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The paper presents a connection between Lie symmetries and conservation laws
for the 2D Ricci flow model.The procedure starts by obtaining a set of multipliers which
generates conservation laws.Then, taking into account the most general form of multiplier and making use of a relation which connects Lie symmetries and conservation
laws for any dynamical system, one determines associated symmetry generators. On
this basis, new group invariant solutions of the model, not yet discussed in literature,
are highlighted.
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1. INTRODUCTION

There are many reasons for computing symmetries and conservation laws corresponding to systems described by differential equations. In recent years, a remarkable number of mathematical models occurring in various research domains have
been studied from the point of view of the symmetry groups’ theory [1, 2]. The concept of symmetry is for example fundamental in the study of constrained dynamical
systems, where a global symmetry, called the BRST symmetry, could define geometric structures suitable for describing the evolution [3]. The most adequate technique
able to find classes of analytical solutions, the so-called Lie symmetry method, investigates integrability starting from the invariance of evolutionary equations under
some linear transformations of the variables which define the so-called Lie group of
symmetries.
There are many interesting results concerning for the correspondence between
symmetries and conservation laws. For example, one can establish [4] a nice relationship between symmetries and conservation laws for self-adjoint differential equations, identity which does not depend on the use of a Lagrangian. Another interesting
∗
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result which will be used here concerns a direct link between the components of a
conserved vector for an arbitrary partial differential equation and the Lie-Bäcklund
symmetry generator of the equation, which is associated to the conserved vector’s
components [5].
This paper will tackle with the connection between symmetries and conservation laws by using the property of the Euler differential operator to annihilate whatever expression having the mathematical form of a divergence. By applying Euler
operator on a combination of evolutionary equations, one can determine a set of multipliers which generate conservation laws. We will apply this procedure for the 2D
Ricci flow, a very interesting model coming from the gravity theory. Some applications of the Ricci flow model are discussed in [6, 7]. The Lie symmetry problem
and some invariant solutions of this model, using the standard approach, have been
already discussed [8]. Making use of the procedure mentioned above, new Lie symmetry generators and group invariant solutions of the model, not yet discussed in
literature, will be highlighted.
The paper is organized as follows: after this introductive section, the mathematical formulation of the problem of constructing conserved currents for a general
differential equation and associated Lie symmetries, will be analyzed in the second
section. The conservation law multipliers’ method and a close connection between
symmetry generators and conserved vectors will be used. In the third section, these
methods will be applied to the 2D Ricci flow model. A set of conservation laws
corresponding to a multiplier Λ(x, t, y, U ), that does not depend on the derivatives
of the dependent variable U , the associated Lie symmetry operators and some new
group invariant solutions, will be pointed out . Some concluding remarks will end
the paper.
2. CONNECTION BETWEEN LIE SYMMETRIES AND CONSERVATION LAWS

For each partial differential equation (PDE) or for each PDE system there is
a local group of transformations (called symmetry group) that acts on the space of
its independent and dependent variables, with the property that it maps the set of all
analytical solutions to itself, and so it leaves the form of the equation (or system)
unchanged. The widely applicable method to find the symmetry group associated
with a PDE (or PDE system) is called the classical Lie method. Consequently, the
knowledge of Lie point symmetries allows us to construct group-invariant solutions.
Two solutions are equivalent if there is a symmetry transformation which transforms
one into another. Moreover, by applying the symmetry group to a known solution, a
family of new solutions may be generated.
Let us consider a system of q partial differential equations (PDEs):
∆ = {∆ν (x, u(x), u(n) (x))}qν=1 = 0
RJP 58(Nos. 5-6), 519–528 (2013) (c) 2013-2013
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defined on a domain M ⊂ Rp (i.e. a connected open subset of Rp ) with at most n−th
order partial derivatives of u(x) = (u1 (x), ..., uq (x)) with respect to x = (x1 , ..., xp ).
The notation u(n) (x) designates the set of partial derivatives of u(x) with respect to
x, up to the n-th order.
Let us denote by X (n) the extension of n−th order of the Lie infinitesimal
symmetry operator with the general form:
X=

p
X
i=1

q

X
∂
∂
ξ (x, u) i +
φα (x, u) α
∂x
∂u
i

(2)

α=1

The Lie symmetry method [9], requires to impose the following invariance
condition for the system (1):
X (n) (∆ν ) |∆=0 = 0, ν = 1, q

(3)

A systematical procedure able to find conservation laws, called the direct method,
has been developed [10]. The direct method consists of two main steps:
(i) to determine a set of conservation law multipliers {Λν : M × V (n) →
q
R}ν=1 , so that a linear combination of the PDEs with the conservation law multipliers yields a divergence expression:
Λν [x, U (x), U (n) (x)]∆ν [x, U (x), U (n) (x)] = Div P[x, U (x), U (n) (x)]

(4)

In the previous statement, I used the notations: V (n) = V1 × ... × Vn for the
n−th prolonged space of the Euclidean spaces V1 , ..., Vn , a simplified version of the
n−th order jet space [9]; U (x) for all possible functions, not only for the solutions
u(x) of the system (1); P ≡{Pi : M × V (n) → R}pi=1 for a vectorial smooth function
defined everywhere on M × V (n) .
It is known that conservation law multipliers could be found using the method
[10] of Euler operator. Thereby, we may solve the following system of PDEs:
h
i
Eρ Λν [x, U (x), U (n) (x)]∆ν [x, U (x), U (n) (x)] = 0, ∀ ρ = 1, q
(5)
for the unknown functions {Λν , ν = 1, q}.
(ii) find the corresponding conserved current [11] P ≡{Pi : M × V (n) →
p
R}i=1 in order to obtain the conservation law:
Div P [x, U (x), U (n) (x)] |U (x)=u(x) =
Λν [x, U (x), U (n) (x)]∆ν [x, U (x), U (n) (x)]|U (x)=u(x) =
Λν [x, u(x), u(n) (x)]∆ν [x, u(x), u(n) (x)] = 0

(6)

When comparing the conserved law (6) to its alternative definition [12], it
should be clear that P = (ρ, J), n = max{l, m}, where ρ [x, u(x), u(l) (x)] is the
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conserved density of order l and J [x, u(x), u(m) (x)] is the associated flux of order
m.
An important relation [5] was derived between the symmetry operator X and
the components Pi of the conserved current P.It has the form:
X (r) (P i ) + P i Dk (ξ k ) − P k Dk (ξ i ) = 0, i = 1, p

(7)

where X is applied in the r−th extended form.
The conditions (7) with X known, joined to the conservation law Div P = 0,
might be viewed as a system of linear partial differential equations which could be
solved for the components P i , i = 1, p of the conserved vector. Yet, (7) could be used
as well in order to obtain the symmetry operators X associated to a given conserved
current P. In the next section, the latter way will be applied.
3. APPLICATION TO THE 2D RICCI FLOW MODEL
3.1. THE 2D RICCI FLOW MODEL

The Ricci flow represents a model of geometrical evolution equations generated
by a continuous deformation of the metric’s components on a Riemannian manifold
[14]. Its evolution is described by non-linear parabolic differential equations and they
are expressed in the terms of an intrinsic Ricci curvature tensor according to:
∂
gµν = −Rµν
(8)
∂t
The Ricci flow equations on two-dimensional manifolds have attracted a considerable attention in the physics’ literature in connection with two-dimensional black
holes’ geometry, exact solutions of the renormalization group equations which describe the decay of singularities in non-compact spaces, etc. [15].
In two-dimensions it is useful to consider a local system of conformally flat
coordinates {X, Y } for which the metric of the space has the form:
ds2 =

1
exp{Φ(X, Y, t)}(dX 2 + dY 2 )
2

(9)

It has been proved [16] that, if passing to complex variables of the form x = 12 (X +
iY ), y = 21 (X − iY ), the equations (8) become:
∂ Φ(x,y,t)
e
= ∂xy Φ(x, y, t)
∂t
When introducing the field u(x, y, t) by the substitution:
u(x, y, t) = eΦ(x,y,t)
RJP 58(Nos. 5-6), 519–528 (2013) (c) 2013-2013
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the equation (10) takes the form:
ut = (ln u)xy

(12)

An equivalent form for the previous equation, which will be used in this paper is:
uxy ux uy
ut =
− 2
(13)
u
u
Among the main results concerning (13) we might mention: (i) it could be obtained
as a particular case of the 3D Ricci flow equations which accepts a Killing vector [15]
;(ii) by linearization, it presents various classes [16] of solutions, these depending
on the ”sector” where it is defined; (iii) using the standard method, a study of its Lie
symmetries and invariant solutions was performed [8].
3.2. CONSERVATION LAW MULTIPLIERS OF THE MODEL

In the following considerations, my aim will be to obtain conservation law
multipliers for the 2D Ricci flow model described above. They are useful because
the associated conservation laws for the analyzed model will be generated.
A multiplier Λ of the equation (13) has the property:


Uxy Ux Uy
Λ Ut −
+
= Div P [t, x, y, U, U (2) ]
(14)
U
U2
for all functions U (t, x, y), not only for the solutions u(t, x, y) of (13).
Let us consider a multiplier of the form Λ = Λ(t, x, y, U ). Others, which depend
on the first and higher order partial derivatives of U could also be considered. Yet,
in two dimensions, calculations do rapidly become more complicated. Therefore,
computer assisted calculations may lead to further conservation laws.
The right hand side of (14) is a divergence expression. Hence, this expression
vanishes when applying the Euler operator which, in two dimensions, takes the form:
EU =

∂
∂
∂
∂
− Dt
− Dx
− Dy
∂U
∂Ut
∂Ux
∂Uy
∂
∂
∂
+ Dy2
+ Dx Dy
+ ... (15)
+ Dx2
∂U2x
∂U2y
∂Uxy

Consequently, the equation (14) becomes:
 

Uxy Ux Uy
EU Λ Ut −
+
=0
U
U2
which, by expansion, takes the following expression :




Λxy
2ΛU
ΛU Λ2U
−
Uxy +
−
Ux Uy − ΛyU Ux − ΛxU Uy − Λt +
=0
U
U2
U
U
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Because (17) is satisfied for all functions U (t, x, y) and because the multiplier Λ is
chosen as suitable in order not to depend on derivatives of U , the coefficient functions
of various derivatives of U must vanish. Thereby, a determining system for multiplier
Λ(t, x, y, U ) is generated:
ΛU = Λt = Λxy = 0
(18)
By solving the differential system (18), a multiplier with a general form results:
Λ = αf (x) + βg(y) 6= 0

(19)

with arbitrary functions f (x), g(y) and arbitrary constants α, β.
3.3. CONSERVATION LAWS AND ASSOCIATED LIE SYMMETRY GENERATORS

We will continue our investigations on the 2D Ricci flow model by determining
in this subsection the conserved currents associated with the multiplier (19). From
(14) and (19), through elementary manipulations, we obtain:


Uxy Ux Uy
[αf (x) + βg(y)] Ut −
+
= Dt [(αf (x) + βg(y))U ] +
U
U2




(20)
Uy
Ux
+Dx −βg(y)
+ Dy −αf (x)
= Div P
U
U
For the case when U (t, x, y) is a solution of (13), the previous expression leads to the
following set of conservation laws:
h
h
uy i
ux i
Dt [(αf (x) + βg(y))u] + Dx −βg(y)
+ Dy −αf (x)
=0
(21)
u
u
for arbitrary functions f (x), g(y) and arbitrary constants α, β. As a result, the conserved current P has the components:
uy
ux
P 1 = (αf (x) + βg(y))u, P 2 = −βg(y) , P 3 = −αf (x) ,
(22)
u
u
It is important to remark that conserved currents (22) might have quite arbitrary
coefficients in independent variables. It is also important to underline the fact that
the previous conserved quantities are very important in generating various classes
of solutions for Ricci-type flow equations. Such solutions, soliton-like ones, but not
only them, are mentioned for example in [16].
The next aim of the paper is to illustrate how we might find the point symmetries associated to the conservation law (21). These symmetries are generated by
Lie operators which define the Lie differential group. They are extremely important
in finding the class of invariant solutions. Such solutions for the Ricci flow, using
similarity reduction, were obtained in [8]. Here, when combining the use of the differential Lie group to the attached conservation laws, new invariant solutions will be
generated.
RJP 58(Nos. 5-6), 519–528 (2013) (c) 2013-2013
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The starting point of computations is clearly the relation (7), in which P i are
considered as known components of the conserved current and X as an unknown
symmetry operator. The symmetry conditions for (22) are:
X (1) (P 1 ) + P 1 Dx (ξ) + P 1 Dy (η) − P 2 Dx (ϕ) − P 3 Dy (ϕ) = 0
X (1) (P 2 ) + P 2 Dt (ϕ) + P 2 Dy (η) − P 1 Dt (ξ) − P 3 Dy (ξ) = 0
X

(1)

3

3

3

1

(23)

2

(P ) + P Dt (ϕ) + P Dx (ξ) − P Dt (η) − P Dx (η) = 0

∂
∂
∂
∂
where the Lie symmetry operator X = ϕ ∂t
+ ξ ∂x
+ η ∂y
+ φ ∂u
is of type (2) and
admits the first extension:
∂
∂
∂
X (1) (t, x, y, u) = X + φt
+ φx
+ φy
(24)
∂ut
∂ux
∂uy

The coefficient functions φt , φx , φy will be calculated according to the Lie symmetry
theory [9]:
φt =Dt (φ − ϕut − ξux − ηuy ) + ϕu2t + ξuxt + ηuyt
φx =Dt (φ − ϕut − ξux − ηuy ) + ϕutx + ξu2x + ηuyx
φy =Dt (φ − ϕut − ξux − ηuy ) + ϕuty + ξuxy + ηu2y
From now on, with no loss of generality, the choice ϕ = c = const. in (24) will
be analyzed. By expanding the determining equations (23) and separating various
monomials in derivatives of u,the following differential system is generated:


df (x)
dg(y)
u αξ
+ βη
+ [αf (x) + βg(y)](ξx + ηy )
dx
dy
+ [αf (x) + βg(y)]φ = 0 (25a)
dg(y)
− βg(y)[φ − uφu ] = 0
dy
df (x)
− αf (x)[φ − uφu ] = 0
uαξ
dx
u2 [αf (x) + βg(y)]ξt + βg(y)φy = 0
uβη

2

u [αf (x) + βg(y)]ηt + αf (x)φx = 0,

(25b)
(25c)
(25d)
(25e)

with as unknown functions f (x), g(y) and coefficient functions ξ(x, t), η(y, t), φ(t, x, y, u)
which appear in the Lie operator X.
By solving the previous differential system, the following solutions are obtained:
Symmetry I: For f (x) = 0 and ∀ g(y), the symmetry operator admits the expression:
RJP 58(Nos. 5-6), 519–528 (2013) (c) 2013-2013
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∂
∂
∂
+ ξ(x)
− ξx u , ∀ξ(x)
(26)
∂t
∂x
∂u
Symmetry II: For g(y) = 0 and ∀ f (x), the symmetry generator takes the form:
XI =

∂
∂
∂
+ η(y)
− ηy u , ∀η(y)
∂t
∂x
∂u
Symmetry III: For ∀ f (x) 6= 0, ∀ g(y) 6= 0, the Lie operator is:
X II =

X III =

∂
∂t

(27)

(28)

3.4. GROUP INVARIANT SOLUTIONS OF THE MODEL

Let us find the group invariant solutions generated respectively by the operators
obtained before.
(I) Let us derive the invariant solution generated by the Lie symmetry generator
(26). The function uI = ψ I (t, x, y) is a group invariant solution of (13) provided that:
X I [uI − ψ I (t, x, y)]

u=ψ I

=0

(29)

This condition is equivalent to the partial differential equation:
ψtI + ξ(x)ψxI + ξx ψ I = 0

(30)

The solution of (30) is given by the expression:

 R
1
dx, y
H( t − ξ(x)
(31)
ψ I (t, x, y) =
ξ(x)
R 1
Introducing the notation z = t − ξ(x)
dx and substituting (31) into (13), the following partial differential equation results for H(z, y) :
Hz H 2 + HHzy − Hz Hy = 0

(32)

This reduced differential equation admits the solutions:
e(y+z+c)
, ∀c = const
(33)
−1 + e(y+z+c)
Thereby, the invariant solutions associated with the symmetry operator (26) are given
by the expressions:
H(y)
uI1 =
, ∀ H(y), ∀ ξ(x)
(34)
ξ(x)
e(y+z+c)

, ∀c = const
(35)
uI2 = 
−1 + e(y+z+c) ξ(x)
RJP 58(Nos. 5-6), 519–528 (2013) (c) 2013-2013
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Remark: For the linear sector of invariance (ξ(x) = −ax + b has linear form), the
invariant condition (30) leads to the differential equation:


I
I
I
+
(ax
−
b)
ψ
=0
(36)
aψlin
− ψlin
lin
t
x
with a,b arbitrary constants.
It provides the invariant solution:
uIlin = G(y, w)eat , ∀ G(y, w)
eat (ax − b)
a
In this particular situation, the reduced equation becomes:
w=

(37)

(38)

awGw G2 + aG3 − GGyw + Gy Gw = 0
and generates the following exact solution:
uIlin =

aM (y)
eat (ax − b)

, ∀M (y)

(39)

(II): Applying the same approach, similar results could be obtained for the
symmetry operator (27), by operating the changes: x → y, ξ(x) → η(y).
(III): The time translational operator (28) leads to a stationary invariant solution
with general expression:
uIII = u1 (x)u2 (y), ∀u1 (x), ∀u2 (y)

(40)

4. CONCLUDING REMARKS

The advantage of the method reported in this paper is that it may be applied for
arbitrary differential equations, with no regard to their Lagrangian formulation.
The paper approached, as a concrete example of evolutionary equation, the 2D
Ricci flow model. The most general form of multiplier and the corresponding conservation laws were determined in the forms (19), (21) which depend on two arbitrary
functions f (x) and g(y). By making use of symmetry conditions (23), I arrived to
differential system. Solving it using Maple program, one can generated three Lie
symmetry operators. Two of them, namely (26) and (27) implies the arbitrary functions ξ(x) and η(y), respectively. The third operator (28) is simpler In fact it is the
time translation operator. New invariamt solutions (34), (35), (39) and (40), for Ricci
flow model, associated to the mentioned Loe symmetry group have been pointed out.
These results have been obtained by the choice of a conservation law multiplier
Λ = Λ(t, x, y, U ) which only depends on independent variables (t, x, y) and on the
RJP 58(Nos. 5-6), 519–528 (2013) (c) 2013-2013
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dependent one U (t, x, y). It should be interesting to see how the results reported
by this paper might be extended for more general conservation law multipliers Λ =
Λ(t, x, y, U, U (n) ), n ≥ 1 which , further more, could depend up on first or higher
order partial derivatives of U. Calculations will become more complicated and might
lead to further conservation laws, consequently to more associated symmetries and
invariant solutions. This open problem will be studied in forthcoming works.
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