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Abstract. The mixed Chen-Lee-Liu derivative nonlinear Schrodinger (CLL-
NLS) equation can be considered as the simplest model to approximate the dynamics of
weakly nonlinear and dispersive waves, taking into account the self-steepening effect
(SSE). The latter effect arises as a higher-order correction of the nonlinear Schrodinger
(NLS) equation, which is known to describe the dynamics of pulses in nonlinear fiber
optics, and constitutes a fundamental part of the generalized NLS equation. Similar
effects are described within the framework of the modified NLS equation, also referred
to as the Dysthe equation, in hydrodynamics. In this work, we derive fundamental
and higher-order solutions of the CLL-NLS equation by applying the Darboux trans-
formation. Exact expressions of non-vanishing solitons at boundaries, breathers, and a
hierarchy of rogue wave solutions are presented. In addition, we discuss the localization
properties of such rogue waves, by characterizing their length and width. In particu-
lar, we describe how the localization properties of first-order NLS rogue waves can be
modified by taking into account the SSE, presented in the CLL-NLS equation. This is
illustrated by use of an analytical and a graphical method. The results may motivate
similar analytical studies, extending the family of the reported rogue wave solutions as
well as possible experiments in several nonlinear dispersive media, confirming these
theoretical results.

Key words: Chen-Lee-Liu derivative nonlinear Schrodinger equation, Darboux
transformation, Rogue waves, Self-steepening effects.

1. INTRODUCTION

The nonlinear Schrédinger (NLS) equation is one of the most relevant equa-
tions in physics. This integrable equation can be rigorously derived as an appro-
ximation to governing equations of several nonlinear and dispersive media [1-4].
Recently, a wide class of solutions, such as the Peregrine soliton [5] and multi-
Peregrine soliton, also referred to as Akhmediev-Peregrine breathers [6], of the NLS
are intensively discussed in physical and mathematical communities [7]. The doubly-
localized Peregrine soliton, which approaches a non-zero constant background in the

Romanian Journal of Physics 62, 102 (2017)



Article no. 102 Yongshuai Zhang et al. 2

infinite limit of the spatial and temporal periodicity, amplifies the amplitude of the
carrier by a factor of three at the origin of coordinates. Multi-Peregrine solitons [8]
have similar dynamics, with the particular property to generate much higher ma-
ximal peak amplitudes, compared to background [9-16]. Due to these properties,
Peregrine-type waves are suggested to model “rogue waves” (RWs), known to ap-
pear in the ocean [17] and in other media [18]. Mathematically speaking, modula-
tionally unstable extreme waves admit high-intensity peaks, appearing from nowhere
and disappearing without a trace, while evolving in time and space [19]. Recently,
exact solutions of the NLS equation, describing a new form of modulation instability
dynamics, have been derived [20, 21]. The concept of the RWs was first discussed
in the studies of ocean waves [22-25], and gradually extended to other fields of
research, such as capillary water waves [26], optical fibers [27-29], Bose-Einstein
condensates [30] and other applications, which have been summarized in very recent
review papers [7, 18].

Only recently, experimental validation of such RW model has been successfully
conducted in nonlinear fibers [31], in water wave tanks [32-35], and in plasmas
[36, 37]. The latter experimental studies have been performed based on the NLS
modeling evolution equation.

In addition to the NLS equation, there are several other integrable evolution
equations admitting Peregrine-type RW solutions such as the Hirota, the modified
Korteweg-de Vries, the Sasa-Satsuma, the Fokas-Lenells, the NLS Maxwell-Bloch,
the Hirota Maxwell-Bloch, the generalized NLS, the vector NLS, the derivative NLS,
the variable coefficient NLS, the Davey-Stewartson, and the KP-I equations [38—
71]. Lately, fundamental rogue wave modes of the mixed Chen-Lee-Liu derivative
nonlinear Schrodinger (CLL-NLS) equation [72]

iry 4740 + 7> —ir*r, =0 (1)

have been reported [73] by use of the Hirota bilinear method. Clearly, the latter
solution is physically more complex and more accurate in describing the propagation
of optical pulses compared to the NLS or simplified CLL equations [74]

irt"’rmz —|—i|7"|27‘x :0, (2)

since the CLL-NLS equation takes into dispersion, nonlinearity as well as self-steepen-
ing effect (SSE), described by the term |r|?r,, however, while ignoring self-phase-
modulation (SPM) [75]. The SSE of light pulses, originating from their propagation
in a medium with an intensity dependent index of refraction, was first introduced
in [76] and was observed in optical pulses with possible shock formation [77]. It
receives a significant attention for the propagation of electromagnetic waves in non-
linear fibers, using a femtosecond laser, since it plays a crucial role in the generation
of supercontinuum [78, 79]. In mathematical terms, its source is the first nonli-



3 Higher-order rogue wave dynamics for derivative NLS equation Article no. 102

near correction to the NLS equation in the description of very focused light pulses
or significant sharp water wave packets for which the validity of the NLS equation
is known to be violated, due to the related significant broadening of the spectrum
[80, 81]. In hydrodynamics, the CLL-NLS equation can be obtained from the mo-
dified NLS equation, also known as the Dysthe equation [82] by ignoring the mean
flow term, whose contribution is small if the nonlinearity of the wave train is kept
small. Therefore, exact CLL-NLS models may motivate experiments in nonlinear
optical fibers as well as in water wave flumes [73]. Especially, taking into account
the fact that exact RW solutions are closely related to the modulation instability of
weakly nonlinear dispersive waves.

In this paper, we report exact solutions of the integrable CLL-NLS equation.
To the authors’ best knowledge, this is so far the first derivation of such doubly-
localized solutions using the Darboux transformation (DT). The construction of the
DT for the CLL-NLS equation is highly non-trivial. For the CLL-NLS equation (1),
although it was introduced thirty years ago as an integrable system [72], its DT is
not given explicitly during the past three decades. Very recently, it has been shown
that applying the DT technique to the CLL and CLL-NLS equations would engender
major difficulties, due to the asymmetry of the Lax pair, see details in the appendix
of [73]. Moreover, in [73], the authors derived the first-order RW solution of the
CLL-NLS equation by applying the bilinear method, and they pointed out that it is a
challenging task to determine the higher-order RW modes for the CLL equation. The
CLL-NLS equation is a higher-order equation, compared to CLL and NLS equations.
Therefore, deriving higher-order RW modes of the CLL-NLS is even more demand-
ing and worth to be investigated in detail. In Sec. 2 and Sec. 3 the integration scheme
will be introduced and we will address the significant challenges using the DT, solv-
ing CLL-type equations. Exact solutions with particular focus on higher-order RWs
is reported in Sec. 4, extending therefore the family of exact first-order solutions.
Furthermore, we discuss the influence of the SSE on the localization properties of
NLS RWs in Sec. 5. Due to obvious physical relevance of the CLL-NLS equation,
we emphasize further analytical, numerical, and experimental studies, related to the
presented exact solutions of this integrable evolution equation.

2. THE DT FOR THE COUPLED CLL-NLS EQUATION

In this section, we consider the n-fold DT for the coupled CLL-NLS equation

Tt —iTpe + ir2q +rqr, =0, 3)
Gt + Gz — iq°r +qrg, =0,

which reduces to the CLL-NLS equation while ¢ = —7 and the over-bar denotes

complex conjugation. These two equations in (3) are the compatibility conditions of
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the following Lax pair [83, 84]:
1 1
D, =U®d = (io3\2 + Q) — 53+ ZiQ2U3)<I>,
D = VO = [2io3\* — 2QN° + (203 —1Q%03) A 4)

H(Q+103Q0 — 5 QA — Jios — 11QY05 + (0@~ Q).

@(w,t,k)=<£§§:z:i\§>v ‘73:((1) —01>’ QZ(S 6)

S t,\) .
It is trivial to see that ®;, = fk) 2 D(x,t,\) hey, = <f(a:, ’ ) ives the
k (gk ( ) a=xs g(z,t,\) . g

eigenfunction of the Lax pair equations corresponding to ;. Indeed, we seek n
eigenfunctions to get the determinant representation of the n-fold DT.
Theorem 2.1 The n-fold DT for the coupled CLL-NLS is

1 (@ (T if n even
VAR (T)ar (To)as ’

112<*/ﬁ , ><(T”)“ (T”)”) if n odd,
|ALllAZ] NG (Th)o1 (Th)22

the elements (1T},);j (1,7 = 1,2) are defined by

with

T =Th(M A1, )=

(To)11 = 2;: 2’1;51 J(Th)12 = (311 ﬁ% y(Th)21 = 7?7% i%ll (Th)22 = 2;: A}:ll"
nt, € and Al (i = 1,2) are defined by
= (A Nfe Mfs o Aif) . n2=(Mar ANgr Mgs ... Alga)
e ifn iseven,

=00 A2 0 At o0 1), £=(A\"1 0 A3 0 ... A 0),
e ifnisodd,

=0 A2 0 a1 .Xx0), €=M\ 0 N30 ... 0 1),
and

Ab=(AL Az 43 . oanT A2=(B! B2 B} .. BY),

with AE. BE (k=1,2,3,...,n) defined by
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e ifnis even,

Ap = e A g AR A Mgk o MRS Algk LSk o)
By=(0\lge AR A g AR o Algk MRS Akgk fi),

e ifnisodd,
Ay =N e NP N Re Mok o Nae M Mk i),
By=(0\rlge AR A g AR o AR Algk LS o)

The solutions (g, 7, ) generated by the above n-fold DT have the following determi-
nant representations.
Theorem 2.2 The n-th order solutions r,, and q,, are

}ﬁl{r—m}iél if n even, Iﬁ%lq—%}ﬁil if n even,
Tn = n = (5)
4 2 3
H ({34fr — 21133 ) if n odd, & (3#a—2i13¢]) if n od,
the matrices A, (7 = 3,4) are defined by
Ab=(ct c2 ¢ ... o', AL=(DY Dz D} ... D)
with C*, DF (k=1,2,3,...,n), given by
e ifn is even,
CE=(\fe AN72f NP3k N oo Mgk Afi Mok fi),
DE=(Nlgr N7%gk NPTRA Nitge oo N Mar Afe gk,
e ifnis odd,
CE=(\fue AN72f NP3k N oo NS Mgk Afe gk,
DE=(Ntgr N2k NPT A APTYge oo Mg Nfi Mae fir)-

In Theorem 2.1 and Theorem 2.2, (¢, ) is a “seed” solution of the coupled
CLL-NLS equation, H is an overall factor in the formula of the DT involved with an
integral function depending on ¢ and 7, which satisfies the following conditions

OH 1. oH _ 1. .
To = 2@ —DH, o= =g (itig T =g+ 2gro)H.(©)

A general analytical expression of H is

(@1) 1 1
H = exp (/ §i(qr —2)dz — 1(4i+iq2r2 —2rq, + 2qrx)dt> . @)
(

z0,t0)
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Let a and c be two real constants, b= a®+ (a— 1)c?, and then g = —7 = cexp [i(az + bt)]
is a “seed” solution of the CLL-NLS equation. For this case,

1 1
H= exp(—§ (24 c*)x — 11(4—?— A +4cta)t), (8)

which will be used to generate the breather solution of the CLL-NLS equation by DT
later.

3. DERIVATION OF THE »n-FOLD DT

In this Section, we derive the n-fold DT and the n-th order solutions for the
coupled CLL-NLS equation in order to prove Theorem 2.1 and Theorem 2.2. To
obtain the n-fold DT we consider the one- and two-fold DT at first, and then the
n-fold DT can be obtained by iteration.

3.1. THE ONE-FOLD DT

Without loss of generality, assuming the one-fold DT as

(a1 b ap by
Tl()‘) - (Cl d1> )‘+ (CO d0> ) (9)
where ay, by, ¢, and dj, (k =0, 1) are complex functions of x and ¢. Then, there exists
o[l = 7\ ® satisfying the following conditions @} = U@ and 3l = VI,

where UM and VU have the same form as U and V except that ¢ and  are replaced
by ¢ and r;. If so, we have

T,+TU —-UWNT =0, and T,+7TV-VlT=0. (10)

Lemma 3.1 Let one-fold DT of the coupled CLL-NLS equation be the form of (9),
then it is given by

T = Tr (A A) = —— (m f><Agl _Mﬁ), (11)
H

Vg —Aigr A
and the new solution (q1, r1), generated by above T from “seed” (q,r) is
1
- :H<gl7“+21)\1>, 4= <flq—21)\1>. (12)
f1 H\ g

Here, the overall factor H is given by (7).
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Let F(\) = (F;;) = T, + TU —UMT =0 (i,j = 1,2) and substitute 77 (9) into F,
then

1. 1.
Fi1 =(gby —rie1)\* + (qbo —T1Co+ a1z + Vil (QT—(Ilrl)) A+ aoz + 710 (gr—aqir1),

1
F12 = — 21)\3b1 —+ (ral 77"1d1 — 21b0) )\2 —+ <7"(ZQ — Tldo +1b1 +b1m — Zlbl (qr+q1r1)> )\
1
+ibg + boz — iibo (gr+aqim1),
) 1
Foy =2iXN%cy + (gd1 — qraq + 2ico) A + (ng —qiag —ic1 + 1z + 1101 (qr+ (J1T‘1)> A
. 1.
—1ico+ cor + ZICO(QTJrCh?”l),
1. 1,
Foy =(re1 — qibi)A* + (TCO —qibo+dis — Zldl (qr— Q1T1)> A+doy — Zldo(qr —q171).

Note that b; and ¢; are equal to zero from coefficient of A3, and then the remaining
coefficients of \‘(i = 0,1,2) imply

ap  2ibg di  2ico
=g = gt 13)
1 1 a a1
and
a1Co ibo Co bg d d 1 b() ib() Co Co
Qg = 5 T"——F — — = — e i
1o 2d1 dl 2 ¢ 1o 2@1 4 al 2 ’
b2 boCO ib200 1
b, = —9 g 22 0 Zibogr —ib 14
00 = 5, 97 5, " a1d1+210q7“ ibo, (14)
2 b ic2by 1
Cox = C—Or — O—Coq— X% _ —icoqr +icg.

2d1 2&1 aq dl 2

Let ag = dy = 0 according to the coefficients of A in order to obtain the non-trivial so-
lution. After simple calculations, we obtain (a1d;), =0, (boco)z =0, and (a1bp), =
%ial bo(gr —2). Based on the above results and taking the similar procedure to the se-
cond formula of (10), we have (a1d1); =0, (boco): =0, and (a1bg); = —%albo(lli—i—
ig?r? — 2rq, + 2qrs;). Now, let ajd; = 1 and bycy = )\% without loss of generality.
Moreover, according to (a1bg).: = (a1bp )z, it is reasonable to let a;by = uG, where
( is the primitive integral function and p is an integral constant. That is, G satisfies

oG 1. oG 1
ar T2 =YG Hr=g

Thus, G = H, if we disregard the integral constant.
The explicit form of 7} can be determined by 7P| -, =0, i.e.

(4i+ig?*r? — 2rq, + 2qr,)G. (15)

a1 A1 fi+bogr =0, cofi+dirigr =0.
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For convenience, let ;4 = — A1, then the unknown elements a;, dy, by, and cg are
solved by

1 ﬁ __ hoo_ L [¢
\/7 f1 d1 \/» b()— Al\/ﬁ 917 Co Al\/ﬁ f1.

That is, the form of one-fold DT is

AWH \f N

g1
nph AV

and the new solution (g1, 71) can be expressed as

g1 . f1
=H|( Z=r+2i)\ = 2iA
71 <f17"+ 1 1>, q H<glq 1 1>

Ti(A) =Ti(\ A\ =

Q.E.D.
Note that transformed eigenfunctions associated with new solution (gq;,7;) are
1]
7l
o) = (gﬂm = T\ M) acr, B (16)
J

1]

It is trivial to see that <I>[1 = 0. In other words, 77 annihilates its generating func-
tion, which is a general property of the DT. Therefore, we have to use a transformed

[1]

eigenfunction @, associated with A\a(# A1) in order to generate the next step DT.

3.2. THE TWO-FOLD DT

By iteration, the two-fold DT for the coupled CLL-NLS equation is calculated
as

Ty(N) = To(M An, Ag) = T (A A2) T\ Ar),

PO ) ol )

H possesses the same form as H in (7), except ¢ and r are replaced by ¢; and
r1. The definitions of H; and <I>[21] are valid for Hj, and @Eg} If k< g, @Eg] =0)).
According to the specific matrix forms of 77 and Tlm (A, A\2), then Ty is expressed by

where
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and

1 1
Hlfg[]gl, d([)u:)\l)\Z Hgg]fl

Holl fy o Mg

Note that T5(\)®x[r=x, = 0 (k = 1,2), then the four unknown elements a[gl], d[zl},

b[ll], and c[ll]

a([)l] = )\1)\2

can be solved as follows according to Cramer’s rule,

m_9% .0 _9% a0+ ] 9
a’2 _617 bl _617 d2 _527 Cl _527

where 0y, (k=1,2,...,6) are defined by

5 — MA Mo _ Mg MA 5y = —aél]fl A1g1
Afa Aaga|’ Mg2 Aafa|’ —aél]fz Xoga|’
5y = _d([)fgl ALfi _|Aih —agi]fl _ Mo —d([)i}gl _
—d([)}92 A2 fo A3 f2 —a([)]fg 392 —d([]}gg

Substituting the above elements in the matrix form of 75(\), then it becomes

g1Hy
1 T (To)11 (T)12
To(N A1, \e) = < ) as)
R \/)‘lfl g1||A\g1 S ( L ) (T2)21 (T2)22

g1H1
>\2f2 g2 >\292 f2
and the elements (7%);; (i,5 = 1,2) are given by the following determinants
A2 0 1 0 A0
(o)1= M e fi]l, (Te)iz=| M g fi]s
Mfo Xga fo Mfo Xga fo
0 A0 2 0 1
(To)o1=|Mg1 Mfi g1], (To)2=[Ma Mfi ¢l
Mg Aafs g2 Mge Aofo g2

Note that the overall factor H; has an integral function depending on ¢; and 7. It
implies that we need to apply the one-fold DT in order to obtain the two-fold DT.
Thus, 7% is not an explicit formula of the two-fold DT. Especially, as one iterates the
above method, more integrals in overall factors Hy, (k > 1) will be involved. This
depends on gj, and . However, g; and r; are too cumbersome to be expressed in
terms of explicit integrals in overall factors Hy. That is, it is not possible to get
the explicit expressions of T} if Hj can not be eliminated. Thus, eliminating the
integrals in the overall factors Hy is an unavoidable challenge. The next Lemma

NI/}

PO

provides a crucial step to deal with this obstacle. In the following lemma,
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[k]
Lemma 3.2 Leti > k+1>1, then %Hk.’.l is a constant.

7

On one hand, according to the x-part of the Lax pair for @Ek] and the k-th step of DT,
a straightforward calculation implies

(K]

1 1 1 1
=2 - St Ziwk)fi[k} kg™, g = Ng M - (02 - St Ziqm)gi :
G Ll
ey = Hy(Sre+210), gri = 7 (Srae —2i0).
fi Hy, 9i
According to the definition of Hy 1,
k] [K]
Hipi1. 1, I C oy 2 fz[ 9i
ooy (@141 — 2) = STk — 1+ 2007 — )\i(g[k] qr — 1 k)
Thus,
(K] (%] (K]
9; 9iz iz | Hit1e
G Hpyy | =2 T Tl g (19)
(fmen) =S Ji

On the other hand, according to the ¢-part of Lax pair for @Lk], and the definition of

(2
Hj, 114, a straightforward calculation implies

K]
f'[t \4 . . 2 1 2 2 1 1 1
fl.[k] =—2i\; + (21 —igrrE) Af — glqkrk + Zrqu,x - ZQka,z — 51
7
(%]
1 . g;
— 21k} — (g — 57“;%% +17"k,x))\i)ﬁ7
i
[£] 1 1 1 1
it — (90Nt + (20— iquri) A2 — ST + s — Qs — =1)
o 8 g ke = g DTk
(A
3 L, "
- (2%)\@' - (Qk - iqkrk - iQk,z))\i)ﬁa
i
and o
k41 1, ..
Lt _ —— (4G TR — 271 Gt o+ 204141 ,2)
He1 4
. . 1. 1 .
=— 41)\;1 +(4i— 21(]k:7"k))\12 - Zq,%r,% - §(qkrm — ThQz) — 1
1 . i
+ (2q6\; — (g — 5%%7% —iGk0) M) T
9;
#

1 .
- (27%/\? — (g — 57“1%% +17“k,x))\i)7
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The above three expressions give

B R
9i _ 9 fi. | Hrprp
) =g Tt O (20
I . 9 f k+1

()

A 7

Q.E.D.
i
Based on lemma 3.2, let %Hml = 1 without loss of generality. In this case,
i
g—lH 1 =1, and then two-fold DT in (18) is simplified as
1
1 T T
To(\) = To(A\, A1, Aa) = (Engn ET2;12> LD
AMfiog| Mg f 22 A2z
Aafo ga| | Xeg2  fo

3.3. THE n-FOLD DT

Let us consider the n-fold DT for the coupled CLL-NLS equation with the
similar method as above. Since

Tn()‘) = Tn()\v A1, A2, )\n) = H Tl[k_l]()\v )\k’)a
k=1

let

To(N) =Tu(A A1, A2se An) = > Po ' N+ Ry, (22)
=1
where P, and o are defined by

_ (P, 0 _ (01
n=( ) =0 o)

Furthermore, P is determined by

(F—1]
n 0 — A/ Hi—1 %
R=1] e (23)

[k—1]
k=1 \ —Ag/Hg-1 % 0
Here, Hy = H, fl[o] = f1, and g§°] = ¢1. According to Lemma 3.2, then

e if nisodd,

[n—1]
“MAoA3 . A VH
P = gn
0 ) g[n_l] )
“AdoAg A g [ By

(24)
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e if nis even,

[n—1]
MA2As - An =y [ By
Py= In ) (25)

[n—1]

)\1)\2A3...)\n\/ﬁ %

Lemma 3.3 After the action of k-fold DT, the eigenfunction ®; (j > k) related to \;
becomes

e ifkisodd
oH__ 1 VH 1 det(A}fH,A%H,A%H,...,AEH,A?Hl); 7
T [IAL]|AZ] Vi J\det(By1: Biy1s By By Brga)

e ifkiseven

ol — 1 det(A,}+1,Aé+1,Ai;+l,...,AE+1,A?§+1); .
’ |AL|AZ det(Byy1, Biy1 Biyar-- By Big)

Remark: this Lemma is obtained with the inductive method, and the detailed proof

is omitted.
Therefore, the explicit expression of F is obtained as follows based on Lemma

3.3.
[AL]
A1A2A3 .. A 1AZ] _ if k even,
Mdads. . Aky/3E

. (26)
Vi Aoz e/ B
( 1 ) _ R VIR ) it g odd.

Vi) \~Adeds A/ 138

Proof of Theorems 2.1 and 2.2:
Note that the kernel of T, consists of (k= 1,2,---,n), i.e.,

Tn()\,)\l,)\g,. "7)‘n)(1)k|>\=>\k =0.

Substituting (26) into these algebraic equations, the elements of Py, (k= 1,2,...,n)
in n-fold DT are obtained by the Cramer’s rule. This proves Theorem 2.1. Then,
Theorem 2.2 is derived by comparing the coefficient of A in T, +T,U = Ul T,.



13 Higher-order rogue wave dynamics for derivative NLS equation Article no. 102

4. EXACT SOLUTIONS OF THE CLL-NLS EQUATION

In this Section, we consider the DT and solution of the coupled CLL-NLS equa-
tion (3) under the reduction condition r = —g, which leads to the DT and solutions
of the CLL-NLS equation.

Theorem 4.1 Let
)\k: = _Xf ifn Odd, (27)
Ao = —MAgg_1 if n even,
then solution (qy, ry) in Theorem 2.2 preserves the reduction condition r, = —,,.
This means that T}, in theorem 2.1 is a n-fold DT of the CLL-NLS equation (1), and
correspondingly, ry, is an n-th order solution of the CLL-NLS equation (1).
Let ¢ = —7. From the z-part of the Lax pair, we have

— — 1. 1 B — - = ,~2 1 1
Jo=—(N —5i=JirPF+37g, g, = -Xrf+ (X - 5i-{ilrP)7. @8

That is
_ N2 C1ls 1e12 sy _
<gz> _ (XN = gi- il . 1)'\7“ 5 (9) ' (29)
fa AT —iIN"+ i 2 ) S
The same property can be obtained from the ¢-part of the Lax pair. Thus, it is obvious
that (_gf> is a new eigenfunction for A\ = \ or (?) for A = —\. For example,

( g% ) is a new eigenfunction related to A\ when A\ = Xj, and <?,7 > is another
J J
one when A\, = —Xj.

Based on the above property of the eigenfunctions, we prove that the potentials
¢n and 7, will satisfy the reduction condition, if the choices in (27) are adopted in
the n-fold DT.

Note that H = % Forn =1, let \; = — )\, then

- :H(%r—i—Qi)\l) = H(?T’-ﬁ-Qi/\l)a

1 1

I U S — 1 f1 .
== (L o) = — = (Lg—2in) = —q1.
1 H(flr 1 1) H(glq 1 1) ql

For n = 2, let \o = —\y, then f» = g7 and g» = f;. Therefore,
Mogafi — Mg fo)r + 20N =M fifs  (—M|AP - MlgiP)r+2i00 = A f19,

T = - 3

X2g1 fa — A1 f192 —Xilg12 =Ml f1]?
. N L2 i
_ Mefag1 = Mifig2)a = 20N - AD)grge _ (“Malgrl? = Al fi[?)g =210\ — M) fy
X2 f192 — Ag1 fo =M1l f12 = A1lg1[?

—T9.
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When n > 2, the reduction condition ¢, = —7,, can also be obtained by iteration.

Next, we provide the solutions of the CLL-NLS, and then discuss their loca-
lization properties. In order to achieve this purpose, the eigenfunctions associated
with the “seed” solution depend on the determinant representation of DT.

4.1. EIGENFUNCTIONS FOR THE LAX PAIR

In this Subsection, we consider the solution for the Lax pair. Let the seed
solution be

q=—-T=cexp(ip), p=ax+bt, b=d’+(a—1)c?, a,ceR (30)

We substitute (30) into the Lax pair equations (4) and obtain the eigenfunction as
follows:

W1 (L, ) Dexp (i(TSWrg(—4/\2+2+c2+2a)t—g))

w:(¢2($, t, )\)>: D(~iVE+4ir2—2i—ic?42ia)exp (i(§z+§ (74)\2+2+02+2a)t+%)> )
ONE

where S is defined by
S=16A"+ (16a—16+8c*) \* —4cfa+4+4c* —8a+c* +4a?,

and D is a constant. Note that <¢2(m’t’ _A)> is also an eigenfunction under the
wl ('7;7 t7 _>‘)

reduction condition » = —q. Thus, we can induce a new eigenfunction by use of the
superposition principle:

®— <f(x,t,/\)> B <w1(at,t,)\)+w2(x,t,—)\))‘ a1

g(IE,t,A) wQ(l',t,)\)‘Fﬂ)l(l‘,t,—X)

Let A = \;, then ® (see (31)) leads to the eigenfunction ®; related to A;. Further-
more, when ¢ = —7 = cexp(ip), the explicit expression of H is given in (8). Now,
with the help of theorems 2.2 and 4.1, we can present the solutions of the CLL-NLS
equation.

4.2. SOLITON, BREATHER, AND FIRST-ORDER ROGUE WAVE SOLUTIONS

Forn =1,let Ay =i and D = 1 in Theorem 2.2, then the first-order solution
of the CLL-NLS equation is

< Lycosf+ilssind
rn =

—26 | H 32
—Llcos9+iLgsin90 B) ’ (32)
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with
1 1 1, 1 1
0=-B*+-+-c+-a)/Sit+-/S
<25 t17TgC +4a) i+ Vo,
Ly =—4Bc+/S1+46%+2+c* — 2a,

Ly =4Bc++/S1 +4B8% + 2+ — 2a,
S1=168*+ (—8c* — 16a+16) 8% — 4c?a+ 4+ 4c* — 8a+c* +4a’.

It is obvious that 7 leads to a periodic solution, if S7 > 0 and gives a soli-
ton solution if S; < 0. When x and ¢ tend both to infinity, |r1|? tends to 2a —
2 (herea > 1). When S; < 0, |r1| reaches to its amplitude of |28 + | at x =
—2(4B%+2+4c*+2a)t. Thus, if 2a —2 > |23 + ¢|?, it gives a dark soliton. Oth-
erwise, it leads to a bright solitonic localization with a non-vanishing value at the
boundary. That is, the CLL-NLS equation can give both bright and dark solitons.
This is different from the case of NLS equation; depending on the signs of disper-
sion and nonlinear parameters the NLS equation admit either dark or bright soliton
solutions. The typical bright and dark soliton solutions of the CLL-NLS equation are
shown in Fig. 1.

Fig. 1 — (Color online). The bright and dark solitons of the CLL-NLS with parameters: (a) a =1.5,c=
land 8 =0.2,(b)a=15,c=1and 5 =—0.2.

Forn=2,let D=1, \{ = a1 +if; and Ay = —ay +if; in Theorem 2.2, then

¥ c N2 _
ry — (SAalfil” = Aalgi )r +2i005 = A) f1g, (33)
=Atlg1]* = M| fi]?

gives the second-order solution of the CLL-NLS equation.
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10 10

Fig. 2 — (Color online). The breather solutions of the CLL-NLS equation with parameters: (a) c =1,
a=0.75,and B =0.4;(b) c =1, = 0.8, and B = 0.55; (c) c =1, af = B] + 5. and B = 0.52.

Fig. 3 — (Color online). The first-order RW solution of the CLL-NLS equation with parameters:
a1 = —1, B1 = 0.5. The right panel is the density plot of the left one.
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For convenience, let a = 237 — 3¢ —2af + 1, then

Kiccosfy +i1Kscsinby + (Ksc+ Ki) cosh s +1(Kg — Kyc) sinh 6o

(34
7K1 C0801 +1K2 sin@l +K3 COSh92+iK4SiIlh02 ¢ ( )

To =

with

91 :((4(1% —45% — 2)t—x)Ko,92 = 4041ﬁ1tK0,K0 = \/(62 —1—40@)(02 — 45%),
K1 =803 81+ 2 B + 201 81 Ko, Ko = 2c%ay By — 8au B + 201 81 Ko,
K3 263a1 +4COJ?+CO[1K0, Ky :405%—6351—051K0,
Ky=-— 802(115% — 320&%ﬂ% — SOélﬁ%Ko, K= 80204%51 - 3204%5% +8@%51K0.

Note that the trajectory of 79 is defined by (4a? — 4% —2)t —x =0, if K2 <0,
and by 4o B1t = 0, if K2 > 0. Thus, we can get both the spatial periodic breather
solution (similar to the NLS Akhmediev breather [85]) and the temporal periodic
breather solution (similar to the NLS Kuznetsov-Ma breather [86, 87]). In fact,
this solution r can travel periodically with an additional velocity in the (x,t)-plane.
Three kinds of breather solutions, propagating along the (x,t)-plane with different
angles, are shown in Fig. 2.

After a simple analysis, we emphasize that the periodicity of the breather so-
lution is proportional to K%), i.e. when K tends to zero, the distance of two peaks
goes to infinity, which leaves only one peak locating on the (z,t)-plane. Thus, let
¢ — 2031, then 75 in (34) leads to a new solution, having the property to possess only
one local peak and surrounding two holes, which is very similar to the Peregrine so-
lution and therefore, being appropriate to model RWs. This kind of doubly-localized
rational solution is described by

_— 261(L11 +iL12)
T Ly +iLiz+4

exp(—ip), (35)
with

L1y =(16a26? +1667)z? — (128a15? — 645; — 6402 57 — 128%) xt
— (25601 ? — 640287 — 25638 — 2560537 — 256 — 6431)t2 — 3,
Lio =831+ 1687t — 9602 5%t, L1z = (320337 — 6451 — 1667)t — 8631,

When z and ¢ tend to infinity, |ro,| tends to 2/3;. Moreover, the maximum
peak amplitude is equal to 631, which is three times the background amplitude. The
profiles are shown in Fig. 3, and this solution is the same as presented in [73]. The
latter has been derived using the Hirota bilinear method, while difficulties using the
DT have been also discussed in [73].
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4.3. HIGHER-ORDER ROGUE WAVE SOLUTIONS

Inspired by the above method, we consider the higher-order RWs of the CLL-
NLS equation in this Subsection. Generally, it is difficult to derive higher-order RW's
from multi-breather solutions, since the explicit expression of n-th order breather is
very challenging to calculate when n > 4. Similarly for the NLS equation, for which
the formulae are given by Theorem 2.2, an indeterminate form % is a consequence,
when eigenvalues Ay tend to a limit point (from a breather to a doubly-localized RW
solution).

Thus, we derive the higher-order RWs directly from the determinant expres-
sions of solutions in Theorem 2.2 by adopting a Taylor expansion [16, 49-51].

Theorem 4.2 Let n=2N, \oj_1 = 4/ 15—“ + % +€2 (a< 1) and Ao = —Nog_1, by
applying the Taylor expansion, then a determinant expression of the N-th order RW
is given as

_IANL 1A
TR oY
where AF (k= 1,2,3,4) are defined by
" oni
Aﬁz( , (AZ»-) : (37)
Dems e=0 ’ nxn

Here, n; =1 if i is odd and n; = i — 1 if i is even.
Note that D is a constant in (31); it is reasonable to choose D = exp (1\/§ Zf\; ]1 31621) .
Here, D goes to 1 when € goes to zero. Thus, there exist NV + 1 free parameters

(81,82, "+ ,SN_1;a,c) in an N-th order RW solution.
Next, we derive RWs with these parameters, and consider their dynamical evo-
lution. For convenience, let « = —1 and ¢ = 1. For N = 2, the second-order RW of

the CLL-NLS equation is
L
rir = 7 exp(~ip), (38)
22

where

Loy =1252°% +150i2° — 750t2° — 2852 + 3375t%x* — 21001zt — 15612 — 8500323
+ 2220tz + 8100it2z> — 24000it32? — 14850 t2x? — 333 2% + 16875 t12>+
2160itx? — 270tz — 18750t°x 4+ 33750it x + 2850032 — 8100ixt> — 90ix + 45+
15625t% + 1044t +600it® — 2205t — 37500it° — 26625t* + (—3002° —
1800ix2 44500 tx? 4 1800 itz + 180 — 4500 %2 — 4500¢> — 4321+
540t 4 7200it?)s,
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Loy =— 12525+ 750tz + 150iz® — 152% — 3375¢%2* — 600iz*t + 180¢2> + 8500323
4 84i2® +2100it%2> 4 2250t%2% — 3000it32? — 16875t 2 — 171 2% — 3601zt
— 450032 4 18750t°x — 900ixt? 4 37501tz + 270tz + 5diz — 15625t + 144t
+3600it* —3195¢% — 10875t* — 9+ (3002 — 4500¢x* + 4500 % — 1802+
1800 itz + 4500t — 1800it? — 721+ 30601)s1,

where s; is a free complex parameter. The maximum amplitude of |ry,| is equal to
5 when s; = 0, which is reached at (z =0, ¢ = 0).

This solution is shown in Fig. 4(a). Allocating different values to s;, we can
obtain RWs that are distinct from the above ones. For example, RWs with s; =
100 — 100i and s; = 100 + 100i are shown in Fig. 4(b) and Fig. 4(c), respectively.
Both of them possess three intensity peaks, located at different time and space values.
Each peak is similar to a first-order RW, shown in Fig. 3(a). Moreover, solution 74,
in Fig. 4(b) is different from the one in Fig. 4(c), since three peaks in each solution
are arrayed in different directions.

Fig. 4 — (Color online). The second-order RW of the CLL-NLS equation with parameters: (a) s; = 0;
(b) s1 =100 — 1004i; (c) s1 = 100+ 100i.
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(a) |T67" | 7
o

Fig. 5 — (Color online). The third-order RW of the CLL-NLS equation with parameters (s1, s2) as: (a)
(0,0); (b) (100,0); (c) (0,5000); (d) (100,13000).

(a) |7"8r’ ] (b) ‘7'8r|

15 30

Fig. 6 — (Color online). The fourth-order RW of the CLL-NLS equation with parameters (s, s2, $3)
as: (a) (0,0,0); (b) (500,0,0); (c) (0,50000,0).
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(a) ‘TST ‘

Fig. 7 — (Color online). The fourth-order RW in a circular pattern of the CLL-NLS equation with
parameters (s1, s2, s3) as: (a) (0,0,500000); (b) (500,0,50000000).

For N = 3, according to Theorem 4.2, we can obtain the third-order RW solu-
tion of the CLL-NLS equation. However, its expression, with two non-zero parame-
ters s1 and so, is very cumbersome. We just provide the exact expression in the case
S§1 = S2 = 0, ie.

L3
Tor = 7 exp(—ip), (39)
32
with
L1 =—312522 +37500ta'! — 7500iz'? — 281250¢%210 4+ 150000ita'® + 18750210 + 14375003 2°

—1237500it%2” + 22500iz” — 322500tz + 338625022 + 6975000it%2® — 5671875428

— 495000itz® + 31725 2% + 5130000it%x” 4 63720ix” 4+ 17475000° 27 + 84600 tz”

— 19890000327 — 279750001tz 7 + 87240000it° 2% + 82807500125 4+ 116676 25 — 858240ita®
—33000000it>2® — 333810022 — 43637500 52% + 2230200it22° + 873750007 «°

+ 268290003 2° + 31320 t2® + 133155000it*2° — 209775000it%z® — 245835000 t° z° + 129384 ia°
+401250000it” 2% +550312500t%2* — 1464752 — 1717200itz* — 366750000it° z*
—93881250t*2* — 607500t%2* — 141796875 t%2* — 3330000it>z* + 1315980 t=>

—52380iz°> — 585937500it5 2> + 696450000it® z° + 4222800t 2> + 69750001t 12>
+179687500t° 2% — 9022500007 z° + 209925000 t° 2> + 9702000 t3 2% — 846000000t 2

— 12429450222 — 175781250 %22 4 656250000it° 22 + 1078593750 522 — 19872000t 22
+126900000it° 22 — 332212500522 + 17347500t* 22 — 6237022 + 887760 itz

+117187500t 1z — 113401z + 25825500 t> 2 — 2994750001tz — 286740 ta + 52245000it* =
+621562500it®x — 5046300izt? — 492187500tz + 313875000 ¢” = — 128925000 t° =

— 839062500 %z — 190350000t — 46875000it? — 7152302 — 4882812512 + 2835

— 5761800it> + 2223281255 — 47833875t* + 53550000it” + 2343750001t + 363281250£°
+291937500t° + 158760it,
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L3g = — 312522 4 37500 t2'! 4+ 7500iz'! — 75000itz'® + 3750210 — 2812502210 + 487500it%

+7500iz? 4+ 1437500 6322 — 22500 t2® — 5671875 t*2® — 13275 2% — 90000ita® + 461250228
—2100000it32® — 3090000327 + 6975000it*z7 + 84600tz” + 37080iz" + 17475000¢° 27
—90000it2z" —998100t22% — 43637500t%2° + 13057500 t*2 — 17490000it° 2% — 239760 it®
+2100000it3 2% — 8132425 + 348750001tz 4 4509000 t3 25 + 978481z — 35955000 °z°

+ 489240 t2° + 1290600it2 2> + 87375000t" ° — 10215000it*2° — 346950022 + 1120524
+28800000it°z* — 7031250 t* 2% — 52500000it” z* + 62062500 t52* — 141796875 t5 2%
—3780000it3z* — 216000itz* — 48450000it® 2> + 961200it%x> + 106380 t=> + 264601z
+60937500it3 2% — 3375000it* 2> + 1125000 % 2% — 62250000t 2° + 9702000 32> + 179687500 ¢° 2>
+5724000it3 2% — 73102500t 22 — 87480itz? — 46875000it°z% — 158512500t%22 + 67500000t " 2
— 2025022 + 1891350 t%22 — 1757812501022 — 18281250 t522 + 66150000it® 22 + 4860 iz
+ 11340 ta + 23437500t 0z + 98437500tz — 45225000tz — 882900tz — 526500 t>»

+ 146475000 t°z + 13095000tz + 117187500t 2 — 4781250015z + 331875000t =

— 3457968755 — 109912500 % — 405 — 8100000it> + 32400t — 4882812512 — 9906302

— 24883875 t* 4 56250000it” — 15234375010 4 52200000it” + 4276800it>.

The maximum amplitude is equal to 7 that occurs at (0, 0), see Fig. 5(a). Let s; # 0
and sy # 0, we obtain other solutions which are different from the one given in Fig.
5(a). In each of these solutions, the third-order RW is split into six intensity peaks,
which are similar to a first-order RW. These six peaks, located at different points
of time and space, make up different profiles. As examples, three such solutions are
displayed in Fig. 5(b-d) with (s1, s2) = (100, 0), (s1, s2) = (0, 5000), and (s1, s2) =
(100, 13000), respectively. In Fig. 5(b), the six intensity peaks form a triangle. In
Fig. 5(c), they compose a pentagon with five peaks locating on the shell and the other
one locating on the center. In Fig. 5(d), three peaks compose a triangle and the other
three peaks compose a part of a circular arc.

Let N =4 in Theorem 4.2, then g, gives a fourth-order RW of the CLL-NLS
equation with three parameters s, s2, and s3. Let (s1, s2, s3) = (0, 0, 0), s, leads
to a solution with a highest peak surrounded by several gradually decreasing peaks in
two sides along ¢-direction, which is the fundamental pattern and is shown in Fig 6(a).
The amplitude of this solution is 9, located at the origin of coordinate. Furthermore,
allocating different values to (s1, S2, s3), we obtain a hierarchy of solutions, which
have a triangle pattern, a pentagon pattern, a circular pattern with a inner second-
order fundamental pattern or a triangle pattern. These solutions are shown in Fig.
6(b-c) and Fig. 7.

All the results are derived as a consequence of Theorem 4.2 and can be trivially
extended to the higher-order RWs. That is, the explicit expressions of other higher-
order solutions can be obtained in a straightforward manner. However, we will omit
this, since expressions are too cumbersome to be explicitly written here. All so-
lutions, presented above, have been verified analytically by symbolic computation
through a Maple computer software.
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5. LOCALIZATION CHARACTERISTICS OF CLL-NLS ROGUE WAVES

In this Section, we consider the localization features of the RW of the CLL-
NLS equation as well as the influence of SSE on this localization. First, we need
to define the length and width of the RW solution as described in [58]. In order to
compare the latter properties with localization of NLS RWs [16, 58], we replace the
parameters «v; and 31 with a and ¢ in (35). That is, we substitute oy = 4/ 1;—“ (a<1)
and () = § into (35). In this case, the first-order RW of the CLL-NLS equation is
expressed as the following

rar = cexp(-ip) (40)
with
L, =3— A — 482 — 48582 — B2 — 2 8at + 8ite? — 12ic*ta — At +
8ct2a® — 2222 + 2ac?2® — 8 Puta — 2ictx — 8 t%a® + 802a:ta2,
Lg=—1—c*? =482 =452 — B2 — 28zt + 4ic*ta+ 4ic*t — A ctat+
8ct?a3 — 2222 4+ 2acx? — 8 Pata+ 2ickx — 8 t?a® + 8 Pata.

As it is known, there exist two holes near the peak in the first-order RW. These

—( —18a+12 3 \
two holes are located at Pl_\\/f24a+24+302 (2a—2—c?)c’ V/—24a+24+3c2 (2a72702)cj and
Py = ( Lo 12 =3 ). It is obvious that P,

V—24a+24+3c2(2a—2—c2)c’ V/—24a+24+3c2(2a—2—c2?)c
and P, are on the line [; : = —2(3a — 2)t. On the background plane with height
|rar| = ¢, the contour line is a hyperbola
(45 —4c* —8c%a® + 3¢5 +24ac” — 16a’c* +8c%a® + 4ac®) 2+
(—4ac4—|—466+804 +8ca— 802(12) zt—1+ (04—1—202 —2c2a) 2% = 0, (41)

6a—4
V—8a+3c2+8(2a—2—c2)c’

which intersects with the line /1 at two points P = (

1 6a—4
— nd Py = (—
\/—8a+302+8(2a—2—02)c)a d Py ( V—8a+3c24+8(2a—2—c2)c’
1

We define the tangential direction of hyperbola to be at

\/—8a+3c2+8(2a—2—c2)c)'
two points P3 and P, which is the length-direction, as described by a line Iy : = =

—(2a+3/2c¢%)t. The density plot for |ry,.|? combined with the hyperbola and the
length-direction is displayed in Fig. 8.

Since the contour line is not closed on the background in the length direction,
we have to select a contour |r2,|? —2¢? = 0 with height twice the background such
that it is closed. The closed contour is useful to discuss the localization features of
the first-order RW. It intersects with the length-direction at two points. We define the
distance d” of these two points as the length of the first-order RW, and we determine
the projection d"V' of | Py P| on the width direction, which is perpendicular to the
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Fig. 8 — (Color online). The density plots of the first-order RW |1"2,~|2 with hyperbola (|7'2T|2 =%
and length direction. (a) a = —1, ¢ = 1. (b) a = —2, ¢ = 1. The black solid line is the hyperbola, the
yellow dashed line is the length direction.

length direction, to be the width of the first-order RW. Through a simple calculation,
we obtain

dr ,
dly

(42)
with

L, =2 \/(4—|—16a2 £ 24c2a+9ch) (48+9c4+48a2 1462 —96a—46c2a+2\/M1),

dlg=B8a—8—c*)(2a—2—c*)c?,
M, =1024 — 4096 a4 22 ¢® — 4992 > a + 1024 a* + 242 ¢ — 4096 a® — 1664 2a® — 242 ac®
+976a%c* —1952ac* +4992 2a® 4+ 1664 ¢ + 6144a> + 976 ¢*,

and

1774 dv,
dV = v, 43)
while
dV, =6(8a—3c%—38),

dV = /(—24a+24+3c2) (4+ 16a2 +24c2+9c%) (2a —2 — *) c.

The length d” and width d"V are related to a and c, and their profiles are plotted in
Fig. 9.

If one fixes the parameter c, the length decreases with the increase of a at
first and then increases until ¢ = 1. On the other hand, the width increases first,
decreases, and then increases again until @ = 1. For example, when c = 1, the length
decreases with a if a € (—0o0,—0.88) and increases with a if a € (—0.88,1). At
the same time, the width increases with a if a € (—o00,—0.69) or a € (0.52,1) and
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Fig. 9 — (Color online). The localization features of the first-order RW of the CLL-NLS equation,
depending on a and c. (a) The length dr. (b) The width av.

decreases with a if a € (—0.69,0.52). Furthermore, when a tends to —oo, d” tends
to 2¢/7 and d" tends to 0, d* reaches to the minimum 1.32 when a = —0.88 and
gets to the maximum 62.42 when a — 1, and d"V reaches to the maximum 1.70 when
a = —0.69. In order to provide a visual support of above analysis on the trend with
respect to a of two localization characteristics of the RW for the CLL-NLS equation,
the two curves for d” and d" with fixed ¢ = 1 are given in Fig. 10(a).

In order to consider the contribution of the SSE on the localization properties
of the RW, we define the length and width of the RW as mentioned above for the
NLS iry + 744 + |r|>r = 0, which is trivially given by ignoring the SSE term in the
CLL-NLS equation. After applying a scaling transformation, due to the different
coefficient of the nonlinear term, the first-order RW of the NLS equation can be
obtained from the results, reported in [16]. Then, the length and width of the first-
order RW of the NLS equation are expressed by

7(1+4a?) o V3

202 ) NLS = (

—_— 44
144a?)c’ (44)

L
d°NLs =

and the length direction is described by a line lon 151 = 2at.

We set ¢ = 1, then d” g and d"V y1.g reach the minimum g and the max-
imum /3 at a = 0, respectively. It implies that the maximum of width and the
minimum of length of the RW for the NLS equation are roughly equal to the cor-
responding values of the RW for the CLL-NLS equation. The width of the RW for
the NLS equation also tends to 0 when a — +co. Howeyver, the length tends to +o0,
when a — £o0o. There is no oscillation interval for the width of the RW solution
of the NLS equation. This is different from the analogous CLL-NLS equation. The

profiles of d" nrs and dV y1g with ¢ = 1 are given in Fig. 10(b).
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Fig. 10 — (Color online). The length d” and the width d" for the first-order RW with ¢ = 1. The blue
dashed line indicates the length, and the red solid line denotes the width. (a) The CLL-NLS equation.

(b) The NLS equation.

Furthermore, we notice that d” < d% 5 if a € (—oo0, —0.47) and d* > d" n1s
if a € (—0.47,1), dV < dV nps, if a € (—00, —2.53) or a € (—0.33,0.67), and
dV > d" npsifa€ (—2.53,-0.33) ora € (0.67, 1) in the case of ¢ = 1. These de-
tailed comparisons on localization features of the first-order RWs are given in Table

1 and Fig. 11.

B } 1.6
50+ : 1.4
(@) 40 Il () 12
{ 1.0-

2 . 0.8
20 g 0.61
0.4

0.2-

Fig. 11 — (Color online). The comparison between the length (a) and the width (b) of the first-order
RWs for the NLS equation (red, solid) and the CLL-NLS equation (blue, dashed) witha < 1 and c = 1.
The left panel has one intersection point (—0.47,1.82). There are three intersection points in the right

panel: (—2.53,0.34), (—0.33,1.45), and (0.67,1.03).

This analysis is visually verified by contours of |r|? for heights, being twice
higher than the background in Fig. 12. Furthermore, since the length and the width
of the first-order RW of CLL-NLS equation are smaller than the corresponding NLS



27 Higher-order rogue wave dynamics for derivative NLS equation Article no. 102

4 2
2 1
(a) ,/f,’ (b)
x 0 x 0
;f
~2 |
il o
2 -1 o 1 2 2 =1 § 1 2
t t
2 2 .
! \\\
1 1 \
(©) X ) L T
{ 3
! kY ~
-1 g -1 % %
N \
\\_r‘]
z z
3 =1 § 1 2 3 =1 § 1 2
t t
81 N
6 \\\
NN
4, \\\\
(e) 21 \\\\\
hY
x 0 aé
\\\
-2 \\\\
_4 \\\\\
-6 \\\\\
,87 Y

Fig. 12 — (Color online). The contours of first-order RWs at height (2c2) twice background with c =1
and different values of a. The red solid line is for the NLS equation and the blue dashed line is for the
CLL-NLS equation. (a) a = —3,(b)a = —1,(c) a=—0.4,(d) a =0, (e) a = 0.7.
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Table 1

The localization features for the RW in the NLS and CLL-NLS equation. NLS<CLL-NLS means
the localization of RW in the CLL-NLS is betfer than in the NLS, since the width and length of the
CLL-NLS RW are smaller compared to those of the NLS. NLS>CLL-NLS is the opposite case.

Values of a Length Width Localization
a<—2.53 d g >dl d¥;g>dV NLS<CLL-NLS

—2.53 <a < —0.47 d%LS > dF d]V\[,/LS <d"  Indeterminate
—047<a<—-033 dk;q<dl d¥,s<dV NLS>CLL-NLS

0.33 <a <0.67 dJLVLS < dF d}/VVLS >d"  Indeterminate
0.67<a<1 di o <dl d¥; g<dV NLS>CLL-NLS

equation case when a < —2.53, CLL-NLS is therefore better than the corresponding
NLS one. From an experimental point of view, having a smaller localization, we
emphasize therefore a simpler set-up, since the proapagating distance of first-order
CLL-NLS RW is considerably smaller compared to the NLS case. The opposite case
is valid for —0.47 < a < —0.33 and 0.67 < a < 1, where the CLL-NLS RW is worse.
Unfortunately, we have not been able to compare the localization properties, when
a belongs to one of the other two intervals, shown in the third and fifth columns
of Table 1. This is due to the fact that the width and length of the corresponding
localization is alternatively smaller or bigger for the CLL-NLS equation compared
to the NLS equation. In other words, the SSE in the CLL-NLS equation gives a
remarkable change of the localization properties of the first-order RW, although we
are not able to claim, if the RW localization for this equation is rather improved or
destroyed by this term at different points (a,c), in the parameter space. This is the
first impact of the SSE on RW solutions of the CLL-NLS equation. As a second
impact we emphasize that the SSE induces a strong rotation of the direction length
on the RW of the CLL-NLS equation by comparing the two lines /5 and lo 1,5 These
two impacts are demonstrated intuitively by contours at a height 2¢? of the modulus
square for the first-order RWs of the CLL-NLS equation and of the NLS equation in
Fig. 12.

6. CONCLUSIONS

We have shown explicitly the determinant representation 7;, of the n-fold DT
for the CLL-NLS equation. To our best knowledge, this kind of DT is unusual by
comparing with known DT for soliton equations, because the n-fold DT depends on
overall factors Hj, which are involved with integrals of previous potentials (g, r),
(q1,71)s (g2,72)s s (@n-1,Tn—1). This induces difficulties to calculate the ana-
Iytic expressions with increase of iterative terms. Especially, for the case of multi-
Peregrine solutions. After a rigorous analysis, we managed to find in Lemma 3.2 that
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k

%H k+1 1s a constant. By using Lemma 3.2, there exists only one integral in 7T},
which depends on the “seed” solution in the odd order DT, which can be easily cal-
culated. Furthermore, we have provided the fundamental and higher-order solution
of the CLL-NLS equation by T},. These solutions may describe the accurate propa-
gation of localized structures in nonlinear dispersive media, since dispersion, nonli-
nearity, and SSE have been taken into account. In particular, we provided exact ana-
Iytical expressions for doubly-localized RW solutions. Furthermore, we discussed
the influence of the SSE on the localization characteristics of CLL-NLS RWs using
visualization contour method. This work may motivate similar studies for higher-
order evolution equations of this kind, e.g. for higher-order generalized nonlinear
Schrodinger-type equations. In particular, new experiments in several nonlinear dis-
persive media, for example in nonlinear optical fibers or in water wave flumes might
be a consequence of these studies.
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