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I investigate the onset of the asymptotic perturbative QCD regime for the pion
electromagnetic form factor, using a suitable mathematical technique of analytic continuation from the time-like momenta to space-like momenta. The method leads to almost model-independent upper and lower bounds on the space-like form factor, which
exclude the asymptotic perturbative QCD regime for space-like squared momenta less
than 7 GeV2 .
PACS: 11.55.Fv, 13.40.Gp, 25.80.Dj.

1. INTRODUCTION

The transition from the soft regime of non-perturbative QCD to the hard regime
of perturbative QCD is a complicated, not fully understood problem. In particular, for
many exclusive observables the asymptotic behaviour predicted by perturbative QCD
is expected to set on rather slowly. A typical example is the pion electromagnetic
(vector) form factor F (t), defined through the matrix element
hπ + (p0 )|Jµelm |π + (p)i = (p + p0 )µ F (t),

t = q 2 = (p0 − p)2 .

(1)

In our notation the space-like axis is defined by Q2 = −t > 0. Near t = 0 the form
factor is holomorphic and admits the Taylor expansion
1
(2)
F (t) = 1 + hrπ2 i t + c t2 + d t3 · · ·
6
where hrπ2 i denotes the charge radius squared.
A unified theoretical treatment of the pion vector form factor does not exist.
At low energies its properties are described by Chiral Perturbation Theory (ChPT)
[1–3], lattice calculations [4], or various types of QCD sum rules [5, 6]. Perturbative
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QCD can be applied at large momenta on the space-like axis, far from the physical
thresholds [7–13]. It has been known since a long time that the non-perturbative
and sub-asymptotic terms are non-negligible for this quantity up to relatively high
momenta, delaying the onset of the QCD asymptotic regime. Several models have
been proposed for the description of the interplay between the soft and the strong
dynamics [14–19], but a quantitative estimate of the transition energy from the soft
to the hard regime is still missing. The purpose of the present talk is to discuss this
problem.
A very rich experimental and theoretical information is now available on the
pion vector form factor. However, most of the accurate information regards the behaviour at time-like momenta: the determinations on the space-like axis [20–29]
are obtained from indirect experiments and are affected by large uncertainties, especially at high momenta. Therefore, an analytic extrapolation from the time-like to
the space-like axis in the momentum plane is necessary. The rigorous properties of
analyticity and unitarity play a crucial role in performing this extrapolation.
Causality implies that F (t) is a real analytic function, F (t∗ ) = F ∗ (t), in the
complex t-plane cut for t > t+ , where t+ = 4Mπ2 is the lowest unitarity threshold.
The discontinuity across the cut is determined by unitarity, which implies in particular that in the elastic region (below the first significant inelastic threshold tin ) the
spectral function is expressed as
ImF (t + i) = θ(t − t+ ) σ(t)f1∗ (t)F (t),
t+ ≤ t ≤ tin ,
(3)
1 (t)
p
2iδ1
−1
is the
where σ(t) = 1 − t+ /t is the two-particle phase-space and f1 (t) = e 2iσ(t)
P -wave of ππ elastic scattering amplitude. For the pion vector form factor the first
significant inelastic threshold is at tin = (Mπ + Mω )2 = (0.917 GeV)2 . The relation
(3) implies the famous Fermi-Watson theorem, which states that in the elastic region
the phase of the form factor is equal to the P -wave phase shift δ11 (t) of the ππ elastic
scattering:
arg[F (t + i)] = δ11 (t),

t+ ≤ t ≤ tin .

(4)

Most calculations of the form factor on the space-like axis performed in the
past are based on specific parametrizations, which are often extrapolated outside
their range of validity, or on dispersive representations, which require an input not
fully available. In the present paper the high-energy behaviour of the pion form
factor along the space-like axis is investigated by exploiting the information available on the time-like axis in a model-independent formalism, discussed in [30, 31].
The usefulness of this method for improving the knowledge of the pion form factor
was demonstrated in [32–34]. In particular, as shown in [33], the method leads to
stringent model independent upper and lower bounds on F (t) on the space-like axis,
which can be compared with the predictions of perturbative QCD and with specific
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theoretical models.
After a brief description of the predictions of perturbative QCD in section 2,
I review in section 3 the standard types of dispersion relations applied in the past
to the pion form factor, and express the present experimental and theoretical input
on the function F (t) as an extremal problem on a class of analytic functions. The
solution of this problem is given in section 4 and is applied in section 5 for deriving
upper and lower bounds on the form factor at space-like intermediate momenta. The
implications of the results for the onset of the perturbative QCD regime are briefly
discussed in the final section 6.
2. PERTURBATIVE QCD

The high-energy behaviour along the space-like axis of the pion electromagnetic form factor is predicted by the factorization theorem for exclusive quantities in
perturbative QCD [7–10]: the relevant hadronic quantity is expressed as a convolution of a partonic kernel and the distribution amplitudes describing the probability of
the constituent quarks to carry a certain fraction of the hadron momentum.

Fig. 1 – Feynman graphs for the calculation of the pion electromagnetic form factor in perturbative
QCD to LO. The solid lines denote the quarks and anti-quarks, the curly lines the gluons and the wavy
lines the photons. The blobs denote the distribution functions of the quarks in the pion.

For the pion electromagnetic form factor the leading order (LO) Feynman diagrams shown in Fig. 1 give the contribution
LO
Fpert
(−Q2 ) =

8πfπ2 αs (µ2 )
,
Q2

(5)

where fπ = 130.4 MeV is the pion decay constant and αs (µ2 ) the strong coupling at
the renormalization scale µ, fixed usually by the choice µ2 = Q2 . Next-to-leading
order (NLO) perturbative corrections have been calculated in [11–13], using various
renormalization schemes and pion distribution amplitudes (DA). In particular, the
result in the MS-renormalization scheme with asymptotic DA reads [12]
 


8fπ2 αs2 (µ2 ) β0
µ2 14
NLO
2
Fpert (−Q ) =
ln 2 +
− 3.92 ,
(6)
Q2
4
Q
3
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where β0 = 11 − 2nf /3 is the first coefficient in the perturbative expansion of the
renormalization group β-function, nf being the number of active quark flavours.
The ambiguities that affect the perturbative QCD predictions have been investigated
in many papers, where in particular the dependence on the renormalization scale and
various prescriptions for scale setting have been discussed [12, 14].
It is currently accepted that perturbative QCD is valid for hard momentum
transfers, i.e. at large values of Q2 , far from the thresholds of hadronic production,
where the running strong coupling αs (Q2 ) is small due to the asymptotic freedom
of QCD. However, the practical question as to where precisely starts the perturbative regime does not have a simple answer, due to the lack of accurate data at large
energies on the space-like axis: as mentioned above, these data are obtained indirectly and are affected by large errors. Therefore, the analytic continuation of the
form factor from the time-like axis to the space-like axis in the complex t-plane is
necessary.
3. ANALYTIC CONTINUATION

There are three known types of integral representations allowing this analytic
continuation: the standard dispersion relation, based on Cauchy integral and the reality property, written (modulo subtractions) as
Z
1 ∞ ImF (t0 + i)dt0
,
(7)
F (t) =
π t+
t0 − t
the Omnès representation, which expresses the function in terms of its phase
 Z ∞

δ(t0 )
t
dt0 0 0
F (t) = P (t) exp
,
δ(t) ≡ arg F (t + i),
π t+
t (t − t)

(8)

where P (t) is an arbitrary polynomial accounting for the zeros of F (t) at points ti in
the complex plane, P (ti ) = 0, and the representation in terms of the modulus
!
√
Z
t+ − t ∞ ln |F (t0 )| dt0
p
F (t) = B(t) exp
,
(9)
π
t0 − t+ (t0 − t)
t+
where B(t) is a so-called Blaschke factor, with the property |B(t)| = 1 for t > t+ ,
which also accounts for the possible zeros of the form factor at points ti , B(ti ) = 0.
None of these standard representations has complete input: the dispersion relation (7) involves the imaginary part, which is not directly measurable. The phase
δ(t) required in (8) is known from Fermi-Watson theorem (4) and the P wave phase
shift of ππ scattering only in the elastic region t < tin , while the modulus |F (t)|
required in (9) is measured now experimentally with increased precision by several
experiments, for instance by BaBar Collaboration [38], but is however poorly known
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at low energies and above 3 GeV. Moreover, both the phase and modulus representations require the positions of the zeros in the complex plane, which are not known.
In the present talk, I shall make conservative use of the available information
on the form factor. The first input is provided by Fermi-Watson theorem (4), with the
phase shift δ11 (t) for t ≤ tin calculated with high precision by using ChPT and dispersive (Roy) equations for ππ amplitude [35–37]. The second ingredient is provided by
the data on the modulus |F (t)| above tin , measured from the e+ e− → π + π − annihilation (in particular, the data available up to 3 GeV from the BaBar experiment [38]).
These data allow a good estimate of the integral
1
π

Z∞
ρ(t)|F (t)|2 dt = I,

(10)

tin

for a class of weight functions ρ(t), discussed
√ in [32–34]. In particular, a suitable
choice for the present problem is ρ(t) = 1/ t, for which the quantity I, evaluated
with the data from [38] up to 3 GeV and conservative assumptions above this energy,
is
I = 0.687 ± 0.028.
(11)
An additional input is the normalization F (0) = 1 displayed in the Taylor expansion
(2), and the range
hrπ2 i = 0.43 ± 0.01 fm2 ,
(12)
for the charge radius, suggested from studies based on ChPT [3]. The formalism allows in fact the inclusion of an arbitrary number of derivatives at t = 0. It allows also
the inclusion of an arbitrary number of values at points below the unitarity threshold:
F (tn ) = Fn ± n ,

tn < t + ,

n = 1, 2, . . . N,

(13)

where Fn and n represent the central value and the uncertainty. In particular, it is
convenient to include the input value
F (−2.45 GeV2 ) = 0.167 ± 0.010+0.013
−0.007 ,

(14)

known from the recent precise measurements of the ep → enπ + process [28, 29].
In the next section, I shall show how to exploit in an optimal way the input
described above for finding model-independent upper and lower bounds on the form
factor F (t) in the space-like region t < 0.
4. SOLUTION OF THE EXTREMAL PROBLEM

The problem formulated in the previous section belongs to the so-called Meiman
class of extremal problems and can be solved using standard mathematical methods,
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(15)

where δ(t) = δ11 (t) for t ≤ tin , and is an arbitrary function, sufficiently smooth (i.e.
Lipschitz continuous) for t > tin . As shown in [31], the results do not depend on the
choice of the function δ(t) for t > tin . The crucial remark is that the function h(t)
defined by
F (t) = O(t)h(t)

(16)

is analytic in the t-plane cut only for t > tin . Furthermore, equality (10) implies that
h(t) satisfies the condition
Z
1 ∞
dt ρ(t)|O(t)|2 |h(t)|2 = I.
(17)
π tin
This relation can be written in a canonical form by performing the conformal transformation
√
√
tin − tin − t
√
z̃(t) = √
,
(18)
tin + tin − t
which maps the complex t-plane cut for t > tin onto the unit disk |z| < 1 in the
z-plane defined by z ≡ z̃(t), and defining a function g(z) by
g(z) = w(z) ω(z) F (t̃(z)) [O(t̃(z))]−1 ,

(19)

where t̃(z) is the inverse of z = z̃(t), for z̃(t) as defined in (18), and w(z) and ω(z)
are calculable outer functions, i.e. functions analytic and withoutpzeros for |z| < 1,
defined in terms of their modulus on the boundary, related to ρ(t) and |O(t)|,
respectively. They can be written as [30, 31, 33]
√
(1 − z)1/2
,
w(z) = (2 tin )1/2
(1 + z)
!
p
Z
tin − t̃(z) ∞
ln |O(t0 )| dt0
√0
ω(z) = exp
.
π
t − tin (t0 − t̃(z))
tin

(20)

(21)

From (16) it follows that the product F (t̃(z)) [O(t̃(z))]−1 appearing in (19) is
equal to the function h(t̃(z)), which is analytic in |z| < 1. Therefore, the function
g(z) defined in (19) is analytic in |z| < 1. Moreover, using the definition of the
functions w(z) and ω(z), it is easy to see that the equality (17) can be written in
terms of g(z) as
Z 2π
1
dθ|g(ζ)|2 = I,
ζ = eiθ .
(22)
2π 0
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The transformation (18) maps the origin t = 0 of the t-plane onto the origin z = 0 of
the z-plane. From (19) it follows that each coefficient gk ∈ R of the expansion
g(z) = g0 + g1 z + g2 z 2 + g3 z 3 + . . .

(23)

is expressed in terms of the coefficients of order lower or equal to k, of the Taylor
series expansion of the form factor. Furthermore, the values F (tn ) of the form factor
at a set of real points tn < t+ , n = 1, 2, ...N are related to the values g(zn ) at zn =
z̃(tn ) by
g(zn ) = w(zn ) ω(zn ) F (tn ) [O(tn )]−1 .
(24)
2
Then the L norm condition (22) implies the determinantal inequality (for a proof
and older references see [31]):
I¯
ξ¯1
ξ¯2
···
ξ¯N
K
2K
(z1 zN )K
(z1 z2 )
z1
·
·
·
ξ¯1
1 − z1 z2
1 − z1 zN
1 − z12
≥ 0,
(25)
..
..
..
..
..
.
.
.
.
.
2K
zN
(z2 zN )K
···
2
1 − z2 zN
1 − zN
PK−1
P
k
2
¯
where I¯ = I − K−1
k=0 gk zn .
k=0 gk and ξn = g(zn ) −
The inequality (25) leads to rigorous upper and lower bounds on the value of the
form factor at one space-like point t < 0 using input values at other points inside the
holomorphy domain or the derivatives at t = 0. The calculation amounts to solving
simple quadratic equations for the quantities g(zn ), related to the values F (tn ) of the
form factor through the relation (24).

ξ¯N

(z1 zN )K
1 − z1 zN

5. BOUNDS ON THE SPACE-LIKE FORM FACTOR
2
2
Fig. 2 shows the upper and lower bounds on the product
√ Q F (−Q ) in the
2
2
range 0 ≤ Q ≤ 10 GeV , obtained with the weight ρ(t) = 1/ t in the integral condition (10) and the input defined by the normalization F (0) = 1 and the relations
(4), (11), (12) and (14). The Omnès function (15) was calculated using below tin
the phase shift δ11 (t) obtained with great precision from Roy equations for the ππ
amplitude [35–37], and above tin an arbitrary smooth continuation of this phase approaching π at large t. As mentioned above, in [31] it was shown that the bounds
are independent of the particular form of the phase above tin , and this property was
checked numerically with great precision.
The inner white region is the allowed domain delimited by the upper and lower
bounds obtained with the central values of the input parameters, while the cyan bands
show the enlarged allowed domain obtained with the inclusion of the errors of the input. At each point the error is obtained by varying simultaneously the input quantities
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and taking the most conservative bounds. A significant contribution to the size of the
cyan domain is brought by the experimental uncertainty of the space-like input (14).
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Fig. 2 – Upper and lower bounds on the product Q2 F (−Q2 ) derived with the weight ρ(t) = 1/ t
by including the charge radius (12) and the space-like datum (14). The inner white region denotes the
allowed domain delimited by the upper and lower bounds obtained with the central values of the input;
the cyan bands show the enlarged allowed domain, delimited by the upper and lower bounds obtained
by varying the input quantities inside their error intervals.

In Figs. 3 the allowed range of Q2 F (−Q2 ) as a function of Q2 is confronted
with some of the data available from experiments [20–29]. At low Q2 , most of the
low energy data are consistent with the narrow allowed band predicted by the present
analysis. The most recent data from [28, 29] are well accommodated within the
allowed band, which is not surprising as one of these points was used as input. There
are however some inconsistencies between the allowed domain derived here and the
data reported in Refs. [21], [22] and [24], in spite of their large errors.
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Fig. 3 – Comparison of the bounds with several sets of experimental data. Left: all data; right: enlarged
view of the low-energy region.

Finally, in Fig. 4 the allowed domain is compared with the predictions of perturbative QCD and several non-perturbative models proposed in the literature for
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the space-like form factor at intermediate energies [6, 15–19]. In the LO expression (5), we have taken the scale µ2 = Q2 and used the running coupling to one
loop, αs (Q2 ) = 4π/(β0 ln(Q2 /Λ2 )), with nf = 3 active flavours and Λ = 0.214 GeV,
which gives αs (Mτ2 ) = 0.33, the average of the most precise recent predictions from
hadronic τ decays [39].
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Fig. 4 – Comparison of the bounds with perturbative QCD and several non-perturbative models.

6. DISCUSSION AND CONCLUSIONS

For testing perturbative QCD in the case of exclusive quantities, the analytic
continuation from the time-like axis to the space-like axis in the energy plane is often required. In this talk I showed that the phase of the pion form factor along the
elastic part of the unitarity cut, together with a conservative estimate of an integral involving the square of the modulus on the complementary part of the cut, exploited by
a suitable mathematical formalism, lead to rather stringent upper and lower bounds
on F (t) at intermediate space-like energies.
The bounds derived in this formalism are almost model-independent and very
robust, allowing to make definite statements about the onset of perturbative QCD.
From Fig. 4 one can see that perturbative QCD to LO is excluded for Q2 < 7 GeV2 ,
and perturbative QCD to NLO is excluded for Q2 < 6 GeV2 , respectively. If we
restrict to the inner white allowed domain obtained with the central values of the
input, the exclusion regions become Q2 < 9 GeV2 and Q2 < 8 GeV2 , respectively.
Among the theoretical models, the light-cone QCD sum rules [6] and the local quarkhadron duality model [15] are consistent with the allowed domain derived here for a
large energy interval, while the remaining models are consistent with the bounds at
low energies, but seem to predict too high values at higher Q2 . Stronger statements
about the onset of perturbative QCD for the pion electromagnetic form factor will be
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possible by implementing in the present formalism more accurate experimental data
at a few space-like points, expected to be available in the near future.
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