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The matrix product state approach to interacting many-body systems was inspired by the quantum inverse scattering method and developed to describe the stationary behaviour. Driven diffusive systems have the intriguing feature that the properties of the steady state strongly depend on the boundary rates. We have shown that
the boundary conditions of the asymmetric simple exclusion process on a lattice define the boundary symmetry as a generalized Onsager algebra, a coideal subalgebra of
ˆ
the bulk quantum affine Uq ((su(2)).
We implement algebraic Bethe Ansatz based on
the zeros of the Askey-Wilson polynomials to diagonalize the transition rate matrix of
the process and find the complete spectrum. The condition for the constructed irreducible finite-dimensional representation of the boundary algebra can be related to the
Gallavotti-Cohen symmetry.
PACS: 02.30.Ik, 05.70.Ln, 11.30.-j, 03.70.+k.

1. INTRODUCTION

The open asymmetric simple exclusion process (ASEP) is an interacting manybody system with wide range of applications [1–3]. It is described by the probability
distribution P (si , t) of a stochastic variable si = 0, 1, at a site i = 1, 2, ....L of a linear
chain. In the set of occupation numbers (s1 , s2 , ..., sL ) specifying a configuration of
the system si = 0 if a site i is empty, or si = 1 if the site i is occupied. On successive
sites particles hop with probability g01 dt to the left, and g10 dt to the right. The
event of hopping occurs if out of two adjacent sites one is a vacancy and the other is
occupied by a particle. The process is totally asymmetric if all jumps occur in one
direction only and symmetric if g01 = g10 = g. In the case of open systems, additional
processes can take place at the boundaries. At the left boundary i = 1 a particle can
be added with probability αdt and removed with probability γdt, and at the right
boundary i = L it can be removed with probability βdt and added with probability
δdt. Without loss of generality we choose the left probability rate g01 = q and the
∗
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right one g10 = 1. The totally asymmetric process and the symmetric one correspond
to q = 0 and q = 1 respectively. The time evolution of the system is governed by
P
P
(s,t)
the master equation dPdt
= s0 Γ(s, s0 )P (s0 , t) with Γ(s, s) = − s0 Γ(s, s0 ) due
to probability conservation. By using ’ket’ notation one writes P (s, t) as a vector
of probabilities |P (t)i of dimension 2L which is the number of configurations on a
chain of L sites. The master equation can formally be mapped to a Schroedinger
equation in imaginary time d|Pdt(t)i = Γ|P (t)i where −Γ = H is referred to as a
quantum ”Hamiltonian” with nearest-neighbour interaction in the bulk and single-site
boundary terms. The ground state of this, in general, non-Hermitian ”Hamiltonian”,
corresponds to the steady state of the stochastic dynamics.
The formal relation to the integrable spin 1/2 XXZ Uq (su(2)) invariant quantum spin chain [5] with anisotropy ∆ and with added general non diagonal boundary
terms is known [4]. Through the mapping Bethe Ansatz (BA) solution was possible
for the ASEP [6]. It is based on the XXZ Hamiltonian integrability condition [7, 8],
which in terms of the ASEP notations reads (k is an integer such that |k| ≤ L/2)
(q L+2k − 1)(αβ − q L−2k−2 γδ) = 0

(1)

The ASEP BA solution is valid for a chain of even number of sites only.
Despite the formal equivalence to the XXZ chain there are important distinguishing features due to the ASEP stochastic nature (for details see [2]). An independent treatment of the stochastic process is worth considering.
The master equation can be formally solved |P (t)i = exp(Γt)|P (0)i. As
noted in [2] if one can diagonalize the transition rate matrix then one can obtain
all probabilities at all times. Γ is non-Hermitian, in general, and has different left
and right eigenvectors. As a stochastic matrix, it has a trivial ’bra’ eigenvector
h0|Γ = 0 and a nontrivial one which is the stationary state. One has Γ|ψλ i = λ|ψλ i,
hφµ |Γ = µhφµ |, with the bi-orthogonality
condition hφµ |ψλ i P
= δµ,λ . Assuming that
P
they form a complete system 1 = λ |ψλ ihφλ |, then Γ = λ λ|ψλ ihφλ |. Hence
|P (t)i = exp(λt)|ψλ ihφλ |P (0)i. Note that the transition matrix is a positive Markov
matrix with real eigenvalues or, if complex, they appear in conjugate pairs. According to Perron-Frobenius theorem it has one maximum eigenvalue zero and negative
real parts of all the eigenvalues.
In this paper we find a solution to the transition rate matrix spectral problem.
We propose a diagonalization procedure in the auxiliary space, which is the representation space of the boundary algebra of the process. The boundary operators of the
ASEP are shifted generators of the generalized Onsager algebra. We implement the
algebraic Bethe ansatz based on the Bethe equation for the zeros of the Askey-Wilson
polynomials. We find a complete set of 2L eigenvectors with distinct eigenvalues including the unique ground state of eigenvalue zero.
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2. THE MODEL WITHIN THE TRIDIAGONAL ALGEBRA APPROACH
2.1. MATRIX PRODUCT STATE ANSATZ

It states that the steady state properties of the ASEP are exactly obtained in
terms of matrices obeying a quadratic algebra [9, 10]. For a given configuration
(s1 , s2 , ..., sL ) the stationary probability is defined by the expectation value P (s) =
hw|Ds1 Ds2 ...DsL |vi
, where Dsi = D1 if a site i = 1, 2, ..., L is occupied and Dsi = D0
ZL
if a site i is empty and ZL = hw|(D0 + D1 )L |vi is the normalization factor to the
stationary probability distribution. The operators Di , i = 0, 1 satisfy the quadratic
(bulk) algebra
D1 D0 − qD0 D1 = x1 D0 − D1 x0 ,

x0 + x1 = 0

(2)

with boundary conditions of the form
(βD1 − δD0 )|vi = x0 |vi
hw|(αD0 − γD1 ) = −hw|x1 .

(3)
(4)

The exact solution in the stationary state was related to the Askey-Wilson polynomials [11].
We emphasize the one parameter dependence of the MPA defining relations
due to x0 = −x1 = ζ, with 0 < ζ < ∞. In most known applications it is restricted
to the choice ζ = 1. The relation x0 + x1 = 0 implies an abelian symmetry with a
conserved quantity D0 + D1 , following from
D0 → D0 + x0 ,

D1 → D1 + x1

(5)

The matrix D0 + D1 enters the expressions for all the relevant physical quantities and
is referred to as the transfer matrix. In the steady state the current through a bond
between the sites i and i + 1 is site independent and has the form
JL = ζ

hw|(D0 + D1 )L−1 |vi
ZL−1
=ζ
L
hw|(D0 + D1 ) |vi
ZL

(6)

The current vanishes, J = 0, if ζ = 0.
Conjecture: The abelian transformation with parameter ζ may be interpreted
as Gallavotti-Cohen symmetry [12]
eζ →

γδ L−1 −ζ
q
e
αβ

(7)

2.2. THE TRIDIAGONAL BOUNDARY SYMMETRY OF THE ASEP

We have recently shown [13] that the quantum affine Uq (su(2))
ˆ
[14, 15] is
the bulk hidden symmetry of the asymmetric simple exclusion process. We are led
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to the formulation of the tridiagonal (generalized Onzager) algebra approach to the
asymmetric exclusion process:
1. The matrices of the MPA which determine the weights of each configuration
in the steady state of the ASEP obey the level zero q-Serre relations of quantum affine
Uq (su(2)).
ˆ
2. The boundary operators DL = αD0 − γD1 and DR = βD1 − δD0 are
coideal elements of the bulk quantum affine Uq (su(2)).
ˆ
Namely, DL = A∗ + α − γ,
R
∗
D = A + β − δ, where A , A generate the Askey-Wilson algebra [16, 17] (as a
coideal subalgebra)
[A, [A, A∗ ]q , ]q−1 = ρA∗ + ωA + η
∗

∗

∗

∗

[A , [A , A]q ]q−1 = ρ A + ωA + η

∗

(8)
(9)

3. The shifted boundary operators A∗ = DL − α + γ and A = DR − β + δ generate
the tridiagonal algebra [18, 19] (generalized Onsager algebra) which follows from
the AW algebra, through the natural homomorphism, in the form of deformed DolanGrady relations
[A, [A, [A, A∗ ]q ]q−1 ] = ρ[A, A∗ ]
∗

∗

∗

∗

(10)

∗

[A , [A , [A , A]q ]q−1 ] = ρ [A , A]
The above points can be formalized through the chain of homomorphisms
T D → AW → Uq (su(2))
ˆ

(11)

The boundary AW symmetry is the algebraic property behind the exact steady state
solution to the ASEP in terms of the AW polynomials although it was obtained [11]
without reference to it. The tridiagonal method is a means for the exact solvability of
the simple exclusion process, analogously to the quantum inverse scattering method
to integrable models. The q-Serre relations that follow from the bulk quadratic algebra of the MPA imply the existence of an universal R matrix satisfying the YangBaxter equation and the RT T relations. The consequence of the boundary AW algebra is the explicit construction of the operator-valued reflection K-matrix [21] solving the boundary Yang-Baxter equation. The Dolan-Grady relations [20] yield the
exact spectrum of the transition rate matrix (i.e. ”Hamiltonian”) and imply the existence of a set of nonlocal charges in involution which in the language of the QISM is
due to the commutativity of the one-parameter family of transfer matrices. In [13] the
set of nonlocal conserved charges are constructed for the symmetric process q → 1,
where the boundary symmetry is the Onsager algebra.
In [13] the explicit form of the structure constants of the AW (and TD) algebra
(x1 = −x0 ) was found in terms of the ASEP model parameters. For the TD algebra
RJP 58(Nos. 5-6), 399–407 (2013) (c) 2013-2013
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they read
ρ = x20 βδq −1 (q 1/2 + q −1/2 )2 ,

ρ∗ = x20 αγq −1 (q 1/2 + q −1/2 )2

(12)

We specially stress the difference in the boundary algebra of the XXZ and the ASEP
as an important point in the study of the two models. The boundary operators of the
ASEP are shifted generators of the AW (and TD) algebra in the infinite-dimensional
representation where A∗ is the second order difference operator for the AW polynomials and A is multiplication by x. In this representation all the structure constants
in (7) and (8) are nonzero with no relations among them. The AW algebra of the
XXZ spin chain, in [22], is a particular case of the ASEP boundary AW algebra due
to ρ = ρ∗ , η = η ∗ = 0. The TD algebra as a coideal subalgebra of the Uq (ŝl(2)), explored for the exact spectrum of the XXZ chain with general boundary terms in [23]
has equal structure constants ρ = ρ∗ , depending on the boundary parameters at the
left end of the chain. The ASEP and the XXZ spin chain are formally equivalent
through a similarity transformation but they describe different physics. A relation
among the structure constants is unacceptable for a model of nonequilibrium physics
because it will restrict the physics of the system.
3. EXACT SPECTRAL PROBLEM SOLUTION

We use the unique solution of the Bethe-Ansatz equation for the AW zeros
4
L
Y
Y
yk − wν
(qyk − yl )(qyk yl − 1)
=
wν y k − 1
(yk − qyl )(yk yl − q)

ν=1

(13)

l=1,l6=k

where w1 = a, w2 = b, w3 = c, w4 = d to construct a finite-dimensional representation of the boundary algebra in the space of Laurent polynomials of a given degree.
For comments and details we refer to [24, 25].
3.1. TRUNCATION OF THE THREE-TERM RECURRENCE RELATION FOR THE AW
POLYNOMIALS

The operator Apn = xpn is represented by a tridiagonal matrix A with matrix
elements from the three-term recurrence relation for the AW polynomials.
xpn = bn pn+1 + an pn + cn pn−1 ,

p−1 = 0.

A natural way to obtain the finite-dimensional representations of the AW algebra is
to set bn = 0. This is achieved by the vanishing of one of the factors (1 − abq n ),
(1 − acq n ), (1 − adq n ) or (1 − abcdq n−1 ) in the explicit formula for bn (see [31] for
details). (Note the identification of the AW parameters a, b, c, d with the boundary
RJP 58(Nos. 5-6), 399–407 (2013) (c) 2013-2013
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γδ
parameters abcd = αβ
.) For the ASEP,we have to terminate the sequence at pL without constraints on the parameters a, b, c, d and q L that would restrict the physics of
the stochastic system.
We make use of the parameter ζ ≡ x0 , associated with the hidden abelian symmetry in the bulk. We obtain a discrete set of AW polynomials (p[y] = p[y −1 ]) due
to pL [y] = 0 in the following steps:
1. Expand pL as a product of its zeros obtaining the BA equation (11) for the L zeros
y0 , y1 , ...yL−1 .
2. Then rescale

a → e−ζ/2 q 1/4 a,

b → e−ζ/2 q 1/4 b,

c → e−ζ/2 q 1/4 c,

d → e−ζ/2 q 1/4 d

(14)

a0 , b0 , c0 , d0 ,

With ζ ≥ 1 we have a representation in terms of
which enter the LHS of
the Bethe equations.
3. Set bn = 0, e.g. the factor ((1 − e−2ζ qabcdq n−1 ) = 0. The condition to terminate
the AW algebra ladder representation due to bn = 0, for n = L − 1 becomes
e−2ζ abcdq L−1 = 1

(15)

The condition (13), for truncating the recurrence relations for the AW polynomials,
is preserved by the Gallavotti-Cohen
symmetry (6). In the ASEP parameter space it
q

γδ
defines a fixed point q (L−1)/2 αβ
with respect to the transformation (6).
Remark: The relation of the parameter ζ to the Gallavotti-Cohen symmetry is
merely a conjecture. It has no effect on the exact result for the spectrum, obtained due
to the rescaling the parameters of the AW polynomials. We can rescale a, b, c, d in
(12) directly by ζ. If we choose the factor (1 − abq n ) to set bn = 0, then the condition
is ζ 2 abq L−1 = 1, which seems simpler for applications.
We thus obtain a discrete set of AW orthogonal polynomials (see [26–28] for
details) pn (xk , a, b, c, d|, q), n = 0, 1, . . . , L − 1 with rescaled parameters, the basis
for an irreducible (IR) finite-dimensional representation W of the tridiagonal algebra
determined by eq.(13). The matrices, representing A, A∗ , in the tridiagonal and diagonal representation are finite L2 × L2 square matrices. They are block-tridiagonal
and block-diagonal respectively, where each block is an L × L square matrix. In the
representation W of the TD on the space with basis, the discrete set of AW polynomials, the spectrum of the diagonal operator A∗ is degenerate. Each eigenvalue λ∗
has an eigenspace pn (xk ), with k = 0, ..., L − 1 of dimension L.
For each fixed xk , however, there is a finite-dimensional subrepresentation V ,
with basis pn (xk ), n = 0, ..., L − 1, which is not an invariant subspace of W . The
vectors |νn i = |pn i form an orthogonal basis for this representation hνm |νn i = δmn .
The tridiagonal matrix representing A is irreducible tridiagonal, while the diagonal is
such that each eigenvalue λn has dimension one. These finite-dimensional matrices
obey the relations (8) with ρ, ρ∗ given by (10). We relate the representation V to a
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highest weight IR finite-dimensional evaluation representation of Uq ŝu(2) with deformation parameter q. (Note the change from q 1/2 to q. The AW algebra is originally
defined as a coideal subalgebra of Uq1/2 ŝu(2) [21], but we relate the corresponding
TD algebra finite-dimensional representation with a discrete set of AW polynomials
to Uq ŝu(2).)
3.2. THE EIGENVALUES OF A AND A∗

To obtain a compete set of 2n eigenvectors with 2n eigenvalues for any finite n,
0 ≤ n ≤ L, we associate with each lattice site i a basis vector p0 (xi ) if a site is empty
(occupation number si = 0) or p1 (xi ) if there is a particle on the site (occupation
number si = 1). Let |ψ(x1 , x2 , ..., xL )i denote the basis in the configuration space
of the ASEP on the lattice of L sites, depending on the set of occupation numbers
si1 , si2 , ..., siL . The ASEP configuration space is identified with the Uq (ŝu(2)) irreducible tensor product evaluation representation V1 (x1 )⊗...⊗V1 (xL ), with a highest
weight vector generating the 2j = L subrepresentation.
By definition the highest weight vector of the tensor product obeys E + Ω = 0,
with Ω = p0 (x1 )p0 (x2 )...p0 (xL ). The discrete set of AW polynomials satisfy the
three-term recurrence relation with p0 (x) = 1 for x = xk . Hence the highest weight
vector Ω is a constant vector Ω = 1 and is an eigenvector of the operator A∗
A∗ Ω = (1 + abcdq −1 )Ω

(16)

Hence, a corresponding shift of A∗ produces the unique ground state of the system
with eigenvalue zero.
By construction the state |ψ(xi )i becomes an eigenvector of the operator A to
be interpreted as the transition matrix in the auxiliary space of the system. It acts on
it by means of the coproduct which plays the role of a counting function by taking
into account all the admissible permutations to produce the correct number of states.
We thus obtain 2L − 1 distinct eigenvalues of A in the different spin sectors. The
eigenvalue equation with the corresponding eigenvalues reads
Aψ(x1 , x2 , ..., xL ) = (

L
X
i=1

xi +

X

xi xj + ... + x1 x2 ...xL )|ψ(x1 , x2 , ..., xL )i. (17)

i<j

With the interpretation of the operator A as the ”Hamiltonian” eq.(15) yields the
nonzero ”energy” eigenvalues.
3.3. THE MAIN RESULT

The transition rate matrix of the ASEP is diagonalized in the auxiliary space
of the finite-dimensional representation of the deformed Onsager boundary algebra.
RJP 58(Nos. 5-6), 399–407 (2013) (c) 2013-2013
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The basis in this representation is equivalent to the Uq (ŝu(2)) irreducible highest
weight tensor product evaluation module which forms the complete set of eigenvectors for the transition rate matrix. The ground state vector of the ASEP is identified
with the unique highest weight vector.
We identify the transition rate matrix ΓM of the open ASEP in the auxiliary
space of symmetric Laurent polynomials pn , 0 ≤ n ≤ L − 1 with the representation
(and the dual one) of the right boundary operator A + β − δ and the left boundary
operator A∗ + α − γ. For a chain of L sites there is a representation of dimension
2L for any finite L. In this representation the transition rate matrix ΓM has a unique
eigenstate (Ω, 0, 0, ...0) of eigenvalue zero which is the eigenstate of the left boundary
operator, to be identified with the ASEP stationary state, and 2L − 1 eigenstates of
the right boundary operator with nonzero distinct eigenvalues given by


L
X
X
−ΓM = β + δ + (1 − q)
x̂i + (1 − q)2
x̂i x̂j + ... + (1 − q)L x̂1 x̂2 ...x̂L  ,
i=1

i<j

(18)
−1
where x̂−1
=
ŷ
+
ŷ
.
The
zeros
ŷ
satisfy
the
Bethe-Ansatz
equation
(11)
with
w
i
i
1=
i
i
0
0
0
0
0
−ζ/2
k+ (α, γ), w2 = k+ (β, δ), w3 = k− (α, γ), w4 =√k− (β, δ) and k± (u, v) = e
k± (u, v);
q
2 +4uv
v−u+(1−q)±
(u−v−(1−q))
αβ
e−ζ = q (1−L)/2 γδ ; k± (u, v) =
.
2u
There is a dual representation in the auxiliary space of symmetric Laurent polynomials pn , 0 ≤ n ≤ L − 1 of dimension 2L for any finite L. In this basis the transition matrix ΓM has a unique eigenstate (p0 , 0, 0, ...0)t of eigenvalue zero which is
the eigenstate of the right boundary operator and 2L − 1 nonzero eigenvalues, the
eigenvalues of the left boundary operator given by


L
X
X
−ΓM = α + γ + (1 − q)
(x̂i + (1 − q)2
x̂i x̂j + ... + (1 − q)L x̂1 x̂2 ...x̂L  .
i=1

i<j

(19)
We note that the result in [6], obtained for even L only and for the energy eigenvalues in the one spin sector, is in a different basis. According to [30] the BA equation
in [6] will arise from a solution of a certain form of an AW difference equation for a
!n+1 n
Y
(q 3/2 z; q 2 )∞ (q 3/2 z −1 ; q 2 )∞
polynomial Fn (x) = Fn [z]
(x − xi ). In view
(q 1/2 z; q 2 )∞ (q 1/2 z −1 ; q 2 )∞
i=1
of the importance of the AW polynomials for the steady state solution of the ASEP,
they form the most efficient basis for the exact description of the fundamental model
of non-equilibrium physics.
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