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In this paper we obtain some properties concerning the geometry of the semiRiemannian submersions from paraquaternionic CR-submanifolds of paraquaternionic
Kähler manifolds.

1. INTRODUCTION

The study of the Riemannian submersions was initiated by O’Neill [21] and
Gray [10]. In [26] B. Watson introduced the concept of 3-submersion, as a
Riemannian submersion from an almost contact metric manifold onto an almost
quaternionic manifold, which commutes with the structure tensors of type (1, 1);
in [16] and [17], this concept has been extended in quaternionic setting. SemiRiemannian submersions were introduced by O’Neill in [22]. It is well-known
that semi-Riemannian submersions are of interest in physics, owing to their
applications in the Yang-Mills theory, Kaluza-Klein theory, supergravity and
superstring theories [4, 5, 7, 13, 14, 24, 25].
On another hand, the concept of paraquaternionic structure has been
introduced by P. Libermann [20] as a triplet of endomorphisms of the tangent
bundle {J1, J2, J3}, in which J1 is almost complex and J2 and J3 are almost
product structures satisfying some relations of anti-commutation. Under certain
conditions on the holonomy group of a metric adapted to such a structure, one
arrives to the concept of paraquaternionic Kähler manifold. The study of
submanifolds of a paraquaternionic Kähler manifold is a very interesting subject
and several types of such submanifolds we can find in the recent literature:
Kähler and para-Kähler submanifolds [1], normal semi-invariant submanifolds
[2], paraquaternionic CR-submanifolds [12], lightlike submanifolds [15]. In this
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paper we obtain some properties for semi-Riemannian submersions from
paraquaternionic CR-submanifolds of an paraquaternionic Kähler manifold. In
particular we find a sufficient condition for these applications to become
harmonic maps.
2. PRELIMINARIES

Let M be a smooth manifold. We say that a rank-3 subbundle  of
End (T M ) is an almost paraquaternionic structure on M if a local basis
{J1, J2, J3} exists on sections of , such that for all   {1, 2, 3} we have:

J 2   Id 

J  J 1   J 1J    2 J  2

(1)

where  1  1  2   3  1 and the indices are taken from {1, 2, 3} modulo 3.
Let

 M g

be a semi-Riemannian manifold and  an almost

paraquaternionic structure on M . The metric g is said to be adapted to the
paraquaternionic structure  if it satisfies:

g ( J  X  J Y )   g ( X  Y )

  {1 2 3}

(2)

for all vector fields X, Y on M and any local basis {J1, J2, J3} of , where





 1  1  2   3  1. In this case, M   g is said to be an almost
paraquaternionic hermitian manifold.
It is clear that any almost paraquaternionic hermitian manifold is of
dimension 4m, m  1, and any adapted metric is necessarily of neutral signature
(2m, 2m).
Moreover, if the Levi-Civita connection of g satisfies the following
conditions for all   {1, 2, 3}:
 X J    [ 2 ( X )J 1  1 ( X )J 2 ]

(3)

where  1  1  2   3  1 and the indices are taken from {1, 2, 3} modulo 3,
for any vector field X on M , 1, 2, 3 being local 1-forms over the open for





which {J1, J2, J3} is a local basis of , then M   g is said to be a
paraquaternionic Kähler manifold (see [9]).
We remark that any paraquaternionic Kähler manifold is an Einstein
manifold, provided that dimM  4 (see [9]).
Let (M, g) be a semi-Riemannian manifold and let N be an immersed
submanifold of M. Then N is said to be a non-degenerate submanifold of M if the

3

A new class of semi-Riemannian submersions

817

restriction of the semi-Riemannian metric g to TN is non-degenerate at each
point of N. We denote by the same symbol g the semi-Riemannian metric
induced by g on N and by TN  the normal bundle to N and for the rest of this
section we will assume that the induced metric on N is non-degenerate. Then we
have the following orthogonal decomposition:
TM  TN  TN  
Also, we denote by  and  the Levi-Civita connection on M and N,
respectively. Then the Gauss formula is given by:
 X Y   X Y  B( X  Y )

(4)

for any X  Y  (TN ), where B  (TN )  (TN )  (TN  ) is the second
fundamental form of N in M.
On the other hand, the Weingarten formula is given by:
 X    A X   X 

(5)

for any X  (TN ) and   (TN  ), where  A X is the tangent part of  X 
and  X  is the normal part of  X  ; A and   are called the shape operator of
N with respect to  and the normal connection, respectively. Moreover, B and A
are related by:
g( B( X  Y ) )  g( A X  Y )
(6)
for any X  Y  (TN ) and   (TN  ) (see [22]).
3. PARAQUATERNIONIC CR-SUBMANIFOLDS

Let N be an n-dimensional non-degenerate submanifold of an almost
paraquaternionic hermitian manifold (M, , g). We say that (N, g) is a
paraquaternionic CR-submanifold of M if there exists a non-degenerate
distribution   x  x  Tx N such that on any U Ç N we have (cf. [12]):
i.  is a paraquaternionic distribution, i.e.

J  x  x 

  {1 2 3}

(7)

and
ii.   is a totally real distribution, i.e.

J  x  Tx N 

  {1 2 3}

(8)

for any any local basis {J1, J2, J3} of  on U and x  U Ç N , where   is the
orthogonal complementary distribution to  in TN.
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A non-degenerate submanifold N of an almost paraquaternionic hermitian
manifold (M, , g) is called a paraquaternionic (respectively, totally real)
submanifold if    0 (respectively,   0). A paraquaternionic CRsubmanifold is said to be proper if it is neither paraquaternionic nor totally real.
Some examples of paraquaternionic, totally real and proper paraquaternionic
CR-submanifolds we can find in [12].
Let N be a paraquaternionic CR-submanifold of an almost paraquaternionic
hermitian manifold (M, , g). Then we say that:
i. N is  -geodesic if B( X  Y )  0 X  Y  (  );
ii. N is   -geodesic if B( X  Y )  0

X  Y  (   );

iii. N is mixed geodesic if B( X  Y )  0  X  ( )  Y  (  ). Moreover, if
 is integrable, then N is said to be a mixed foliated paraquaternionic
CR-submanifold.
We recall now the following result concerning the integrability of the
distributions  and   .
Theorem 3.1. [12] Let N be a paraquaternionic CR-submanifold of a
paraquaternionic Kähler manifold ( M, , g). Then:
i. The distribution   is integrable.
ii. The paraquaternionic distribution  is integrable if and only if N is  geodesic.
4. SEMI-RIEMANNIAN SUBMERSIONS FROM PARAQUATERNIONIC
CR-SUBMANIFOLDS

Let (M, g) and ( M  g) be two connected semi-Riemannian manifold of
index s (0  s  dim M ) and s (0  s  dim M ) respectively, with s  s . Roughly
speaking, a semi-Riemannian submersion is a smooth map   M  M  which is
onto and satisfies the following conditions (cf. [22]):
(i)   p is onto for all p  M ;
(ii) The fibres 1 ( p)  p  M  , are semi-Riemannian submanifolds of M;
(iii)  preserves scalar products of vectors normal to fibres.
The vectors tangent to fibres are called vertical and those normal to fibres
are called horizontal. We denote by  the vertical distribution and by  the
horizontal distribution.
A semi-Riemannian submersion   M  M  determines, as well as in the
Riemannian case (see [21]), two (1, 2) tensor field T and A on M, by the
formulas:

5

A new class of semi-Riemannian submersions

819

T ( E  F )  TE F  h vE vF  v vE hF

(9)

A( E F )  AE F  v  hE hF  h hE vF

(10)

and respectively:

for any E  F  (TM ), where v and h are the vertical and horizontal projection
(see [8]). We remark that for U  V  ( ), TU V coincides with the second
fundamental form of the immersion of the fibre submanifolds and for
X  Y  (), AX Y  1 v[ X  Y ] reflecting the complete integrability of the
2
horizontal distribution  .
An horizontal vector field X on M is said to be basic if X is -related to a
vector field X  on M . It is clearly that every vector field X  on M  has a
unique horizontal lift X to M and X is basic.
If   M  M  is a semi-Riemannian submersion and X, Y are basic vector
fields on M, -related to X  and Y  on M  , then we have the next properties
(see [3, 8, 21]):
(i) h[ X  Y ] is a basic vector field and h[ X  Y ]  [ X  Y ]   ;
(ii) h( X Y ) is a basic vector field -related to X Y  , where  and 
are the Levi-Civita connections on M and M  ;
(iii) [ E  U ]  ( ) U  ( ) and E  (TM ).
Definition 4.1. Let N be a paraquaternionic CR-submanifold of a
paraquaternionic Kähler manifold (M, , g) and ( M   g) be an almost
paraquaternionic hermitian manifold. A semi-Riemannian submersion
  N  M  is said to be a paraquaternionic CR-submersion if the following
conditions are satisfied:
i. Ker     ;
ii. For each p  M ,   p  T( p ) M  is an isometry with respect to each

complex and product structure of p and T( p ) M  , where T( p ) M  denotes the
tangent space to M  at (p).
By using the Gauss formula and the above remarks, following the
techniques from [17], we obtain the next two results.
Theorem 4.2. Let N be a paraquaternionic CR-submanifold of a
paraquaternionic Kähler manifold (M, , g) and ( M   g) be an almost
paraquaternionic hermitian manifold. If   N  M  is a paraquaternionic CRsubmersion, then ( M   g) is a paraquaternionic Kähler manifold.
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Theorem 4.3. Let N be a mixed foliated paraquaternionic CR-submanifold of a paraquaternionic Kähler manifold (M, , g) and ( M   g) be an
almost paraquaternionic hermitian manifold. If   N  M  is a paraquaternionic
CR-submersion, then the fibres are totally geodesic submanifolds and the
distribution   is parallel.
5. SEMI-RIEMANNIAN SUBMERSIONS AND HARMONIC MAPS

The second fundamental form  f of a map f  ( M  g)  ( N  g) between
two semi-Riemannian manifolds is defined by:

 f Y  f  Y
 f (X Y )  
X 
 X

(11)

for any vector fields X, Y on M, where  is the Levi-Civita connection of M and
 is the pullback of the connection  of N to the induced vector bundle

f 1 (TN ) :

 f Y   f Y 

X 
f X 

(12)

The tension field ( f ) of f is defined as the trace of  f , i.e.:
( f ) x 

m

  f (ei  ei ) 

(13)

i 1

where {e1  e2   em } is a local orthonormal frame of Tx M , x  M .
We say that f is a harmonic map if and only if ( f ) vanishes at each point
xM.
It is well known that a semi-Riemannian submersion is a harmonic map if
and only if its fibres are minimal submanifolds (see [3, 6, 8]). Now, from
Theorem 4.3. we deduce that if N is a mixed foliated paraquaternionic
CR-submanifold of a paraquaternionic Kähler manifold (M, , g), ( M   g) is
an almost paraquaternionic hermitian manifold and   N  M  is a
paraquaternionic CR-submersion, then  is a harmonic map; owing to the great
importance of these objects, this result can have important applications in
theoretical physics, since their quantization leads to examples of conformal
quantum field theories (see [11]).
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