈ , 0)( ≠xH . More general forms of the zero order deformation equation 
were considered in [20]. The control-convergence parameter 0≠h  provides a 
convenient way to ensure the convergence of homotopy series solution for 1=p . It 
will be a solution of the nonlinear problem (3): 
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We take the s-th order homotopy derivative )0,(
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φφ  in eq. (5) 

and deduce the s-th order )1( ≥s  deformation equation: 
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We perform the HAM for our problem (1)(2) in a vectorial manner.  The 
homotopy series will be 
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The s-th )1( ≥s deformation equation is given by (7): 

 [ ] ( )],[],,[),(][],[ 21221111211 φφφφχχ NNLL −−− =−− sssssss DyxHUUUU h . (9) 

The computation yields 
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From (9)(10), we deduce the first order deformation equation: 
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  (11) 
The s-th order ( 2≥s ) deformation equation is defined by 
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According to the boundary condition (2), we impose: 

 [ ] [ ] [ ]21
0

21 ,,, ggpvu s
ss

s
=== ΓΓ

∞

=
ΓΓΓ ∑φφφ . 

The s-th )0( ≥s  order homotopy derivative in the above relation yields 

 [ ] [ ]2100 ,, ggvu =ΓΓ , [ ] 1,0, ≥=ΓΓ svu ss . (13) 

In fact, the problems (11), (12) together with the boundary conditions (13) 
are Poisson equations: 



5 Numerical resolution of coupled 2-d Burgers’equation Article no. 103 

 
 ),...,,,,...,,,,( 110110 −−=∆ ssss vvvuuuyxfu  in D  (14) 

 0=Γsu  
and similar for 1, ≥svs . 

The finite differences method is involved at this stage. We divide the interval 
],[ ba  in n subintervals and ],[ dc  in m subintervals: 
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The first order derivatives in eq. (12) will be calculated with schemes of 
order )(),( 44 kOhO : 
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Similar formulas will be applied to compute the other partial derivatives  
in (12). 

The initial approximation ],[ 000 vuU =  is defined by  
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The function ]~,~[ 21 gg  is determined by the rule of the solution expression 
[17] and takes into consideration the governing equations and the boundary 
conditions.  
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The resolution of the linear algebraic system provided by finite differences 
in eq. (14) is accomplished by Gauss-Seidel algorithm [8]: 
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for 1,1,1,1,,0,1 1 −=−==≥ nimjNrs , 2)(
k
h

=λ , 1N = the number of iterations. 

In a similar way is computed 1,1,1,1,1, ≥−=−= smjnivsij .  
We proceed with a convergence theorem. 
Theorem 1. Suppose the homotopy series solution  
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Because 0),( ≠yxHh  in D, we deduce: 
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On the other hand, 
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The eqs. (18)(19) yield 

 0)( =∇⋅−∆ UUReU , 

which is exactly the system (1) in vectorial form. Moreover, the relation (13) gives 
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The approximate solutions ],[ hkshkshks vuU =  calculated in (16) provide the 
approximate homotopy series solution: 
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In particular, we obtain: 
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3. NUMERICAL TEST 

In our application we compare the numerical solution accomplished by finite 
differences-homotopy analysis and the exact solution provided by Hopf-Cole 
transformation: 
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Replacing u, v in (1), we deduce 0=∆ψ . 
As shown in [8], the following expression for ψ  gives considerable control 

over the velocity field ],[ vu : 
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The rule of solution expression suggests the exact solution can be written in the 
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We define 0~,0~
21 == gg  in (15) for the initial approximation 0hkU . 

In our computation, the auxiliary function 1),( =yxH . 
We establish the problem’s domain ]5.0,5.0[]2,0[ −×=D  and ,10,20 21 == aa  

3,7 43 =−= aa , 500,1,1,5 05 ==== Rexa λ . 

Table 1 is concerning with the values of ),(),,(supmin
),(
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Dyx

−
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h

 

for the involved grids and for different orders of approximation. 
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Table 1 

The absolute errors for the two grids and different orders of approximation 

(m, n) N order of 
approximation 

Control convergence 
parameter 

abs
Dx

err
∈

sup  

5 –0.2 510680661.6 −⋅  
10 –0.35 510353898.6 −⋅  (10,10) 
20 –0.55 510623094.5 −⋅  
5 –0.6 510773359.4 −⋅  

10 –0.2 510680703.4 −⋅  (16,16) 

20 –0.35 510682222.4 −⋅  

Figures 1 and 2 present the graphs of the functions  
 

)(_ hah hkNabserr , )(_ )1( hah hkNrelerr , )(_ )2( hah hkNrelerr . 

 

The graphic representations show the convergence regions of the absolute 
and relative errors are in good agreement. 

 
Fig. 1 – h -curve of abserr _ (solid line),  )1(_ relerr  

(dotted line), )2(_ relerr (dashed) for  N = 10, m = n =16. 
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Fig. 2 – h -curve of abserr _ (solid line), )1(_ relerr  

(dotted line), )2(_ relerr (dashed) for N = 20, m = n =16. 

Figures 3 and 4 deal with the representations of the function 
 

{ }|),(),,(||,),(),,(|max),,(_),( yxvyxvyxuyxuyxabserryxD hkNhkNhkN −−=∋ hhha . 

 
Fig. 3 – Absolute error at 20-th order approximation 

for 55.0,10 −=== hnm . 
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Fig. 4 – Absolute error at 20-th order approximation for 35.0,16 −=== hnm . 

4. CONCLUSIONS 

A method to determine the approximate numerical solution of the steady 
coupled two-dimensional Burgers’ equation was investigated in this paper. The 
technique successfully combines the homotopy analysis and finite differences. It 
can be applied to other nonlinear partial differential equations which come from 
nature sciences. 
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